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Variational and Evolutionary Variational Inequalities

(1964): first theorem of existence and
uniqueness of the solution of variational inequalities;
(1964, 1972): another founder of the variational
inequality theory;
(1966): study of partial differential
equations;
(1967): second proof of the same
theorem and introduction of evolutionary variational inequalities;
(1968): study of evolutionary variational inequalities.

Problem in R":

KCR" F:K-—R"
Find x € K such that (F(x),y —x) >0 Vy €K,
where (-, -) is the standard inner product on R”".
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Variational and Evolutionary Variational Inequalities

Problem in a Banach space E:

KCE, F:K-— E*,
Find x € K such that (F(x),y —x) >0 Vy €K,
where (-,-) : E* x E — R is the duality pairing.

(1979) and (1980): formulation of a
traffic network equilibrium problem in terms of a
finite-dimensional variational inequality
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Variational and Evolutionary Variational Inequalities

Evolutionary Variational Inequalties

(1998 - 1999): traffic network
equilibrium problem with time-dependent capacity constraints
and demands;

(2001): time-dependent traffic networks with delay;
(2004): quasi-variational inequalities in
transportation networks;
(2003): spatial price equilibrium problem with price
and bounds depending on time;
(2003) and (2005):
time-dependent financial network problem;
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Variational and Evolutionary Variational Inequalities

(2005 - 2006 - 2007):
connection between time-dependent variational inequalities
projected dynamical systems;

(2007): dynamic
electric power supply chains;

(2007): Internet,
evolutionary variational inequalities and time-dependent Braess
paradox;

(2007):
infinite-dimensional duality theory;

(2008): Walrasian price
equilibrium problem with time-dependent data;

(2008): evolutionary variational inequality model
of vaccination strategies games.
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Variational and Evolutionary Variational Inequalities Dynamic Multi-level Supernetwork

Time-dependent Variational Inequality:

K C £ =LP([0, T],R"), F:K— L*
Find x € K suchthat < F(x),y —x>>0 Vyek,

.
where < G, H >= / (G(t), H(t)) dt Ge £*, H e L.
0]

Patrizia Daniele Department of Mathematics and Computer Science University of Catania - Italy

Evolutionary Variational Inequalities and Applications to Complex Dynamic Multi-level Models



Dynamic Multi-level Supernetwork

Supernetworks

(2002): Supernetworks: Decision-Making
for the Information Age;

(2007): application of an evolutionary
variational inequality formulation to supply chain networks with
time-varying demands;

(2008): dynamic framework for the modeling and
analysis of supply chain networks with corporate social
responsibility.
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Variational and Evolutionary Variational Inequalities Dynamic Multi-level Supernetwork
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Variational and Evolutionary Variational Inequalities Dynamic Multi-level Supernetwork
Behavior of Manufacturers
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Dynamic Multi-level Supernetwork

gi(t) : of manufacturer j at t € [0, T]
g(t) € L3([0, T], RY);
pi(t) : of manufacturer i at ¢
pi(t) = pi(g(t)), Vi=1,....m;
gii(t) : between i, j via mode / at t € [0, T]
g'(t) € L3([0, T], RE™);

cii(t) : between i, j via mode / at t € [0, T]

ci(t) = cu(gu(t)), Vi, j, I;
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Dynamic Multi-level Supernetwork

gik(t) between jand k at t € [0, T]
g?(t) € L2([0, T, RT™);
Cik(t) between jandjatt e [0, T]
cik(t) = ci(gi(t)), Vi, k;
si(t) : ofiatte [0, T]
s(t) € L3([0, T],RT);
ci(t) : ofiatte [0, T]

ci(t) = ci(si(t)) Vi,

n 2 h
gi(t) => > gty +>_ gi(t) +si(t), Vi;
pa

j=1 I=1
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Dynamic Multi-level Supernetwork

p1i(t) : charged by i to j viamode / at t € [0, T];
Pyt): charged by i to k attime t € [0, T];

K = Ky x Kz = {(g'(1), 2(1), s(1)) € L2([0, T],R3™™+m+m) |

= {(g' (1), (1)) € L3((0, 1, RA™*™") 1 s(t) € L2([0, T, RT)}

of i :
n 2
Ri(g'(1), (1), s*(1) = > > riu(t) gn(t)
j=1 I1=1
n 2
— pilg' (1), P(), 8" (1)) = D> cilgi(1))
j=1 I=1
+ thk gi(t chk(g/k 1)
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Dynamic Multi-level Supernetwork

Vi=1,...,m,a.e.in [0, T]
(Rig™ (). g% (1), 5°(1) = c(si (1)) - s (1) = .

Find (g'(t), 9% (t), s*(1)) e K
such that:

(A (1Y A2(F) o*(1)) _ A fc*
o2, (AUG' (0,671 5°(1) — ai(s7 (1)

= A(g" (1, g%(1),S"(0) — a(si(D) (1)
Rilg" (1), 6% (1), 5"(1)) — ai(s{ (1) = 0
(Rig™ (1. 2*(t), 5°(1)) — ai(s} (1)) - s}() = O
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Dynamic Multi-level Supernetwork

Theorem

If Ri(-, s*(t)) is concave and differentiable for all i =1, ..., m,

then (g'*(t), g?*(1), s*(t)) € K is a solution to problem (1) if and
only if it is a solution to the time-dependent variational
inequality:

Find (g'*(t), 9?*(t), s*(t)) € K such that

.
/0 (— grad R(g" (1), g*(1), s"(1)), (9" (), G*(1)) — (g"*(1), g** (1)) ot

-
+/0 (R(g™ (1), 9% (1), s"(t)) — c(s"(1)), (t) — *(t)) dt > O
w(g' (1), g%(1), s(1)) € K, ()
where c(s(t)) = (¢1(s1(1)), - .., cm(Sm(1)))-
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Variational and Evolutionary Variational Inequalities Dynamic Multi-level Supernetwork
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Dynamic Multi-level Supernetwork

OE between j and k via mode / at ¢
g (1) € L2([0, T], R2™)

MOE between j and k via mode / at t
Cii(t) = Ciwi(gpwi(1)), Vi, Vk, VI,

Cin(t) : between j and i via mode / at ¢
Ciu(t) = Ciu(9i (1)), Vi, Vj, VI,

ci(t) : associatedtojat t € [0, T]

6(t) = ¢ (g (1. G(0), vi="1,....m

¥ (D) : byjattel[0,T].
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Dynamic Multi-level Supernetwork

Revenue of j

Rij(g] (1) + R(g () = —¢; (9] (1), G} (1)

m 2 m 2
=22 Gulgu() = > piy i)
i=1 I=1 i=1 =1
h 2 h 2
k
7 2.2 g =D > GalGat)
k=1 I=1 k=1 I=1
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Dynamic Multi-level Supernetwork

Optimality Conditions
max  {Ri(g] (1) + Ry(gf (1)) } &)

(9] :g?)EKUXKSj

h 2 m 2
Zzg/kl(t) < E g,-,-/(t) a.e. in [0, T]}
k=1 [=1 i=1 |=1
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Dynamic Multi-level Supernetwork

Theorem

If Ryj(-) and Rg)(-) are concave and differentiable for all j, then
(9" (1), g% (1)) € Ky x Ks is a solution to problem (3) if and only
if it is a solution to the time-dependent variational inequality:

Find (g"(t), g (1)) € Ky x K3 such that
T
/0 (— grad Ry(g™ (1)), g (1) — g™ (1)) ct

0
T /0 (— grad Rs(g® (1)), 6°(t) — g% (1) dt > 0

¥(9'(t), g*(t)) € Kq x Ks. (4)
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Variational and Evolutionary Variational Inequalities Dynamic Multi-level Supernetwork

Behavior of Consumers

Manufacturers
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Dynamic Multi-level Supernetwork

OE between k and j via mode / at t € [0, T]

ejk/(t) = 6jk/(gz(l‘)agg(t)L vj? VK; VI,

Cik(t) : between k and jat t € [0, T]
Ck(t) = Cw(g(t), 9%(t)), Vi, Vk;

pak(t) : att e [0, T];

fi(t) - atte [0, T] — fi(t) = f(ps(t)), Vk;

pak*(t) for consumers at k at time t;

x(1) : at t

m n 2
f() =D gw(t) + D> gi(t) + (1), k.
=

j=1 I=1
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Dynamic Multi-level Supernetwork

Equilibrium Conditions

w;(t)+&jk,(g2*<t),gB*(t)){iﬁg:ﬁﬁ) i oo
> o), it gig(t) = 0;

\.\/
fuerie
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—
=
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o O
<
<C
—

p’:,-k(t)+a,-k(92*<t>79"*(’)){ >

Tk(t){

Patrizia Daniele Department of Mathematics and Computer Science University of Catania - ltaly

0. if 0<py(N<n®
0, if  p3,(t) = p3, (D).

AV

Evolutionary Variational Inequalities and Applications to Complex Dynamic Multi-level Models



Dynamic Multi-level Supernetwork

k=
m h
200 [P0 + (g (1), 6% (1) — pse(0)] x la(1) — Gic(0)]

i=1 k=1
h
+> | fulps(t Z Zgjk/ Zg/k x[pak(t) — pax(t)] } at >0,
k=1 j=1 I=1
W(g%(1), °(1), pa(t)) € L3([0, T], RMH2041),
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Dynamic Multi-level Supernetwork

Equilibrium Conditions for the Supply Chain
Supernetwork

Theorem: Variational Formulation

(9(0.6%(1). g% (1), 5°(1), p5(1)) € L2([0, T), R mhe2nhemechy
is an equilibrium for the supply chain supernetwork with
electronic commerce and data depending on time if and only if
V(g (1), g(t), G°(t). (1), pa(t)) € LA([0, T], REM+MH2nEmen) iy
satisfies the following variational inequality:
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Dynamic Multi-level Supernetwork

+(R(g™ (1), 9% (1), 87(1)) — c(s*(1)), S(f) - (1))
+(—grad Ry (g™(1)), 9'(t) — g"*(1))
+(— grad Rs(g(1)), 9°(t) — g> (1))

2
Z [ ) + Sii(g *(t),g3*( — pax (1) [Q/kl g;;(l(t)

E

vy

j=1 k=1 I=1
m h
303 [0 + 8 (0), 6% (1) — p(0)] X lgw(t) - Gie(D)]
i=1 k=1
h m
30 A0~ 303 60— 30 0kl0)| xIask(t) (0] bato.
k=1 j=1 I=1 i=1
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