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Abstract: In this paper, we develop a framework for the modeling and analysis of supply
chain networks with electronic commerce in which the decision-makers are faced with mul-
tiple criteria, including environmental ones. We establish the optimality conditions for the
manufacturers, retailers, and consumers, derive the equilibrium conditions, and provide the
variational inequality formulation. We also propose a continuous time adjustment process
for the study of the disequilibrium dynamics. Finally, we apply an algorithm for the deter-
mination of equilibrium prices and product shipments as well as the emissions generated in

several supply chain examples.
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1. Introduction

The economic landscape has been transformed with the advent of the Internet Age and
the growth of electronic commerce (e-commerce), which, in turn, has had a major effect on
the manner in which manufacturers, retailers as well as consumers, order goods and have
them transported. Estimates of business-to-business (B2B) commerce, which is the principal
segment of e-commerce transactions, range from .1 trillion dollars to 1 trillion dollars in
1998, with forecasts reaching as high as $4.8 trillion dollars in 2003 in the United States
(see Federal Highway Administration 2000). The business-to-consumer (B2C) component,
although a much smaller segment of US retail activity, is estimated to grow to $80 billion per
year (Southworth 2000). Both B2B and B2C commerce, in turn, have affected the structure
and profitability of supply chain networks, where recall that a supply chain is a chain of
relationships which synthesizes and integrates the movement of goods between suppliers,

manufacturers, distributors, retailers, and consumers (see Handfield and Nichols 1999).

Supply chain networks with electronic commerce is a topic that has been receiving grow-
ing attention due to its practical importance. For example, recently, Nagurney et al. (2002a)
proposed a rigorous framework for the formulation, qualitative analysis, and computation
of equilibrium prices and product flows in supply chains with tiers of decision-makers in
the presence of e-commerce (both B2B and B2C) transactions. Their approach utilized the
supernetwork concept (cf. Nagurney and Dong (2002)) in which decision-making regarding
telecommunication versus transportation tradeoffs could be handled within an appropriately
constructed abstract network. Dong et al. (2002), in turn, recognized that decision-makers
in supply chain networks may be faced with additional criteria to those of profit maximiza-
tion (or cost minimization) and introduced multicriteria decision-making into supply chain

networks but focused on supply chains without electronic commerce.

In this paper, we turn to the critical issue of supply chain networks with environmental
concerns in the context of decision-making in the Information Age today. Environmental
issues surrounding supply chains have only recently come to the fore, notably, in the context
of conceptual and survey studies (cf. Hill 1997 and the references therein) as well as applied
studies (see Hitchens et al. 2000). Here, in contrast, we develop a theoretical framework,
which builds upon the work of Nagurney et al. (2002a,b), Nagurney and Dong (2002), and



Dong et al. (2002), and allows decision-makers in different tiers of the supply chain to be
multicriteria ones with criteria including that of minimization of emissions. Moreover, we
allow different decision-makers to weight the criteria (including the environmental ones) in
distinct fashion. The framework, hence, allows one to simulate different scenarios depending
on how environmentally conscious (or not) the decision-makers are and to explore the impact

on the product prices, the product shipments, and the emissions generated.
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Figure 1: The Multitiered Supernetwork Structure of the Supply Chain Network with Mul-
ticriteria Decision-Makers and Electronic Commerce

2. The Supply Chain Supernetwork Model with Multicriteria Decision-Makers

In this Section, we develop the supply chain supernetwork model with manufacturers,
retailers, and consumers in which the manufacturers can sell directly to the consumers at the
demand markets through the Internet and can also conduct their business transactions with
the retailers through the Internet. The consumers, in turn, can conduct their transactions
with the retailers through the Internet, or in the standard manner, which we term physical.

The supply chain network is as depicted in Figure 1.

We consider m manufacturers involved in the production of a homogeneous product which
can then be purchased by n retailers and/or directly by the consumers located at the o
demand markets. We denote a typical manufacturer by ¢, a typical retailer by 7, and a
typical demand market by k. The manufacturers are located at the top tier of nodes of the
network, the retailers at the middle tier, and the demand markets at the third or bottom
tier of nodes. The links in the supply chain in Figure 1 include classical physical links as

well Internet links, denoted by dotted arcs, to allow for electronic commerce.



The Behavior of the Manufacturers

We assume that each manufacturer is faced with two criteria: the maximization of profit
and the minimization of total emissions generated in production and in transaction (which
is assumed here to include the delivery of the product). Let ¢; denote the nonnegative
production output by manufacturer ¢ and group the production outputs of all manufacturers
into the column vector ¢ € R7Y'. We assume that each manufacturer i is faced with a
production cost function f;, which can depend, in general, on the entire vector of production

outputs, that is,
fi= fiq), Vi (1)

A manufacturer (see Figure 1) may transact with a retailer via a physical link, and /or via
an Internet link. We denote the transaction cost associated with manufacturer ¢ transacting
with retailer j via link (also referred to as mode) [, where [ = 1 denotes a physical link
and [ = 2 denotes an Internet link, by ¢;;;. We denote the product shipment associated
with manufacturer 7, retailer j, and mode of transaction [ by ¢;;;, and group these product
shipments into the column vector @' € R¥"". In addition, a manufacturer ¢ may transact
directly with consumers located at a demand market k£ with this transaction cost associated
with the Internet transaction denoted by c;; and the associated product shipment from
manufacturer ¢ to demand market k£ by ¢;z. We group these product shipments into the

column vector Q* € R,

We consider the situation in which the transaction cost between a manufacturer and retail
pair as well as the transaction cost between a manufacturer and consumers at a demand

market may depend upon the volume of transactions between each such pair, that is:
Cijl = Cijl(Qijl)a Vi, j, 1, (2a)

and
Cik, = Cik(Qik)a Vi, k. (Qb)

The quantity of the product produced by manufacturer ¢ must satisfy the following con-

servation of flow equation:
n o

2
q; = Z Z%’jl + Z Qik; (3)
k=1

j=11=1 =

o~



which states that the quantity produced by manufacturer i is equal to the sum of the quan-

tities shipped from the manufacturer to all retailers and to all demand markets.

The total costs incurred by a manufacturer ¢, thus, are equal to the sum of the manufac-
turer’s production cost plus the total transaction costs. His revenue, in turn, is equal to the
price that the manufacturer charges for the product (and the consumers are willing to pay)
times the total quantity obtained/purchased of the product from the manufacturer by all
the retail outlets and consumers at all demand markets. Let pj;; denote the price charged
for the product by manufacturer ¢ to retailer 5 who has transacted using mode [/, and let p7,,
denote the price charged by manufacturer ¢ for the product to consumers at demand market

k. We, later, discuss how these prices are arrived at.

Noting the conservation of flow equations (3), we can express the criterion of profit

maximization for manufacturer 7 as:
n 2 o n 2 o
. . 1 2
Maximize Z Z Pi‘jlqzjl + Z Prirdik — fz Q, Q Z Z ngl qul Z Cik(Qik)> (4)
j=11=1 k=1 j=11=1 k=1

subject to g;;; > 0, for all 7,1, and g; > 0, for all k.

In addition to the criterion of profit maximization, we assume that each manufacturer
also seeks to minimize the total emissions generated in the production of the product as
well as its delivery to the next tier of decision-makers, whether retailers or consumers at the
demand markets. We assume that the emissions generated by manufacturer i in producing

the product are given by the function e;, where

€; = ei(qi), \V/Z, (5)

whereas the emissions generated in transacting with retailer j via mode [ are given by a

function e;j;, such that
€ijl = ez’jl(Qijl)> Vi, 3,1, (6)
and, finally, the emissions generated with transacting (and delivery) of the product to de-

mand market k is represented by a function e;;, where

eir = ei(qin), Vi, k. (7)



Hence, the second criterion of each manufacturer can be expressed mathematically as:

n 2
Minimize e;(q;) + Z Ze,jl ¢ij1) + Z ek (qir) (8)
j=11=1 k=1
subject to (3) and

Here we consider emission functions of specific form (cf. (5), (6), and (7)) given by

62'(%') = hiq;, Vi, (10)
6ijl(Qijl) = hz’jl%’jb Vi, 7,1, (11)

and
eir(qix) = hindir,, Vi, k, (12)

where the h;, h;j, and h;, terms are nonnegative and represent the amount of emissions
generated per unit of product produced and transacted, respectively. Hence, we explicitly
allow the emissions generated to be distinct according to whether the transaction was con-
ducted electronically or not. Thus, the manufacturer’s decision-making problem concerning

the emissions generated, in view of (8), (3), and (10) — (12), can be expressed as:

n

2 o
Minimize Y > (h; + hij)) i + Y (hi + i) qir, (13)
=11=1 k=1

subject to the nonnegativity assumption on the production and shipments quantities of the

product given by (9).

A Manufacturer’s Multicriteria Decision-Making Problem

We assume that manufacturer ¢ assigns a nonnegative weight a; with the emissions gener-
ated criterion with the weight associated with profit maximization serving as the numeraire
and being set equal to 1. Thus, we can construct a value function for each manufacturer (cf.
Keeney and Raiffa 1993) using a constant additive weight value function. Consequently, the

multicriteria decision-making problem for manufacturer ¢ is transformed into:

n 2 o n 2 o
Maximize » > piiai+ Y Piawtic — fi( (@Y, Q%) = > cijlaij) = > carlqin)
j=11=1 k=1

k=1 j=11=1



n 2

—Oéi(z Z(hz + hiji)giji + zoj(hz + hik )ik, (14)

j=11=1 k=1
subject to (9).

The Optimality Conditions of the Manufacturers

The manufacturers compete in a noncooperative fashion following Nash (1950, 1951).
We assume that the production cost functions and the transaction cost functions for each
manufacturer are continuous and convex. Each manufacturer will determine his optimal
production quantity and shipments, given the optimal ones of the competitors, with the op-
timality conditions for all manufacturers simultaneously expressed as the following inequality
(cf. Bazaraa et al. 1993, Gabay and Moulin 1980; see also Nagurney 1999):

U f;(QY, Q%) dcij(qsy

+ a;(hi + hiji) — pTijl‘| X {ql'jl - q;ﬂ}

p s 9431 94ij1
m o o y 1*’ 2% aci * . .

+> Q. Q7) + £(di) + i(hi + hie) — Pl | X g — @) >0,
i=1 k=1 0qik 0qi

VQ' € R*™ VQ? € R, (15)

The inequality (15), which is a wvariational inequality (cf. Nagurney 1999) has a nice
economic interpretation. In particular, from the first term we can infer that, if there is a
positive shipment of the product transacted either in a classical manner or via the Internet
from a manufacturer to a retailer, then the marginal cost of production plus the marginal cost
of transacting plus what can be interpreted as the marginal cost of emissions: «;(h; + hiji)
must be equal to the price that the retailer is willing to pay for the product. If that sum, in
turn, exceeds the price then there will be zero volume of flow of the product thus transacted.
The second term in (15) has a similar interpretation; in particular, there will be a positive
volume of flow of the product from a manufacturer to a demand market if the marginal cost
of production of the manufacturer plus the marginal cost of transacting via the Internet for
the manufacturer with the consumers and the marginal cost of emissions: «;(h; + hy) is

equal to the price the consumers are willing to pay for the product at the demand market.

The Behavior of the Retailers



The retailers, in turn, are involved in transactions both with the manufacturers since they
wish to obtain the product for their retail outlets, as well as with the consumers, who are
the ultimate purchasers of the product. Thus, as depicted in Figure 1, a retailer conducts
transactions both with the manufacturers as well as with the consumers. The retailers are
also assumed to be multicriteria decision-makers in that they seek to maximize profits and
to minimize the emissions generated from the perspective of the amounts of the product that
they purchase from the manufacturers and the manner in which the transactions occur and

the products are shipped.

A retailer j is faced with what we term a handling cost, which may include, for example,
the display and storage cost associated with the product. We denote this cost by ¢; and, in
the simplest case, we would have that ¢; is a function of > 1", Y2 giji, that is, the holding
cost of a retailer is a function of how much of the product he has obtained from the various
producers via the two different modes of transacting. However, for the sake of generality,
and to enhance the modeling of competition, we allow the function to, in general, depend

also on the amounts of the product held by other retailers and, therefore, we may write:

G = CJ(Q1)> vj (16)

We denote the transaction cost associated with retailer j transacting with manufacturer
¢ using mode [ by ¢;; and we assume that the function can depend upon the manufac-

turer /retailer pair product shipment, that is,
Ciji = éijl(Qijl)a Vi, g, 1. (17)

Let ¢jx; denote the amount of the product purchased/consumed by consumers located at
demand market k from retailer j and transacted via mode [ and group these consumption
quantities into the column vector Q3 € Ri"o and assume that the cost associated with
transacting between retailer j, demand market k, and mode [, from the perspective of the

retailer is given by the function c;j;, where

cir = Cr(gim), Vi, K, 1 (18)

The retailers associate a price with the product at their retail outlet, which is denoted by

p5;, for retailer j. This price, as we will show, will also be endogenously determined in the



model. The retailers are also profit-maximizers, with the criterion of profit maximization for
retailer j given by:

2

Maximize p2j Z Z gim — ¢ (Q
k=11=1 i

2 o 2 m 2
Z Cijl %Jl ZZ Cjkl %kl Zzpizqulﬂ

1i=1 k=11=1 1=1[=1

Ms

subject to:

o 2 m 2

2. 2 ikt S 2 0 i (20)

k=11=1 i=11=1
and the nonnegativity constraints: g;;; > 0, and g > 0, for all ¢,[, k. Objective function
(19) expresses that the difference between the revenues minus the handling cost plus the
transaction costs and the payout to the manufacturers should be maximized. Constraint

(20) simply expresses that consumers cannot purchase more from a retailer than is held in
stock.

In addition, we assume that each retailer seeks to minimize the emissions associated with

his transactions with the manufacturers, that is, he is also faced with the following criterion:

m 2
Minimize ZZ (hi + hiji)diji (21)
i=11=1
subject to:
Qijl 2 O, \V/Z, l (22)

10



A Retailer’s Multicriteria Decision-Making Problem

Retailer j associates a nonnegative weight 3; with the emission generation criterion (21)
and a weight equal to 1 with profit maximization (19) (see also the discussion concerning

manufacturers above), yielding the following multicriteria decision-making problem:

o 2 m 2 m 2
Maximize pj; S i — c;(QY) — SN éulain) Z Z Cir(gim) — D> Plijidiii
k=11=1 i=11=1 k=11=1 i=11=1
m 2
_ﬁ] Z Z h + hul qu (23)

i=11=1
subject to: (20) and the nonnegativity assumption on the variables.

Optimality Conditions of the Retailers

We now consider the optimality conditions of the retailers assuming that each retailer
is faced with the multicriteria decision-making problem (23), subject to (20), and the non-
negativity assumption on the variables. We assume, as we did for the manufacturers, that
the retailers compete in a noncooperative manner, given the actions of the other retailers.
Note that, at this point, we consider that retailers seek to determine not only the optimal
amounts purchased by the consumers from their specific retail outlet but, also, the amount
that they wish to obtain from the manufacturers. In equilibrium, all the shipments between

the tiers of network decision-makers will have to coincide.

Assuming that the handling cost for each retailer is continuous and convex as are the

transaction costs, the optimality conditions for all the retailers satisfy the variational in-

equality:
m n 8Cj(Q1*) aéul(q*l) ‘|
—L— 4 B (hi + hit) + P+ ——25 =5 | X @i — @
;; ; l aqwl ﬁ]( jl) P1 ijl aq:_]l 7] {q gl Q_]l:|
n OGO qiy) « . " SN
+ Z Z [7% R Paj + %‘] [ djkl — q]kl]“’Z [ZZ%]I Z%kl] X { } >0,
=1 k=11=1 djki j=1 Li=11=1 k=11=1
vQ! € Ri”m,‘v’Q3 € Ri"o, Vy € RYL. (24)

Note that ~; is the Lagrange multiplier associated with constraint (20) for retailer j and

~ the column vector of all the retailers’ multipliers. In this derivation, as in the derivation of

11



inequality (15), we have not had the prices charged by the manufacturers and by the retailers

be variables. They become endogenous variables in the complete equilibrium model.

We now highlight the economic interpretation of the retailers’ optimality conditions.
From the second term in inequality (24), we have that, if consumers at demand market k
purchase the product from a particular retailer j, transacted via mode [, that is, if the g},
is positive, then the price charged by retailer j, pj;, is precisely equal to «; (which, from
the third term in the inequality, serves as the price to clear the market from retailer j)
plus the marginal cost associated with this transaction. Also, note that, from the second
term, we see that if no product is sold by a particular retailer, then the price associated
with holding the product can exceed the price charged to the consumers plus the marginal
transaction cost. Furthermore, from the first term in inequality (24), we can infer that, if a
manufacturer transacts with a retailer via a particular mode resulting in a positive flow of
the product between the two, then the price 7} is precisely equal to the retailer j’s payment
to the manufacturer, pj,;;, plus his marginal cost of handling the product plus the retailer’s
marginal cost of transaction associated with transacting with the particular manufacturer

and the marginal cost of emissions associated with this transaction.

The Consumers at the Demand Markets

The consumers take into account in making their consumption decisions not only the price
charged for the product by the retailers and the manufacturers but also their transaction costs
associated with obtaining the product as well as the emissions generated in their transactions.
The consumers at the demand markets can transact either directly with the manufacturers

through the Internet or physically with the retailers.

Let ¢ji; denote the transaction cost associated with obtaining the product by consumers
at demand market k from retailer j via mode [ and recall that g;; is the amount of the
product transacted between retailer j and consumers at demand market k& via mode [. We

assume that the transaction cost is continuous and of the general form:
éjkl = éjkl(Q27 Q3)7 VJ, k? . (25)

Also, let ¢;, denote the transaction cost, from the perspective of the consumers at demand

12



market k, associated with manufacturer :. Here we assume that
éik = éik(Q27 Q3)7 VZ7 ka (26)

Hence, the cost of conducting a transaction with a manufacturer via the Internet can depend,
in general, upon the volume of the product obtained via the Internet as well as the amount

purchased from the retailers.

Let ps;. denote the price of the product as perceived by the consumers at demand market
k. Further, denote the demand for the product at demand market k& by dy and assume, as

given, the continuous demand functions:

where p3 is the o-dimensional column vector of generalized prices. Thus, according to (27),
the demand of consumers for the product at a demand market depends, in general, not only
on the price of the product at that demand market but also on the prices of the product at
the other demand markets. Consequently, consumers at a demand market, in a sense, also

compete with consumers at other demand markets.

The consumers take the price charged by the retailers for the product, which, recall
was denoted by p3; for retailer j, plus the transaction cost associated with obtaining the
product, in making their consumption decisions. In addition, they take the price charged
by a producer, pj;;., plus that associated transaction cost into consideration. In addition, we
assume that the consumers are also multicriteria decision-makers and weight the emissions

associated with their transactions and purchases accordingly.

The Multicriteria Equilibrium Conditions for the Demand Markets

We assume that consumers at a demand market perceive the emissions generated through
their transactions (and purchases) in an individual fashion with the nonnegative weight 7
associated with the total emissions generated through consumer transactions at demand
market k. The equilibrium conditions for consumers at demand market k, thus, take the

form:

13



for all retailers: j;5=1,...,n and modes [; [ = 1, 2:

RS 2’ 3 +mh. pilm 1 zkkl 28
pa; + (@™, Q%) + nk Jkl{ >t i gy =0, (28)
for all manufacturers ¢; i =1,...,m:
P+ (@ Q)+ il + ) S P >0 (29)
kT I = R A
and
n 2
=> >4 kl_'_ZqZkv it p5, >0
di(p5)q a5 (30)
§qugkz+zqzka it p3 =0
=1

1 i=1

J

Conditions (28) state that consumers at demand market & will purchase the product
from retailer j, if the price charged by the retailer for the product plus the transaction cost
(from the perspective of the consumers) plus the marginal cost of emissions associated with
that transaction does not exceed the price that the consumers are willing to pay for the
product. Conditions (29) state the analogue for the manufacturers and demand market.
Condition (30), on the other hand, states that, if the price the consumers are will to pay for
the product at a demand market is positive, then the quantity consumed by the consumers
at the demand market is precisely equal to the demand. These conditions correspond to the
well-known spatial price equilibrium conditions (cf. Takayama and Judge 1971, Nagurney

1999, and the references therein).

In equilibrium, conditions (28), (29), and (30) will have to hold for all demand markets
k, and these, in turn, can also be expressed as a variational inequality problem akin to (15)
and (24) and given by: determine (Q**, Q3", p3) € R™o+2noFn guch that

n o

2
Z Z Z: {,02] +eu(Q%, Q%) + mihj — ng} X [%‘kl - q;kz}

Q

+ Z Z [phk + 6 (Q%, Q%) + mi(hi + hiy,) — ng} X |aqin — @)

14



o m

no 2
+kz ZHZQ;M + X;QE} — di(p3) | % [pax — p3] 20, Y(Q* Q% ps) € RY“F2%e. (31)
=1 |[j=1i=1 =

Note that, in the context of the consumption decisions, we have utilized demand functions,
rather than utility functions, as was the case for the manufacturers and the retailers, who
were assumed to be faced with profit functions, which correspond to utility functions. Of
course, demand functions can be derived from utility functions. We expect the number
of consumers to be much greater than that of the manufacturers and retailers and, hence,

believe that the above formulation is the more natural and tractable one.

The Equilibrium Conditions of the Supply Chain

In equilibrium, the shipments of the product that the manufacturers ship to the retailers
must be equal to the shipments that the retailers accept from the manufacturers. In addition
the amounts of the product purchased by the consumers must be equal to the amounts sold
by the retailers and directly to the consumers by the manufacturers. Furthermore, the
equilibrium shipment and price pattern must satisfy the sum of the optimality conditions
(15) and (24), and the conditions (31), in order to formalize the agreements between the
tiers of the supply chain network (see also Nagurney et al. 2002a, b). We now state this

formally.

Definition 1: Supply Chain Network Equilibrium with Multicriteria Decision-

Makers and Electronic Commerce

The equilibrium state of the supply chain is one where the flows between the tiers of the
supply chain network coincide and the product shipments, prices, and emissions satisfy the
sum of the optimality conditions (15) and (24), and the equilibrium conditions (31).

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the supply chain supernetwork model are equivalent to

the solution of the variational inequality problem given by: determine (Q, Q% Q*,~v*, p})

15



2mn+mo+2no+n—+o : :
€ RY satisfying

S afi(Q7,Q%) | dciulaiy) 3%(@1 ) 9ci(ai)
+ +
Z Z Z [ a%’jl a%’jl aq@]l aQijl

+ (i + B;) (hi + hiji) — 7;]

X {Qijl - q;}z}

+
IGir 0qir,

+§: 0 l@fi(@l Q%) | Ocilgs) + 6 (Q%, Q%) 4 (i + i) (hy + hag) — P}:k] X (g — dii]

o a i *
+> 2> [M +em(QY, Q%) + 75 + by — PE%] X [gin1 = al
n m 2 2
+3 [qu;;-l - Zq;*m] x [ =]

o

+

n 2 m
Z Z q;kl + Z qzk dk p3 ] [p3k - p;k] > 07 V(Ql, sz Q37 Y5 p3) < Rim”+m0+2”0+”+0.

k=1 |j=11=1
(32)

Proof: We first establish that the equilibrium conditions imply variational inequality (32).
Indeed, the summation of inequalities (15), (24), and (31) yields, after algebraic simplifica-

tion, the variational inequality (32).

We now establish the converse, that is, that a solution to variational inequality (32)
satisfies the sum of conditions (15), (24), and (31) and is, hence, an equilibrium according
to Definition 1. To inequality (32), add the term: —p7;; + pi;; to the term in the first set
of brackets, preceding the multiplication sign. Similarly, add the term: —pj,, + pi;x to the
term preceding the second multiplication sign, and, finally, add the term: —p3; + p5; to the
term preceding the third multiplication sign. Such “terms” do not change the value of the

inequality since they are identically equal to zero, with the resulting inequality of the form:

IS [0£(QY,QF) | Ocinlaiy) 0 (QY) | Ociu(aiy)
[ s + ij + J + Ji\ g
; ; ; aqz’jl a%’jl aQijl a%’jl

+ (Oéi -+ ﬂ])(hz -+ hijl)
—; — Priji Tt p;‘jl} X {Qijl - q;jl}

16



m- o [§ : 1*’ 2% o ’ ;k . . . . . .
+Z [ ! (%q.kQ ) + C;;i 2 + Er(Q, Q%) + (v + mp) (hi + hir) — p3y, — Prag + /)uk]

X [qik — @)

+ &(Q%7, Q%) + 75 + by — Py, — Py + ij] X |gjt1 = Gl

j=1k=1I=1 9w
n m 2 o 2 ) n 2
+ Z [Z Zq:jl - ZQ;M] X [’Yj - ’YﬂﬂLZ Z Z Qi T qu di (3 } [p3k — paz] >0,
j=1 Li=11=1 k=11=1 k=1 |j=11=1
V(Ql, Q27 Q3,’}/, p3) c ‘Rimn—l—mo—l—2no—l—n—l—o7 (33)

which, in turn, can be rewritten as:

m il&ﬁ(@*,@?*) . Oeian(giy)

+ a;(hi + hiji) — p;ijl‘| X {ql'jl - q;ﬂ}

p s 9431 94ij1
m o 8 . 1*’ 2% aci Z* . .
#33° |2RG G QML) ) ] e - i
=1 k=1 ? )
IS G [0(QY) L, Oealay)
+ Z Z Z l% + Prji T éiﬂ + ﬁ](h + hz]l) ] [(Jul Qijl}
=1j=11=1 dijl qiji

=1
33 [M — P+ %-1 DS [Z S a2 D G| x| =]

J=1

<
Il
—
=
Il
—
o~
Il
—

[/ffik +en(Q7, Q%) + mi(hy + hay,) — ng} X (g — a3

o
+2
k=1 |j=11

(34)
But inequality (34) is equivalent to the price and product shipment pattern satisfying the
sum of the conditions (15), (24), and (31). The proof is complete. O

For easy reference in the subsequent sections, variational inequality problem (32) can be

rewritten in standard variational inequality form (cf. Nagurney 1999) as follows:

(F(X)',X —X*) >0, VX €K = Rymimotanotnto (35)

17



where X = (Qla Q2a Q37 e /03)7 and F(X) = (F;'jla F’ika F’jkla Fja Fk)i:l,...,m;j:l,...,n;l:172;k=1,...,oa
and the specific components of F' given by the functional terms preceding the multiplica-
tion signs in (32), respectively. The term (-, -) denotes the inner product in N-dimensional

Euclidean space.

From (32) one can see the flexibility of the model in terms of the variety of scenarios
that can be explored depending on the weights associated with the environmental criteria
and the distinct tiers of decision-makers. Clearly, if the weights: «;, 3;, and n; are precisely
equal to zero for all 7, j, k, then this model collapses to generalizations of the supply chain
network models with electronic commerce studied in Nagurney et al. (2002a) and Nagurney
and Dong (2002). On the other hand, one can also evaluate from the solution of (32) not
only the two extremes of all decision-makers being environmentally conscious (to varying
degrees) and none of them being, but also intermediary scenarios in which, say, some of
the manufacturing firms and/or some of the retailers, and/or some of the consumers at the

demand markets are environmentally conscious.

Also, one can evaluate the case when all the decision-makers associated with a particular
tier are environmentally conscious (say, the consumers at the demand markets or, perhaps,
the retailers) and none of the other decision-makers are. Furthermore, it is important to note
that, in terms of a transaction between a pair of decision-makers between tiers, that if one of
the decision-makers has his weight associated with the environmental criterion equal to zero,
the other one can still have a positive weight and since there must be agreement in terms of
the shipments between tiers, there will still be an effect on the equilibrium product flows and
prices and, consequently, on the emissions generated. Note that the total emissions generated
in the supply chain can be computed from the sums of (10), (11), and (12), evaluated at the

equilibrium product shipments.

We now discuss how to recover the prices pj,;, for all 4, j,1, and pj;, for all j, from the
solution of variational inequality (32). (In Section 5 we describe an algorithm for computing

the solution.) Recall that, in the preceding discussions, we have noted that if QG > 0, for

9ciui (@)
;K

the solution of (32). The prices pj;;, in turn (cf. also (15)), can be obtained by finding a

. * * 8 i * .
gi;; > 0, and then setting pj;;; = af(%;_f?z )4 Céfl(_?l”l) + a;(h; + hig)|, or, equivalently, to
ij ij

some k, j, and [, then p3; is precisely equal to 7+ , with 77 being obtained from
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+ _ 0@ Deisla
7 9q;j1 9q;j1
can be obtained by finding a ¢}, > 0 and setting pi,, = [afi(%;fz ) 4 803“;1““) + a;(h; + hik)},

or, equivalently, to [,ogk — ean(Q%, Q%) — (b + hik)}, for all such i, k.

) _ B (hi + hij1) |, for all such 4, j, I. The prices pj;;, on the other hand,

In Figure 1, we depict the structure of the supply chain network in equilibrium, consisting
of all the manufacturers, all the retailers, and all the demand markets. Clearly, the special
cases of our model in which there is only B2B commerce or only B2C commerce can be studied
in our framework as well with a suitable reduction of the links and associated transaction

costs and product shipments.
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3. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (32). In particular, we derive existence and uniqueness results. We also investigate

properties of the function F (cf. (35)) that enters the variational inequality of interest here.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern. Let

Ky ={(Q" Q% Q" 7,p)0 Q" < by; 0<Q° < b0 Q% <by; 0<y<bys 0= p3 < bsh

(36)
where b = (b1, by, b3,b4,05) > 0 and Q' < by;Q? < by; Q% < bs;y < by; p3 < bs means that
Giji < b1 Gin < ba; @i < bs; 7y < bg; and ps, < by for all 4, 5,1, k. Then K} is a bounded

closed convex subset of RZmntmot2notnto Thyg the following variational inequality
(F(XYT, X — X% >0, VX°eKk,, (37)

admits at least one solution X°® € K, from the standard theory of variational inequalities,
since /Cp is compact and F is continuous. Following Kinderlehrer and Stampacchia (1980)

(see also Theorem 1.5 in Nagurney 1999), we then have:

Theorem 2

Variational inequality (32) admits a solution if and only if there exists a b > 0, such that

variational inequality (37) admits a solution in IC, with

le < by, Q2b < by, ng < bs, ’Yb < by, p?, < bs. (38)

Theorem 3: Existence

Suppose that there exist positive constants M, N, R with R > 0, such that:

of:(Q', Q%) n dcij(qiz) n de; (Q) n 9¢ij(qizn)

> M, VYQ' with ¢y > N, Vi, j,l, (39
iz 0qiji iz 0qiji @ Gt J (39)
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. 1 2 . .
0RO, Q) | Dewlan) | o (@2 0% = M, VQ? with g > N, Vi, k.
8Qik 8Qik
¢ Qi)

+éjkl(Q2aQ3) Z Ma \V/Q3 with ki Z Na \v/ja k>la
5%’1@1

dp(p3) < N, Vps with psp > R, VEk. (40)

Then variational inequality (32); equivalently, variational inequality (35), admits at least

one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in

Nagurney and Zhao (1993) (see also existence proof in Nagurney et al. 2002a). O

Assumptions (39) and (40) are reasonable from an economics perspective, since when
the product shipment between a manufacturer and demand market pair or a manufacturer
and retailer is large, we can expect the corresponding sum of the associated marginal costs
of production, handling, and transaction from either the manufacturer’s or the retailer’s
perspectives as well as the transaction cost associated with the consumers, to exceed a
positive lower bound. Moreover, in the case where the price of the product as perceived by
consumers at a demand market is high, we can expect that the demand for the product at

the demand market to not exceed a positive bound.

We now recall the definition of an additive production cost introduced in Zhang and
Nagurney (1996) and also utilized in Nagurney et al. (2002a), which we will use as an

assumption for establishing additional qualitative properties.

Definition 2: Additive Production Cost
Suppose that for each manufacturer v, the production cost f; is additive, that is,

where fl(q;) is the internal production cost that depends solely on the manufacturer’s own
output level q;, which may include the production operation and the facility maintenance,
etc., and f2(q) is the interdependent part of the production cost that is a function of all the

other manufacturers’ output levels ¢ = (q1, -, ¢i—1,Gi+1, "+, Gm) and reflects the impact of
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the other manufacturers’ production patterns on manufacturer 1’s cost. This interdependent
part of the production cost may describe the competition for the resources, consumption of

the homogeneous raw materials, etc.

We now establish additional qualitative properties both of the function F' that enters the
variational inequality problem (cf. (35) and (32)), as well as uniqueness of the equilibrium
pattern. Since the proofs of Theorems 4 and 5 are similar to the analogous proofs in Nagurney
et al. (2002b), they are omitted here.

Theorem 4: Monotonicity

Suppose that the production cost functions f;;i = 1,...,m, are additive, as defined in Def-
inition 2, and that the f};i = 1,...,m, are convexr functions. If the ¢, ¢;, and ¢, and
cik functions are convex; the ¢ and the ¢;, functions are monotone increasing, and the dj,
functions are monotone decreasing functions of the generalized prices, for all i,l, 7, k, then

the vector function F' that enters the variational inequality (35) is monotone, that is,

<(F(X/) . F(X”))T,X, o X//> Z 0’ \V/X/,X” c Rimn+mo+2no+n+o. (42)

Theorem 5: Strict Monotonicity

Assume all the conditions of Theorem /4. In addition, suppose that one of the families of
convex functions fl;i = 1,...,m, ¢i = 1,..,m; 7 = 1,..,n; 1= 1,2, ¢;; 7 = 1,..,n;
Gji; v =1,....om; g =1,....n; Ll =1,2; andcg; © = 1,...,m; k =1,...,0, is a family
of strictly convex functions. Suppose also that ¢;x; @ = 1,...,m; k = 1,...,0; Cu;J =
1,..nk=1,..,01=1,2, and -d; k = 1,...,0, are strictly monotone. Then, the vector
function F that enters the variational inequality (35) is strictly monotone, with respect to

(Q', Q% Q% p3), that is, for any two X', X" with (Q", Q% ,Q%, pi) # (Q",Q*, Q*", ps")

(F(X) = F(X"), X' — X"y > 0. (43)
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Theorem 6: Uniqueness

Assuming the conditions of Theorem 5, there must be a unique shipment pattern (QY*, Q*, Q*),
and a unique price vector pi satisfying the equilibrium conditions of the supply chain. In other

words, if the variational inequality (35) admits a solution, then that is the only solution in

(Qla Q27 Qsa pS)

Proof: Under the strict monotonicity result of Theorem 5, uniqueness follows from the

standard variational inequality theory (cf. Kinderlehrer and Stampacchia 1980) O

Theorem 7: Lipschitz Continuity

The function that enters the variational inequality problem (35) is Lipschitz continuous, that
18,

|F(X") - F(X")| < L| X — X"||, VX', X" €K, where L > 0, (44)
under the following conditions:
(i). Each f;;i=1,...,m, is additive and has a bounded second-order derivative;
(11). The ciji, ¢;, Ciji, Cik, and cjp have bounded second-order derivatives, for all i, 7,1, k;

(11i). The ¢, ¢, and di, have bounded first-order derivatives.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (35). O

In the next Section, we utilize the Lipschitz continuity property in order to guarantee that
the dynamic trajectories associated with the proposed continuous time adjustment process
are well-defined. The monotonicity property of the function F, in turn, is utilized in the

next Section in order to establish a stability result.
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4. The Dynamics

In this Section, we propose a dynamic adjustment process, formulated as a projected
dynamical system. We then establish that the set of stationary points of the projected dy-
namical system coincides with the set of solutions of variational inequality (35), equivalently,

variational inequality (32).

In particular, we now turn to describing the dynamics by which the manufacturers adjust
their product shipments over time, the consumers adjust their consumption amounts based
on the prices of the product at the demand markets, and the retailers operate between the
two, except in the case of electronic commerce when the consumers at the demand markets
can deal with the manufacturers directly. We also describe the dynamics by which the prices
adjust over time. The dynamics are derived from the bottom tier of nodes on up since it is
the demand for the product (and the corresponding prices) that actually drives the supply

chain dynamics.

The Demand Market Price Dynamics

We begin by describing the dynamics underlying the prices of the product associated with
the demand markets. Assume that the rate of change of the price ps;, denoted by psg, is
equal to the difference between the demand at the demand market k, as a function of the
demand market prices, and the amount available from the retailers and the manufacturers
at the demand market. Hence, if the demand for the product at the demand market (at
an instant in time) exceeds the amount available, the price at that demand market will
increase; if the amount available exceeds the demand at the price, then the price at the
demand market will decrease. Furthermore, it is guaranteed that the prices do not become
negative. Consequently, the dynamics of the price psj associated with the product at demand

market £ can be expressed as:

R e 2 I o ;
o = { dr(ps3) — 25=1 i1 Gkt — 2oimy ik if  p3 >0 (45)

max{0, di(ps) — S0y Sy @i — Sy Gi},  if psp = 0.
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The Dynamics of the Product Shipments between the Retailers and the Demand
Markets

The dynamics of the product shipments over the links joining the retailers to the demand
markets are now described. The rate of change of the product shipment g;j; is assumed to
be equal to the difference between the price the consumers are willing to pay for the product
at demand market k£ minus the sum of the various costs which include: the unit transaction
cost, the marginal transaction cost, the price charged for the product at the retail outlet,
and the (weighted) marginal emissions. Note that here, without loss of generality, we refer
to v; as a “price” associated with retailer j since in variational inequality (32) it is the s

that appear as the variables.

Of course, one also must guarantee that these product shipments do not become negative.

Hence, one may write:

i psr — Cir(Q* Q%) — %ﬁgkl) — Mehjr — 5, if  gju >0 (46)
ikl = R cini(ain :
’ max{0, par, — & (Q?, Q%) — %ﬁ:m —mkhju — b =0,

where ¢j5; denotes the rate of change of the product shipment g;p;.

Thus, according to (46), if the price the consumers are willing to pay for the product at a
demand market exceeds the price the retailers charge for the product at the outlet plus the
various costs (at an instant in time), then the volume of the product between that retail and
demand market pair will increase; if the price charged by the retailer plus the various costs
associated with this transaction exceeds the price the consumers are willing to pay, then the

volume of flow of the product between that pair will decrease.

The Dynamics of the Product Shipments between the Manufacturers and the
Demand Markets

In Section 2, it was assumed that each manufacturer ¢ is faced with a production cost f;,
which can depend, in general, upon all the product shipments from all the manufacturers to
the retailers and demand markets. In addition, recall that c¢;; is the transaction cost associ-
ated with manufacturer ¢ transacting with demand market &, with the function being given

by (2b). The consumers at the demand markets, in turn, are also faced with a transaction
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cost associated with transacting with a manufacturer directly. For manufacturer/demand
market pair (7, k), this function is denoted by ¢é; and, as in (26), can depend, in general,
upon all the product shipments to all the demand markets from all the manufacturers or

retailers.

Since each manufacturer is assumed to be a multicriteria decision-maker according to (14)
and the consumers at a demand market are also assumed to be multicriteria decision-makers,
we propose the following rate of change for the product shipments between the top tier of

nodes and the bottom tier of nodes:

i — P3k — 8fi((r)%j;Q2) - acgg“ — &(@Q?, Q%) — (i + mi) (hi + hyy), if  qx>0
ik = (01 i (ain ~ .
maxc{0, pyy — PG — Sln) g, (Q% Q%) — (i + i) (hi + i)}, it qm(:)o,
47

where ¢;, denotes the rate of change of the product shipment g;.

Hence, according to (47), if the demand price at a demand market exceeds the vari-
ous costs (including the weighted marginal emissions) associated with transacting via the
Internet directly, then the volume of the product transacted via the Internet between the
manufacturer /demand market pair will increase; if the demand price at the demand mar-
ket is less than the above described marginal and unit costs, then the volume of product

shipment between the pair will decrease.

The Dynamics of the Prices at the Retail Outlets

The prices for the product at the retail outlets, in turn, must reflect supply and demand
conditions as well. In particular, assume that the price for the product associated with retail

outlet j, 7;, evolves over time according to:

= Yho1 Y Qjkt — 221t i 4iji, if ;>0 (48)
I maX{O, Zzzl 212:1 ikl — Z;Z1 212:1 Qijl}a if Vi = 0,

where 4; denotes the rate of change of the price ;. Hence, if the amount of the product
desired to be transacted by the consumers (at an instant in time) exceeds that available at
the retail outlet, then the price at the retail outlet will increase; if the amount available is

greater than that desired by the consumers, then the price at the retail outlet will decrease.
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The Dynamics of Product Shipments between Manufacturers and Retailers

Since the product shipments sent from the manufacturers must be accepted by the retail-
ers in order for the transactions to take place in the supply chain, we propose the following

rate of change for the product shipments between the top tier of nodes and the middle tier:

OF(QL,Q%)  Bcilai) e (QY)  9eii(gi) ]
. v 0qiji N é‘Zile B 5%‘1 N éQile o (Oz,- + ﬁj)(hi + hijl)a if Qijr > 0
qijl = max {0,
Of; 17 2 Ocii1(qis e Ql 0¢;.:1(qi5 .
7]' - f (acile ) _ Cé;(i‘jlﬂ) _ Cajq(ijl ) _ Cé;(i‘jlﬂ) — (ai + ﬁ])(hz + hz’jl)} , if Qijl = 0’

(49)
where ¢;;; denote the rate of change of the product shipment between manufacturer ¢ and

retailer j transacted via mode .

Following the above discussion, (49) states that the product shipment between a manu-
facturer/retailer pair via a transaction mode evolves according to the difference between the
price charged for the product by the retailer and sum of the various costs associated with the
transaction. Here it is also guaranteed that the product shipments do not become negative

as they evolve over time.

The Projected Dynamical System

Consider now the dynamic model in which the demand prices evolve according to (45) for
all demand market prices k, the retail/demand market product shipments evolve according
to (46) for all retailers/demand markets/modes j, k, [, and the product shipments between
the manufacturers and the demand markets evolve according to (47). The prices associated
with the retailers, in turn, evolve according to (48) for all retailers j, and the product
shipments between the manufacturers and retailers evolve over time according to (49) for all

manufacturer /retailer /mode combinations i, j, [.

Let X and F'(X) be defined as following (35). Then the dynamic model described by (49),
(47), (46), (48), and (45) for all 7, 5, [, k can be rewritten as the projected dynamical system
(PDS) (cf. Nagurney and Zhang (1996)) defined by the following initial value problem:

X =TI(X, ~-F(X)), X(0)=Xo, (50)

where Il is the projection operator of —F(X) onto K at X and Xy = (Q'°, Q2°, @*°,~°, p?)
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is the initial point corresponding to the initial product shipments between the manufacturers
and the retailers and the demand markets; the initial product shipments between the retailers
and the demand markets; and the initial retailers’ prices and the demand prices. Since the
feasible set K underlying the dynamic supply chain is simply the nonnegative orthant, the
projection operation is very simple. Indeed, it simply guarantees, through the use of the
“max” term (cf. (45)—(48)), that the dynamic trajectory never yields negative values for the

product flows and prices.

The dynamical system (50) is non-classical in that the right-hand side is discontinuous
in order to guarantee that the constraints, which in the context of the above model are
nonnegativity constraints on the variables, are not violated. Such dynamical systems were
introduced by Dupuis and Nagurney (1993) and to date have been used to model a variety of
applications ranging from dynamic traffic network problems to dynamic oligopoly problems
(cf. Nagurney and Zhang 1996 and the references therein) as well as to supply chain network

problems but without multicriteria decision-makers (see Nagurney and Dong 2002).

Stationary/Equilibrium Points

The following theorem states that the projected dynamical system evolves until it reaches
a stationary point, that is, X = 0, in which there is no change in the product shipments
and prices, and that the stationary point coincides with the equilibrium point of the supply

Wk

chain network model according to Definition 1. The notation is utilized here to denote
an equilibrium point, as was also done in Section 2, as well as a stationary point, since these

are shown to be equivalent in Theorem 8 below.

Theorem 8: The Set of Stationary Points Coincides with the Set of Equilibrium

Points

The set of stationary points of the projected dynamical system (50) coincides with the set
of equilibrium points defined by Definition 1.

Proof: According to Dupuis and Nagurney (1993), the necessary and sufficient condition
for X* to be a stationary point of the PDS (50), that is, to satisfy:

X =0 = (X, —F(XY)), (51)
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is that X* € IC solves the variational inequality problem:
(F(X")T, X —X*)>0, VXeK, (52)

where, in our problem, F(X), X, and K are as defined following (35). Writing out (52)
explicitly, we have that

U Of:(QY7,Q%)  Ocinlaiy) | 9c;(QY) | 9ciulary)
+ + +
Z Z Z [ a%’jl a%’jl aQijl aQijl

+ (i + B;) (hi + hiji) — 7;1

x ain — 45

m 2 [Of(QY, Q* ocir(q . . . ) *

o 2 aC 'kl(q*kl) . % % " " *
Yy [7 Q¥ QY 4 e pgk] % [aju =
k=1

j=1k=11=1 I
n m o 2 o n 2 m
+3 [z Sa—d> q;kl] <= I g+ > an - dk<pz§>] x[psk — p] > 0,
j=1 Li=11=1 k=11=1 k=1 |j=11=1 i=1

(53)
V(Ql, Q2> an 7, p?,) c IC — Rimn+mo+2no+n+o.

But variational inequality (53) is precisely the variational inequality (32) (and their cor-
responding F'(+)s, Xs, and Ks are one and the same), which, in turn, according to Theorem
1 coincides with (Q'", Q*", Q*",~*, p5) being an equilibrium pattern according to Definition

1. The proof is complete. O

Hence, Theorem 8 establishes the linkage between the solution to the variational in-
equality problem (32) governing the static supply chain network model with multicriteria
decision-makers described in Section 2, and the stationary points of the dynamic supply
chain model described by the projected dynamical system (50). Indeed, it shows that they
are one and the same. Thus, once a stationary point of the dynamic supply chain model has
been achieved, that point satisfies the equilibrium conditions, at which the manufacturers,
retailers, and consumers have formalized their agreements and the shipments between the

tiers coincide.
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Theorem 9: Existence and Uniqueness of a Solution to the Initial Value Problem

Assume the conditions of Theorem 7. Then, for any Xy € KC, there exists a unique solution
Xo(t) to the initial value problem (50).

Proof: Lipschitz continuity of the function F'is sufficient for the conclusion based on The-

orem 2.5 in Nagurney and Zhang (1996) O.

Theorem 9 guarantees that, if the Lipschitz property is satisfied, then the disequilibrium
dynamics associated with the proposed projected dynamical system model of the supply
chain are well-defined. In other words, given an initial product shipment and price pattern,
there exists a unique trajectory associated with (50). Note that this existence and uniqueness
result is not the same as those given in Theorems 3 and 6, respectively, since the latter results

are for the equilibrium or stationary point, rather than for the dynamic trajectories.

We now turn to addressing the stability (see also Zhang and Nagurney 1995) of the supply

chain network system through the initial value problem (50). First, we recall the following:

Definition 3: Stability of the System

The system defined by (50) is stable if, for every Xo and every equilibrium point X*, the

FEuclidean distance || X* — Xo(t)|| is a monotone nonincreasing function of time t.
A global stability result is stated in the next theorem.

Theorem 10: Stability of the Dynamic Supply Chain Network System

Assume the conditions of Theorem 4. Then the dynamical system (50) underlying the supply

chain with multicriteria decision-makers is stable.

Proof: Under the assumptions of Theorem 4, F'(X) is monotone and, hence, the conclusion

follows directly from Theorem 4.1 of Zhang and Nagurney (1995). O

The stability of the supply chain network system is an important result and demonstrates

the validity of the equilibrium concept. In particular, stability of the system says that for
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any initial product shipment and price pattern, an equilibrium product shipment and price

pattern is eventually attained.
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5. The Algorithm

In this Section, we propose a discrete-time adjustment process that provides a time dis-
cretization of the projected dynamical system (50) and also yields a stationary point of the
system; equivalently, a solution to variational inequality (32). The discrete-time algorithm
is the Euler method, which is a special case of the general iterative scheme proposed by
Dupuis and Nagurney (1993) for tracking the trajectories of projected dynamical systems.
Convergence results can also be found therein. The statement of the algorithm in the context

of our model is as follows:

Step 0: Initialization Step

Set (Q1°,Q%,Q%,~° p%) € K. Let 7 = 1 and set the sequence {a,} so that 3, a, = oo,

ar >0, a; — 0, as 7 — oo. Such a sequence is required for convergence.
Step 1: Computation
Compute (Q'7,Q*", Q%" ,~7, p3) € K by solving the variational inequality subproblem:

m n 2 8f,(Q1T—1 Q27’—1) acijl(q??l) 80'(Q1T_1) 8&, 'l(q‘-r.l_l)
7 ) _'_ 1] + 9 + j i
Z Z Z [qul 0¢iji Iqiji 0 D

i=1j=11=1

+au+ B) (hi+ hip)) = ;7Y = @] % |a — afy]

m o 2 171 27—1 T—1

1 ) a 7 i ~ T— T—

22 D> g+ f(Q @ )+ Cit (4 )+Cik(Q2 LT
i=1k=11=1 G i

(0 + ) (h + i) — p5 ) — a5 ] < L — a7

2 a 'kl(qT_1> ~ T7—1 T7—1 _ _ _
> lq]kl 7]%;“ + (@7, Q° ) ] kb — p5 ) — q;'—kII]
J

X [ijl - Q;kl}

10 3] R0 35 10 wp ot 7 Rl Y

o

+2

k=1

n 2
Pi + a0t + Zq ) — P ] X [psk — Pl = 0,

j=11=1
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V(Q17Q27Q337ap3) e k. (54)

Step 2: Convergence Verification

ol — 'l < e lah — a1 < e |GG — afa'| <& ] =7 <6 o3 — o' < e, for all
1=1,---m;j=1,---n;l=1,2,k=1,---,0, with € > 0, a pre-specified tolerance, then

stop; otherwise, set 7 := 7+ 1, and go to Step 1.

Since K is the nonnegative orthant the solution of (54) is accomplished exactly and in
closed form. Furthermore, the sequence {a,}, has an interpretation that “learning” is taking
place from time period to time period in that, at first, the value is larger, and then as time
proceeds, it gets smaller and smaller. For completeness and easy reference, we show how

problem (54) can be solved exactly and in closed form below:

Computation of the Product Shipments

At iteration T compute the ¢7;s according to:

T T—1
4;; = max {07 Q51 — ar(

afi(Q7 QY N Oein(aly ") N 9c;(QV ) N 0éi(ql; ")
8%‘1 a%’jl 8%‘;‘1 8%‘;‘1

+(ai + B5) (hi + higi) — 7}_1)} , Vi, g, 1. (55)

In addition, at iteration 7, compute the ¢],s according to:

Af QL QY deu(qih)
+
aqz’k aQik

T — N 7—1 7—1
q;, = Max {07 qik, t— aT( + Cik(Q2 ) Q3 )

(i + ) (hi + hie) — p5 )}, Vi (56)

Also, at iteration 7 compute the ¢7;s according to:

Ocii(@in’)

~ T—1 T—1 — — .
5 + (@, Q7 ) AT Fahi — 05 )Y, Vi kL
qjkl

(57)

T T—1
djk = max{0, 4k — a-(
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Computation of the Prices

The prices, 77, in turn, are computed at iteration 7 explicitly according to:

m 2 o 2
v =max{0,7] " —a, QD gt = DD dmh)}y (58)
i=11=1 k=11=1
whereas the demand market prices, psi, are computed according to:
n 2 m
T T—1 T—1 T—1 T—1
pie = max{0, p " — a3 A~ T doan ' —de(pi))} Yk (59)
j=11=1 i=1

According to the discrete-time adjustment process described above, the process is ini-
tialized with a vector of product shipments and prices. Of course, the vector components
can all be set to zero, which signifies that “at the beginning” there is no production and
shipment and zero prices for the product. The system will then evolve, simulated, in a sense,
by the discrete-time adjustment process (55) through (59) until a stationary/equilibrium
point is achieved. It is easy to see from (55)—(59) that once the convergence tolerance has
been reached (and, hence, these differences are approximately zero) then the equilibrium
conditions according to Definition 1 are satisfied; equivalently, a stationary point of the pro-

jected dynamical system (50) is attained, and also a solution to variational inequality (32)

(or (35)).
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Manufacturers

Retailers

Demand Markets

Figure 2: Supply Chain Supernetwork Structure for the Numerical Examples

6. Numerical Examples

In this Section, the discrete-time algorithm, the Euler method, described in Section 5, is
applied to several numerical examples. The algorithm was implemented in FORTRAN and
the computer system used was a DEC Alpha system located at the University of Massa-
chusetts at Amherst. The convergence criterion utilized was that the absolute value of the
product flows and prices between two successive iterations differed by no more than 107
The sequence a, was set to {1, 3,5, 3, 3,3, -} for all the examples. The numerical examples
had the network structure depicted in Figure 2 and consisted of two manufacturers, two re-
tailers, and two demand markets, with both B2B and B2C transactions permitted, with the

B2C transactions being between the manufacturers and the demand markets, for simplicity.

The Euler method required no more than 369 iterations for convergence in any of the

seven examples reported below.
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Example 1

The data for the first example were constructed for easy interpretation purposes and to

serve as a baseline for the subsequent examples.

We assumed that the decision-makers assigned weights equal to zero for the environmental
criteria, that is: a;; 7 =1,2; 8;; 7 = 1,2, and ni; k = 1,2, were all set to zero. Hence, none
of the decision-makers took environmental emissions into consideration in their decision-
making. The emission parameters were as follows: h; = 1; @ = 1,2; h;; = 1, for 1 = 1,2;
J=121l=1;and hy; = 2, fori =1,2; 5 =1,2,and | = 2; hy, = 1 for i =1,2; k = 1,2,
and hj = .Tfor j=1,2;k=1,2and [ = 1.

The production cost functions for the manufacturers were given by:

f1(q) = 2567 + quge + 2q1,  f2(q) = 2.5¢5 + q1q2 + 2¢o.

The transaction cost functions faced by the manufacturers and associated with transacting
with the retailers using the physical link, that is, mode 1, and denoted, typically, by c¢;;1,
were given by:

ciji(Gij1) =BGy + 3.5q;51, fori=1,2;j=1,2,

whereas the analogous transaction costs, but for mode 2, and, denoted, typically, by c;;a,
were given by:

i (Gij2) = 1.5 50 + 3qija, fori=1,2;5=1,2.

The transaction costs of the manufacturers associated with dealing with the consumers

at the demand markets via the Internet and denoted for a pair i, k by c;x, were given by:

cik(qik) = qfk + quk, for i = 1, 2; k= 1, 2.

The handling costs of the retailers, in turn, were given by:

a(@) =50 an)’, (@) =503 ¢

i=11=1 i=1i=1
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The transaction costs of the retailers associated with transacting with the manufacturers

via mode 1 and mode 2, denoted by ¢;;;, were, respectively, given by:

Cin(in) = 1.5G5 + 3qiju,  fori=1,2j=1,21=1,2.

The demand functions at the demand markets were:
di(p3) = —2p31 — 1.5p32 + 1000,  da(ps) = —2p32 — 1.5p31 + 1000,

and the transaction costs between the retailers and the consumers at the demand markets
(denoted for a typical pair by ¢;,; with the associated shipment by g with [ = 1) were
given by:

ein(Q% Q%) =g +5, forj=1,2k=1,2,
whereas the transaction costs associated with transacting with the manufacturers via the
Internet for the consumers at the demand markets (denoted for a typical such pair by ¢

with the associated shipment of ¢;,) were given by:

(@ Q%) =q+1, fori=1,2k=12.

The Euler method yielded the following equilibrium pattern: the product shipments
between the two manufacturers and the two retailers associated with the physical links, and
with the Internet links, respectively, that is, with transacting via mode 1 and mode 2 were:
Q" i = iyt = B = G = 346115 ¢i1y = Gl = Bro = G = 2.3907. The product
shipments between the two manufacturers and the two demand markets with transactions
conducted through the Internet were: Q" : ¢y = q¢fy = ¢4 = @3, = 13.3033. The product

shipments (consumption volumes) between the two retailers and the two demand markets

were: Qg* D1 = Qo = Go11 = Qo = 5.8513.

The vector v*, which was equal to the prices charged by the retailers, had components:
Vo1 = Voo = 263.9088, and the demand prices at the demand markets were: p3; = pi, =
274.7701.

The total emissions generated are given by the expression
2

2 2 2
3 Z (hi + hij) @i + > Z (hi + har) g3y, + Z > hin@n
j=1k=1

i=1j=11[=1 i=1 k=1
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with the value for this example being equal to: 114.0895.

It is easy to verify that the optimality/equilibrium conditions were satisfied with good

accuracy.

Example 2

Example 2 was constructed as follows: we kept the data as in Example 1 except that we
now had the manufacturers weight the environmental criteria with the weights set at a; = 1

and oy = 1.

The Euler method yielded the following equilibrium pattern: the product shipments
between the two manufacturers and the two retailers associated with the physical links, and
with the Internet links, respectively, that is, with transacting via mode 1 and mode 2 were:
Q' i = i = B = G = 332143 ¢f1y = ¢l = BGro = G = 2:4309. The product
shipments between the two manufacturers and the two demand markets with transactions
conducted through the Internet were: Q** : ¢, = ¢, = ¢, = @3, = 13.3127. The product

shipments (consumption volumes) between the two retailers and the two demand markets

were: Qg* D111 = Qo1 = @o11 = Qa1 = H.7509.

The vector v*, which was equal to the prices charged by the retailers, had components:
Vo1 = Vao = 264.0714, and the demand prices at the demand markets were: p}, = pi, =
274.8201.

The total emissions generated were now equal to: 112.9185. Hence, as expected, environ-
mentally conscious manufacturers can reduce the total emissions generated. Observe that
the volumes of flow on the Internet links from the manufacturers now increased since in this
set of examples the emission factors associated with the Internet link have been assigned

lower values than those associated with the physical links.

Example 3

We then proceeded to construct Example 3, which had the same data as in Example 2,
but now the retailers also had positive weights associated with the environmental criteria

with 3 = 3 = 1. The Euler method yielded the following equilibrium pattern: the product
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shipments between the two manufacturers and the two retailers associated with the physical
links, and with the Internet links, respectively, that is, with transacting via mode 1 and
mode 2 were: Q' 1 ¢y = gy = G = Go = 31136 ¢y = @i = Gy = Gy =
2.4250. The product shipments between the two manufacturers and the two demand markets
with transactions conducted through the Internet were: Q*" : ¢, = ¢}y, = @& = @5 =
13.4861. The product shipments (consumption volumes) between the two retailers and the

two demand markets were: Q*" : ¢fy; = qiy; = @311 = @551 = 5.5362.

The vector v*, which was equal to the prices charged by the retailers, had components:
Vo1 = Vs = 264.3097, and the demand prices at the demand markets were: p3; = p5, =
274.8436.

The total emissions generated were now further reduced and were equal to: 111.3810.

Again, the volumes of products transacted over the Internet links increased.

Example 4

Example 4, in turn, was constructed from Example 3 with now the consumers at the
demand markets also having positive weights associated with the emissions generated with
m = 12 = 1. Hence, in this example, all the decision-makers in the three tiers of the supply

chain were now environmentally conscious as regards their decision-making.

The Euler method converged and yielded the following new equilibrium pattern: the
product shipments between the two manufacturers and the two retailers associated with
the physical links, and with the Internet links, respectively, that is, with transacting via
mode 1 and mode 2 were: Q' : ¢f); = ¢y = G = Gy = 3.1270; @10 = @loo = @1y =
@599 = 2.4347. The product shipments between the two manufacturers and the two demand
markets with transactions conducted through the Internet were: Q*" : ¢f, = ¢}y, = ¢§; =
75 = 13.3960. The product shipments (consumption volumes) between the two retailers and

the two demand markets were: Q3" : ¢, = @iy, = @511 = @y = 5.5603.

The vector v*, which was equal to the prices charged by the retailers, had components:
Vo1 = Vae = 263.6234, and the demand prices at the demand markets were: p3; = p5, =
274.8813.
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The total emissions generated were now further reduced and were equal to: 111.2138.

Example 5

We then proceeded to increase the weights associated with the environmental criteria and
the demand markets. Hence, Example 5 had the same data as in Example 4 but now we
increased the weights associated with the environmental criteria at the demand markets so
that n; = ny = 5. In this and the subsequent two examples, we just report, for the sake
of brevity, the total emissions generated. In Example 5 the total emissions generated were
equal to 110.5442.

Example 6

In the next simulation exercise, we constructed Example 6 from Example 5 by having the
weights associated with the manufacturers’ environmental criteria 5, and 35 being set equal
to 5 for each such firm. The result was that the total emissions now decreased further to:
105.8604.

Example 7

In our final example, we utilized the data for Example 6 but set also the retailers’ weights

(1 = B2 = 5. The total emissions generated were now equal to: 99.7104.
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7. Summary and Conclusions

In this paper, we have proposed a framework for the formulation, analysis, and com-
putation of solutions to supply chain problems with multicriteria decision-makers and en-
vironmental concerns in the presence of electronic commerce in the form of B2B and B2C
transactions. Specifically, we have proposed a supernetwork framework and developed both
a static and a dynamic model. For the latter, we established that its set of stationary points
coincides with the set of solutions to the variational inequality formulation of the equilibrium

conditions governing the static model.

We provided qualitative properties of the equilibrium product shipment and price pattern
in the form of existence and uniqueness results and also showed that the proposed projected
dynamical system for the supply chain network is stable under reasonable conditions. In
addition, we provided a discrete-time algorithm which was then applied to several numerical
examples in which we evaluated the equilibrium solutions as we changed the weights associ-
ated with the environmental criteria of the manufacturers, the retailers, and the consumers

at the demand markets.

The results in this paper demonstrate that supply chain network models with numerous
decision-makers and associated environmental concerns can be formulated, analyzed quali-
tatively, and solved. Of course, the supernetwork model constructed in this paper is stylized
but it contains important features such as the behavior of distinct decision-makers, which
is optimizing but with multiple criteria, including environmental ones; explicit transaction
costs; and transportation versus telecommunication tradeoffs in decision-making (as applied
to logistics). Moreover, once solved, it provides the equilibrium product shipments between

tiers of the supply chain as well as the demand market and retailer prices.

Of course, there are many other interesting questions that arise in regards to the study of
the dynamics of supply chain interactions and environmental issues. In particular, we note
that the model developed here considered the environmental criterion of the minimization
of total emissions generated and there are other criteria that can also be included (such as
the minimization of waste generation in production). Nevertheless, we hope that the work

in this paper provides part of the theoretical foundations for this subject area.
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