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Motivation

The U.S. Ailing Infrastructure

@ The U.S. is experiencing a freight capacity crisis that
threatens the strength and productivity of the U.S. econamy
According to the American Road & Transportation Builders
Assaociation (see Jeanneret (2006)), near$% of US freight
is carried in the US on highways and bottlenecks are causing
truckers 243 million hoursof delay annually with an estimated
associated cost 088 billion

@ It is noted that the US government is facing %L.6 trillion
de cit over the ve years in terms of infrastructure repairj
and reconstruction according to a recent estimate
(Environment News Service (2008)).
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Motivation

The U.S. Ailing Infrastructure

@ Over one-quarteiof the nation's 590,750 bridges were rated
structurally de cient or functionally obsolete. The degtation
of transportation networks due to poor maintenance, natlra
disasters, deterioration over time, as well as unforeseen
attacks now lead to estimates @94 billionin the U.S. in
terms of needed repairs for roads alone. Poor road condgtion
in the U.S. cost motoristsb54 billionin repairs and operating
costs annually (ASCE Survey (2005)).
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Motivation

The U.S. Ailing Infrastructure

o Due to the constant breakdowns of the U.S. transportation
networks and the increasing number of vehicles, American
commuters now spend.5 billion hoursa year stuck in tra c,
which translates to a cost 0$63.2 billiona year to the
economy (ASCE (2005)).

@ The number of motor vehicles in the U.S. has risen1iy’
million (or 212.16%)since 1960 while the population of
licensed drivers grew b{09 million (or 125.28%)U.S.
Department of Transportation (2004)).
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Figure: Road Damaged after Flooding, Source: AccuWeather.com
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Figure: Congestion Caused by One Lane Closed, Source: Flicker.com
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Motivation

Robustness Measure

@ The focus of the robustness of networks (and complex
networks) has been on the impact of di erent network
measures when facing the removal of nodes on networks.

o We focus on the degradation of links through reductions in
their capacities and the e ects on the induced travel costs i
the presence of known travel demands and di erent functibna
forms for the links.
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Motivation

\Robustness" in Engineering and Computer Science

o |EEE (1990) de ned robustness as \the degree to which a
system of component can function correctly in the presen€e o
invalid inputs or stressful environmental conditions.”

@ Gribble (2001) de ned system robustness as \the ability of a
system to continue to operate correctly across a wide ranfje o
operational conditions, and to fail gracefully outside dfatt
range."

@ Schilllo et al. (2001) argued that robustness has to be sadli
\in relation to some de nition of the performance measure."
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Motivation

\Robustness" in Transportation

o Sakakibara et al. (2004) proposed a topological index. The
authors considered a transportation network to be robusttif
is dispersed in terms of the number of links connected to each
node.

@ Scott et al. (2005) examined transportation network
robustness by analyzing the increase in the total networktco
after removal of certain network components.
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Trans. Network Models

Notation for the Transportation Network Models

@ Network G with the set of linksL with n_ elements, the set of paths
P with np elements, and the set of O/D pairg/ with ny elements.

@ The set of (acyclic) paths connecting O/D paiw are denoted by
Pw, the links bya; b, etc, the paths byp; g, etc., and the O/D pairs
by w1, ws, etc.

@ The ow on path p is denoted byx, and the ow on linka by fa. x
is the column vector of all path ows and is the column vector of
all link ows.

@ Travel cost on a pathp is denoted byC, and the travel cost on a
link a by c,. C is the column vector of all path costs ardis the
column vector of all link costs. Assume that the user link tos
functions are continuous.

@ Denote the travel demand between O/D paiv by d,, and the
travel disutility by ., whered,, is xed and known for allw.
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Conservation of Flow Between Demands and Path Flows

dw = Xp; 8w 2 W; (2)
p2 Py,
Conservation of Flow Between Link Flows and Path Flows
in = Xp ap; 8a2 L; (2)
p2P

where 4, =1, if path p contains linka, and ., = 0, otherwise.

-

Link Costs and Path Costs

G = Ca apy 8p2P; ©))
a2L

The user cost on linka is denoted byc, where

Ca= Cy(fy); 8a2L: (4)

ot
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Trans. Network Models

Bureau of Public Roads (BPR) (1964) Link Cost Function
afa) = 9L+ k() T Ba2 L ©
a

Uy is the \practical" capacity on linka, which also has the
interpretation of the level-of-service ow ratet is the free- ow
travel time or cost on linka; k and are the model parameters
and both take on positive values. Typically, in application
k=:15and =4.
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Trans. Network Models

The Total Cost on Linka, denoted byc}

€a = %a(fa) = ca(fa) fa= t[1+ k(L—a) ] fa; 8a2lL; (6)

- -

The Total Cost on a Network, denoted byC

TC = ¢€4(fa); (7
a2L

where the link owsf must lie in the feasible sef:
K f f 2 Rj9x 2 R{® satisfying (1) (2)g.
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Trans. Network Models

The U-O and S-O models that we utilize are classical (see
Beckmann, McGuire, and Winsten (1956) and Dafermos and
Sparrow (1969)).
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Trans. Network Models

The User-Optimized (U-O) Problem

A path ow pattern x 2 K}D where

K' f xjx 2 R anddy = ,p, Xp; 8W 2 W holdg, is said to
be a transportation network equilibrium, in the case of xed
demands, if the following condition holds for each O/D pair

w 2 W and every pathp 2 Py,:

=0; |if o,
G W g :f igzo. ®

Equivalent Optimization Problem

The equilibrium link ow (and path ow pattern) can be obtaiad
via the solution of the following optimization problem:

X Zt
Minimize ok Ca(y)dy: 9
a2l ©
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Trans. Network Models

The System-Optimized (S-O) Problem

Assume that there is a central controller of the tra ¢c who raes the
tra c in an optimal manner so as to minimize the total cost inhe
network. That is,
. . . X
Minimize ok €a(fa) (20)
a2l
The total cost on a path, denoted b¢,, is the user cost on a path times
the ow on a path, that is,

& = Coxp; 8p 2 P; (12)
where the user cost on a patl@,, is given by (3).

In view of (2), (3), and (4), one may express the cost on a pgtlas a
function of the path ow variables and, hence, an alternativersion of
the above S-O problem with objective function (10) can betsthin
path ow variables only, where one h)e%s now the problem:

Minimize ok 1 Co(X)%p (12)
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Trans. Network Models

System-Optimality Conditions

Under the assumption of increasing user link cost functiathe objective
function (10) in the S-O problem is convex, and the feasibé¢ K? is
also convex. Therefore, the optimality conditions, that the
Kuhn-Tucker conditions are: for each O/D paw 2 W and each path

p 2 Py, the ow pattern x 2 K, must satisfy:

= o if x> 0,
G T M X 2o, (13)

whereé\,‘j(x) denotes the marginal of the total cost on path, given by:

X @y(fa)
&(x) = a (14)
P a2l @. P

evaluated in (13) at the solution and,, is the Lagrange multiplier
associated with constraint (1) for that O/D paimw.
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Relative Total Cost Indices

Relative Total Cost Index for Assessing the Robustnes
a Transportation Network Under the U-O Flow Pattern

The relative total cost index under the U-O ow pattern for a
transportation networkG with the vector of demandsl, the vector
of user link cost functiong, and the vector of link capacities is
de ned as the relative total cost increase under a given amif
capacity retention ratio ( 2 (0; 1]) so that the new capacities
(cf. 5) are given by u. Let ¢ denote the vector of BPR user link
cost functions and letd denote the vector of O/D pair travel
demands.

TC, o TCu o

ly o= lu o(G;c;d; ; u)= TCo o 100% (15)

whereTCy o andTC, , are the total network costs (7)
evaluated under the user-optimizing ow pattern with theigmal
capacities and the remaining capacities (i.ey), respectively.



Relative Total Cost Indices

Relative Total Cost Index for Assessing the Robustnes
a Transportation Network Under the S-O Flow Pattern

The relative total cost index under the S-O ow pattern for a
transportation networkG with the vector of demandsl, the vector
of user link cost functiong, and the vector of link capacities is
de ned as the relative total cost increase under a given amif
capacity retention ratio ( 2 (0; 1]) so that the new capacities
(cf. 5) are given by u. Let ¢ denote the vector of BPR user link
cost functions and letd denote the vector of O/D pair travel
demands.

TC TC
ls o= 1s o(Gc;d; ;uy= —220 9% 100% (16)
TCS O
whereTCs o and TCg  are the total network costs (7)
evaluated under the system-optimizing ow pattern with the

original capacities and the remaining capacities (i.eu),
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Relative Total Cost Indices

Remark

From the above de nition(s), a transportation network, umed a
given capacity retention/deterioration ratio (and either the S-O
or the U-O travel behavior) is considered to be robust if timeléx

I is low. This means that the relative total cost does not chang
much and, hence, the transportation network may be viewed as
being more robust than if the relative total cost is small.
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Relative Total Cost Indices

Theoretical Results |

Consider a network consisting of two nodes 1 and 2 as in theregu
below, which are connected byparallel links. If the free- ow term,
tg; 8a2 L, is the same for all link& 2 L in the BPR link cost function,
the S-O ow pattern coincides with the U-O ow pattern and, terefore,

lu 0=1Is o.

The upper bound fol for a transportation network with BPR link

cost functions is-—  100%.
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Relative Total Cost Indices

Theoretical Results I

Theorem

Consider a network consisting of two nodes 1 and 2 as in theipres
gure, which are connected by parallel links. Assume that the
associated BPR link cost functions have= 1. Furthermore, assume
that there are positive ows on all the links at both the origal and the
partially degraded capacity levels given, respectivefyutand u. Then
the relative total cost index under the U-O ow pattern is gim by the
explicit formula:

U + kdy

= 0,
Vo (i D 100% 17)

whered,, is the given demand for O/D paiw = (1 ;2) and
U ug+ u+ + Un. Moreover, the network robustneds, g is

bounded from above by—  100%.

ot
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Relative Total Cost Indices

Relationship with Price of Anarchy

o The price of anarchy (PoA) (cf. Roughgarden (2005)),
denoted by , is de ned as:
_ TCU 0.
~ TCs o

(18)

o Observe that captures the relationship between total costs
acrossdistinct behavioral principles whereas the proposed
indices are focused on the degradation of network
performancewithin the U-O or the S-O behavior.

o We have the following relationship between the ratio of the
two indices and the PoA:

IS o _ [TCS (o) TCS O]
IU (0] [TCU (o) TCU O]

(19)
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Numerical Examples

Example 1

Consider the following simple transportation
network as shown in the gure on the right. There
are two O/D pairs, namelyw;=(1,3) and

w,=(1,4). The demands for the two O/D pairs
are: dy, = 10 and d,,=20. The paths connecting
O/D pair wy are: p; = (a;b) andp, = d. The
paths connecting O/D paimw, are: ps = (a;c) and
ps = e. The capacities for links, b, c, d, ande
are: 100, 50, 60, 10, and 20, respectively. ltgt
and k be identical for all the links and equal to 10
and 1, respectively. The BPR link cost functions
for the links are, hence, given by:

Ca(fa) = 10[1 + ( 100) ], o (fo) = 10[1+ ( g5) 1,
ce(fe) = 10[1+ ( &) 1,

Ca(fa) = 10[1 + ( 15) T; ce(fe) = 10[1+( &) 1
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Numerical Examples

bt

This transportation network under the U-O solution conceist
more robust than under the S-O solution concept.
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Numerical Examples

The Braess (1968) Inspired Example

Assume thatk = 1. Let t{ =t =1; t2 = t0 = 50, and t2 = 10.
Furthermore, letug = ug = 20; up = Uc =50, and ue = 100 The
user link cost functions are, thus, given bg:(fa) =1 +( :
co(fp) = 50[1+( ) 1, ce(fe) = 50[1+( &%) 1, Cd(fd)—1+( )
Ce(fe) = 10[1 +( 100) ]. Recallwy = (1; 4) The demand is given
by dy, = 110.
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Numerical Examples

The Sioux-Falls Network

There are 528 O/D
pairs, 24 nodes, and
76 links in the
Sioux-Falls network.
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Numerical Examples

Algorithms

o The projection method (cf. Dafermos (1980) and Nagurney
(1999)) with the embedded Dafermos and Sparrow (1969)
equilibration algorithm (see also, e.g., Nagurney (1984))d
the column generation algorithm (cf. Leventhal, Nemhauser
and Trotter (1973)) were utilized to compute the equilibriu
solutions.

o Based on the equilibrium solutions, the network e ciency wa
determined and the importance values and the importance
rankings of the links were computed.
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Numerical Examples

The Ratio oflg 5 to I, 4

From the above gure, we can see that the Sioux-Falls netwirlalways
more robust under the U-O behavior except whens equal to 2 and the
capacity retention ratio is between 0.5 and 0.9.
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Summary

o We proposed two relative total cost indices to analyze
transportation network robustness associated with di ete
user behaviors.

@ We examined the impacts of the degradation of the links in
terms of capacity reductions on the relative total cost ineh
network at the original capacities and at the degraded
capacities by assuming that the user link cost functions for
the transportation network are of BPR form.

@ We established new theoretical results and also provided
numerical examples.

o For future research, we plan on assessing the robustness of
transportation networks with asymmetric BPR-type link d¢os
functions and with multiple modes of transportation. We
would also like to study the robustness of transportation
networks in the case of stochastic costs (and demands).
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Summary

Thank You!

For more information,
see http://supernet.som.umass.edu
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