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Abstract: In this paper, we propose a rigorous dynamic supernetwork theory for the in-
tegration of social networks with financial networks with intermediation in the presence of
electronic transactions. We consider decision-makers with sources of funds, financial interme-
diaries, as well as demand markets for the various financial products. Through a multilevel
supernetwork framework consisting of the financial network and the social network we model
the multicriteria decision-making behavior of the various decision-makers, which includes the
maximization of net return, the maximization of relationship values, and the minimization
of risk. Increasing relationship levels in our framework are assumed to reduce transaction
costs as well as risk and to have some additional value for the decision-makers. We explore
the dynamic evolution of the financial flows, the associated product prices, as well as the
relationship levels on the supernetwork until an equilibrium pattern is achieved. We provide
some qualitative properties of the dynamic trajectories, under suitable assumptions, and
propose a discrete-time algorithm which is then applied to track the evolution of the rela-
tionship levels over time as well as the financial flows and prices. The equilibrium pattern
yields, as a byproduct, the emergent structure of the social and financial networks since it
identifies not only which pairs of nodes will have flows but also the size of the flows, i.e., the

relationship levels and the financial transactions.



1. Introduction

The literature on social networks is considerable and growing (cf. Freeman (2000) and
Krackhardt (2000)) but it has developed largely in the discipline of sociology without much
emphasis on the economic aspects of human decision-making including those surrounding
financial transactions. The literature on financial networks, in turn, as noted in Nagurney
and Siokos (1997), dates to the classical work of Quesnay (1758) who depicted the circular
flow of financial funds in an economy as a graph. It has yielded a wealth of models, supported
by a variety of methodological tools (cf. Nagurney (2003) and the references therein), that
aim to not only capture the economic behavior of the various decision-makers involved in the
allocation and uses of funds but also allow for the computation of the optimal/equilibrium

financial flows and prices.

In this paper, our goal is to provide a theory for the integration of social networks with
financial networks that explores the evolution of financial transactions over time coupled
with the evolution of relationships between the financial decision-makers; that is, those with
sources of funds, the intermediaries, as well as the consumers of the various financial products.
In our model, the decision-makers can choose between the possibility of physical as well as
electronic transactions along the lines proposed by Nagurney and Ke (2003). In addition,
they can, within a multicriteria decision-making context, also select their relationship levels
which, in turn, affect the transaction costs and the risk and are assumed to hold some
additional value. Establishing (and maintaining) the relationship levels, however, incurs
some costs that need to be borne by the decision-makers. Hence, our framework, unlike
much of the literature in social networks, considers flows in the form of relationship levels

between tiers of decision-makers.

The role that relationships play in financial networks has gained increasing attention and
has been studied analytically as well as empirically in several different contexts. Ghatak
(2002) as well as Anthony (1997) described the role of social networks in the context of
micro-financing. Boot and Thakor (2000), in turn, developed a model to determine the
effect of an increase of interbank competition and capital market competition on relationship
lending. Sharpe (1990), Petersen and Rajan (1994), Berger and Udell (1995) as well as

Petersen and Rajan (1995) dealt with the connection between relationships and lending.



Petersen and Rajan (1994) and Arrow (1998) concluded that bank-firm ties are more critical
to lending markets than classical theory suggests, and that social relationships and networks
affect who gets capital and at what cost. Wilner’s (2000) findings concerning the optimal
pricing, lending, and renegotiation strategies for companies with relationships such that one
company depends strongly on another one are compatible with those in the relationship-
lending literature. Jackson (2003) surveyed the recent literature on network formation with
a focus on game theoretic models as well as networks of relationships and applications. He
also emphasized that networks of relationships play an important role in many economic

situations.

Uzzi (1997) and DiMaggio and Louch (1998), basing their research on the sociological
research on lending, suggested that social relationships and networks affect personal and
corporate financial dealings. Uzzi (1999) pointed out that firms are more likely to get loans
and to receive lower interest rates on loans if social relationships and network ties exist. Burt
(2000) along with cited references overviews the theoretical foundations and related research

of the network structure of social capital in various fields.

Informal/social networks also play an important role in controlling access to finance. As
Garmaise and Moskowitz (2002a) described, the market participants may resolve information
asymmetries by purchasing nearby properties, trading properties with long income histories,
and avoiding transactions with informed professional brokers. Empirically, Garmaise and
Moskowitz (2002b), Zumpano, Elder and Baryla (1996), Jud and Frew (1986), and Janssen
and Jobson (1980), demonstrated that realtors as service intermediaries, who do not sup-
ply finance themselves, can facilitate their clients’ access to finance via repeated informal

relationships with lenders.

Carnevali (1996) and Ormerod and Smith (2001), in turn, suggested that noneconomic
(that is, not easily priced) factors such as social relations, locations, and shared history
can influence economic transactions. Social networks can, hence, also facilitate the ac-
cess to financial services for consumers. Indeed, the above-noted research has empirically
demonstrated that informal networks play an important role in controlling access to finance.
However, there is no theoretical modeling as to the behavior of the various decision-makers,

including the financial intermediaries in that literature and no insights as to how the market



equilibrium is affected by such informal, that is, social networks.

In this paper, we develop a dynamic supernetwork model of financial networks with
intermediation and electronic transactions that also includes the role that relationships play
in this context. As in the paper by Gulpinar, Rustem, and Settergren (2003) and the book by
Rustem and Howe (2002) we consider the role that risk and transaction costs play in financial
decisions. The supernetwork model is multilevel in structure and includes both the financial
network with intermediation and the social network with flows on the former corresponding
to the financial flows (and prices at the nodes) and the flows on the latter to the relationship
levels. The decision-makers are associated with the nodes of the supernetwork. The functions
associated with the nodes and links of the financial network may depend on the flows not
only of that network but also on the flows on the social network and, vice versa. Hence,
the supernetwork represents an integration of the two networks which have historically been
studied theoretically as separate network systems. The sources of financial funds as well as
the financial intermediaries are multicriteria decision-makers and seek to maximize their net
return, to minimize their risk, and to maximize the value of relationships, with individual

weightings of these criteria.

As noted earlier, this work is based on the paper by Nagurney and Ke (2003) who pro-
posed a model for decision-making in financial networks with intermediation and electronic
transactions. We extend that model by explicitly including the role that relationship lev-
els play. As in the paper by Wakolbinger and Nagurney (2004), that describes the role of
relationships in supply chain networks, decision-makers in a given tier of the supernetwork
can decide on the relationship levels that they want to achieve with decision-makers asso-
ciated with the other tiers of the network. Establishing/maintaining a certain relationship
level induces some costs, but may also lower the risk and the transaction costs. Unlike
the paper by Nagurney and Ke (2003), we use general risk functions as suggested in the
paper by Nagurney and Cruz (2004), but focus on a single country setting. For additional
background on supernetworks and other applications, see the book by Nagurney and Dong
(2002). Nagurney et al. (2002a) developed a dynamic multilevel network model to model the
evolution of supply chain networks. The multilevel network therein consisted of a logistical
network, a financial network, and also an information network (but no social network to

capture relationship levels).



This paper is organized as follows. In Section 2, we develop the multilevel supernetwork
model consisting of multiple tiers of decision-makers acting on the financial and the social
networks. We describe their optimizing behavior, and establish the governing equilibrium

conditions along with the corresponding variational inequality formulation.

In Section 3, we describe the disequilibrium dynamics of the financial flows, prices, and
relationship levels as they evolve over time and formulate the dynamics as a projected dy-
namical system (cf. Nagurney and Zhang (1996), Nagurney and Ke (2003), and Nagurney
and Cruz (2004)). We show that the set of stationary points of the projected dynamical
system coincides with the set of solutions to the derived variational inequality problem. In

addition, we establish a stability analysis result for the supernetwork system.

In Section 4, we present a discrete-time algorithm to approximate (and track) the finan-
cial flow, price, and relationship level trajectories over time until the equilibrium values are
reached. We then apply the discrete-time algorithm in Section 5 to several numerical exam-
ples to further illustrate the supernetwork model. We conclude with Section 6, in which we

summarize our results and suggest possibilities for future research.



2. The Supernetwork Model Integrating Social Networks and Financial Networks

with Intermediation and with Electronic Transactions

In this Section, we develop the supernetwork model consisting of the integration of the
financial network and the social network in which the decision-makers are those with sources
of funds, the financial intermediaries, as well as the consumers associated with the demand
markets. Here we describe the model in an equilibrium context, whereas in Section 3, we
provide the disequilibrium dynamics and the evolution of the financial flows, the prices, as

well as the relationship levels between tiers of decision-makers over time.

In the model, the sources of funds can transact directly electronically with the consumers
through the Internet and can also conduct their financial transactions with the intermediaries
either physically or electronically. The intermediaries, in turn, can transact with the con-
sumers either physically in the standard manner or electronically as described in Nagurney
and Ke (2003).

The depiction of the supernetwork is given in Figure 1. As this figure illustrates, the
supernetwork is comprised of the social network, which is the bottom level network, and the
financial network, which is the top level network. Internet links to denote the possibility
of electronic financial transactions are denoted in the figure by dotted arcs. In addition,
dotted arcs/links are used to depict the integration of the two networks into a supernetwork.
Subsequently, we describe the interrelationships between the financial and social networks

through the functional forms and flows on the links.

As in the model of Nagurney and Ke (2003), we assume that there are m agents or
decision-makers with sources of financial funds who seek to allocate their financial resources
among a portfolio of financial instruments. They can transact physically as well as elec-
tronically with distinct n financial intermediaries and/or directly and electronically with
the consumers at the o demand markets. The financial intermediaries transact with the
source agents to obtain financial funds and then reallocate/convert those funds into financial

products associated with the o demand markets.

The supernetwork in Figure 1 consists of a social and a financial network. Both networks

consist of three tiers of decision-makers. In the top tier are the decision-makers with sources
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of funds, with a typical source agent denoted by ¢ and associated with node 7. The middle
tier of nodes in each of the two networks consists of the intermediaries, with a typical
intermediary denoted by j and associated with node j in the network. As in the model of
Nagurney and Ke (2003), we allow for the possibility of source agents not investing their
funds (or a portion thereof), which we represent by the node n + 1 at the middle tier of
nodes in the financial network only. The bottom tier of nodes in both the social and in the
financial networks consists of the demand markets, with a typical demand market denoted
by k and corresponding to node k. Each demand market is associated with a particular

financial product.

The supernetwork in Figure 1 includes classical physical links as well as Internet links
to allow for electronic financial transactions. Electronic transactions are possible between
the source agents and the intermediaries, the source agents and the demand markets as well
as the intermediaries and the demand markets. Physical transactions can occur between
the source agents and the intermediaries and between the intermediaries and the demand

markets.

We now turn to the description of the behavior of the various economic decision-makers,

i.e., the source agents, the financial intermediaries, and the demand markets.

The Behavior of the Source Agents and their Optimality Conditions

As described above, a source agent ¢ may transact with an intermediary j via a physical or
via an electronic link. A source agent ¢ may also transact directly with consumers at demand
market k. In the model, we let | denote the type of transaction with [ = 1 representing a
physical transaction and [ = 2 denoting an electronic transaction via the Internet. S* denotes

the nonnegative amount of funds that source agent ¢ holds.

The quantity of financial funds transacted between source agent ¢ and intermediary j
through mode [ is denoted by ¢;;;. We group all these financial flows into the column vector
Q' € R¥™. The quantity of financial funds transacted with demand market k& and the
associated funds flow is denoted by ¢;z. We group all these financial flows into the column
vector Q% € R™. The vector of flows Q' is associated with the links on the financial network

component of the supernetwork in Figure 1 joining the top tier nodes with the middle tier



nodes. The vector of flows %, in turn, is associated with the links in the financial network

joining the top tier nodes with the bottom tier nodes (corresponding to the demand markets).

For each source agent ¢ the amount of funds transacted either electronically and/or physi-
cally cannot exceed his financial holdings. Hence, the following conservation of flow equation
must hold:

n 2 o
DD ant Yy g <S5, Vi (1)
j=11=1 k=1

In Figure 1 the slack associated with constraint (1) for source agent i is represented as

the flow on the link joining node ¢ with the non-investment node n + 1.

Furthermore, let h;;; denote the nonnegative level of the relationship between source
agent i and intermediary j associated with mode of transaction [ and let h;, denote the
nonnegative relationship level associated with the virtual mode of transaction between source
agent ¢ and demand market k. Each source agent i may actively try to achieve a certain
relationship level with an intermediary and/or a demand market. We group the h;js for
all source agent/intermediary/mode combinations into the column vector h' € R and
the hys for all the source agent/demand market pairs into the column vector h? € R7™.
Moreover, we assume that these relationship levels take on a value that lies in the range
[0,1]. No relationship is indicated by a relationship level of zero and the strongest possible
relationship is indicated by a relationship level of one. In the supernetwork depicted in Figure
1 the relationship flows are associated with the links in the social network component of the
supernetwork. Specifically, the vector of flows h' corresponds to flows on the links between
the source agents and the intermediaries and the vector of flows h? corresponds to the flows
on the links between the source agents and the demand markets on the social network. The

relationship levels, along with the financial flows, are endogenously determined in the model.

The source agent may spend money, for example, in the form of gifts and/or additional
time/service in order to achieve a particular relationship level. The production cost func-
tions for relationship levels are denoted by b;;; and b;; and represent, respectively, how much
money a source agent ¢ has to spend in order to achieve a certain relationship level with inter-
mediary j transacting through mode [ or in order to achieve a certain relationship level with

demand market k. These relationship production cost functions are distinct for each source



agent /intermediary /mode combination and for each source agent/demand market combina-
tion. Their specific functional forms may be influenced by such factors as the willingness
of intermediaries or demand markets to establish/maintain a relationship and the level of

previous business relationships and private relationships that exist.

The relationship production cost function is assumed, hence, to be a function of the
relationship level between the source agent and intermediary j transacting via mode [ or

with the consumers at demand market k, that is,
bijl = bzyl(h'wl)u Viv.jv lu (2)
We assume that these functions are convex and continuously differentiable.

We further assume that the transaction cost between a source agent/ intermediary/tran-
saction-type (ijl) combination, which is denoted by c¢;j, as well as, the transaction cost
between a source agent and a demand market pair (ik), denoted by c¢;, depend on the
volume of financial transactions between the particular pair via the particular mode and on

the relationship level between them, that is:
ciji = Ciji(Qiji, i), V1, 3, 1, (4)

and
cik = Cir(Qik, hir), Vi, k. (5)

These functions are also assumed to be convex and continuously differentiable.

We denote the price obtained by source agent ¢ from intermediary j by transacting via
mode [ by pj;;; and the price associated with source agent i transacting electronically with
demand market £ by pj;.. Later, we will discuss how these prices are arrived at. The source
agent ¢ faces total costs that equal the sum of the total transaction costs plus the costs that
he incurs for establishing relationship levels. As the source agent ¢ tries to maximize his net
revenue he faces the following maximization problem:

2 no 2

n o o
Maximize Z Z pL’jlqijl + Z Plinlik — Z Z Cijl(Qiju hijl) - Z Cik(Qika hik)
k=1 k=1

Jj=li=1 j=1i=1
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n o

— Z Z biji(hiji) — Z bir (hir) (6)

j=11=1 k=1
subject to:
qiji 2 Oa vja l> qik Z Oa Vka (7)
0<hy;u <1 V5l 0<hy<1, Vk, (8)

and the constraint (1) for source agent i.

The first two terms in (6) represent the revenue. The next four terms represent the
various costs. The constraints are comprised of the conservation of flow equation (1), the
nonnegativity assumptions on the financial flows (cf. (7)) and on the relationship levels with

the latter being bounded from above by the value one (cf. (8)).

Furthermore, it is reasonable to assume that each source agent tries to minimize risk.
Here, for the sake of generality, and as in the paper by Nagurney and Cruz (2003), we assume,
as given, a risk function for source agent i, dealing with intermediary ;7 via mode [, denoted
by 7ij;, and a risk function for source agent ¢ dealing with demand market £ denoted by 7.
These functions depend not only on the quantity of the financial flow transacted between the
pair of nodes (and via a particular mode) but also on the corresponding relationship level.

These risk functions are as follows:
Tijl = Tijl(%‘jh hijl)v Vi, j, 1, (9)
Tik = Tik(%’k, hik)a Vi, k, (10)
where 7;;; and r;;, are assumed to be convex and continuously differentiable.

Hence, source agent i also faces an optimization problem associated with his desire to

minimize the total risk and corresponding to:

n 2 o
Minimize Z Zmﬂ(qijl, hiji) + Z Tik(Qik> Pire) (11)
j=11=1 k=1
subject to:
qijl Z 07 VJ, lv qik Z 07 Vku (12)
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In addition, the source agent also tries to maximize the relationship value generated by
interacting with other decision-makers in the network. Here, v;; denotes the relationship
value function for source agent ¢, intermediary j, and mode [ and v, is assumed to be a
function of the relationship level of ¢ with intermediary j transacting via mode [. Similarly,
v denotes the relationship value function for source agent ¢ and demand market k. It is
assumed to be a function of the relationship level with the particular demand market k such
that

Vi = viji(hij1), Vi, 7,1, (14)
v = vik(hix), Vi, k. (15)

We assume that the value functions are continuously differentiable and concave.

Hence, source agent ¢ is also faced with the optimization problem representing the maxi-

mization of the total value of his relationships expressed mathematically as:

Maximize ZZUW i) + szk ik) (16)

j=11=1
subject to:
0<h; <1l V5l 0<hy<l1, Vk. (17)

We can now construct the multicriteria decision-making problem facing a source agent
which allows him to weight the criteria of net revenue maximization (cf. (6)), risk mini-
mization (cf. (11)), and total relationship value maximization (see (16)) in an individual
manner. Source agent i’s multicriteria decision-making objective function is denoted by U*.
Assume that source agent ¢ assigns a nonnegative weight «; to the risk generated and a
nonnegative weight 3; to the relationship value. The weight associated with net revenue
maximization serves as the numeraire and is set equal to 1. The nonnegative weights mea-
sure the importance of risk and the total relationship value and, in addition, transform these
values into monetary units. We can now construct a value function for each source agent (cf.
Keeney and Raiffa (1993), Dong, Zhang, and Nagurney (2002), and the references therein)
using a constant additive weight value function. Therefore, the multicriteria decision-making

problem of source agent ¢ can be expressed as:
2

Maximize U = Z Zplwlq”l + Z plquzk Z Z Czyl qul7 zyl Z Czk qmv zk

Jj=11=1 Jj=11=1
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o] n

- i Z bijl(hijl) - Z bik(hik) - Oéi(z Zﬁjl(%jl, hijl) + z‘): Tik(%k, hzk))

j=11=1 k=1 j=11=1 k=1
+3:0° v (hij) + > vik(har)) (18)
j=11=1 k=1
subject to:
Qijl 2 Oa vja l> qik Z Oa Vka (19)

and the constraint (1) for source agent 1.

The first six terms on the right-hand side of the equal sign in (18) represent the net revenue
which is to be maximized, the next two terms represent the weighted total risk which is to
be minimized and the last two terms represent the weighted total relationship value, which
is to be maximized. We can observe that such an objective function is in concert with those
used in classical portfolio optimization (see Markowitz (1952, 1959)) but substantially more
general to reflect specifically the additional criteria, notably, that of total relationship value

maximization.

Under the above assumed and imposed assumptions on the underlying functions, the
optimality conditions for all source agents simultaneously can be expressed as the following
inequality (cf. Bazaraa, Sherali, and Shetty (1993), Gabay and Moulin (1980); see also
Nagurney (1999)): determine (Q*, Q**, h'*, h**) € Ky, such that

= Zn:z lacijl(q;@whsz) n Ori(ai: hiy)

g — Prji| X |G — 4
i=1j=1=1 0qiji 0qiji 1 Jl] [ J Jl]

Y acik (qz*kv h;,kk;) 8rik (q;}w h;kk) . i}
‘ — Prik| X 9k — G;
i ; k=1 [ aQik ta aQik P1ik [q E—q k]

U acijl(qfk'l h*'z) ob; ‘l(hik'l) v; ‘l(hik'l) or; 'l(q?k'l h%'l)
+ il g + J igl/ 6@# + OQM] % hz - h:
;jzlgl Ohiji Ohiji Ohiji Ohiji i = Fi
I | Ok (s hyy) - Obi(h) Ovir(hiy) ora (a3, hir,)
T (A (A _ Z (A Z (A T hl _ h* Z ,
+;k21l ohae T ohe U ohy T ong | e kil 20
V(Q', Q% k', h%) € Ky, (21)
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where

K= [(Ql,Qz,hl,hQ) | qijt 20, ik > 0,0 < hyj <1,0< hy <1, V4,4, k,and (1)h01d5} :
(22)

Inequality (21) is actually a variational inequality (cf. Kinderlehrer and Stampacchia
(1980) and Nagurney (1999) and the references therein).

The Behavior of the Financial Intermediaries and their Optimality Conditions

The financial intermediaries also seek to maximize their net revenue and their total relation-
ship values with the source agents and the demand markets while simultaneously minimizing
the risk associated with their transactions. The financial intermediaries transact with the
source agents in order to obtain the financial funds, as well as with the consumers at the
demand markets, who are the ultimate users of the funds in the form of the financial prod-
ucts. Let gji; denote the quantity of the financial product transacted between intermediary j
and demand market &£ by mode [. We group these financial quantities/flows into the column
vector @* € R2". The intermediaries convert the incoming financial flows Q' into the out-
going financial products Q3. Note that the ) are associated with the links of the financial
network component of the supernetwork (cf. Figure 1) that connect the demand markets

with the intermediaries.

As in the case of source agents, the intermediaries have to bear some costs to establish
and maintain relationship levels with source agents and with the consumers. We denote the
relationship level between intermediary ;7 and demand market k& transacting through mode [
by hji. We group the relationship levels for all intermediary/demand market pairs into the
column vector h* € R7°. We assume that the relationship levels are nonnegative and that
they may assume a value from 0 through 1. These relationship levels represent the flows
between the intermediaries and the demand market nodes in the social network level of the

supernetwork in Figure 1.

Let Bijl denote the cost function associated with the relationship between intermediary j
and source agent ¢ transacting via mode [ and let b;;; denote the analogous cost function but
associated with intermediary j, demand market k, and mode [. Note that these functions

are from the perspective of the intermediary (whereas (2) and (3) are from the perspective

14



of the source agents). These cost functions are a function of the relationship levels (as in

the case of the source agents) and are given by:

~

biji = biji(hin), Vi, 4,1, (23)
bir, = bjri(hje), Vi, kL. (24)

Intermediary j is faced with a transaction cost when transacting with the source agents.
We denote the transaction cost associated with intermediary j transacting with source agent
¢ using mode [ by ¢;;;. We assume that the function depends on the financial flow and the
relationship level between intermediary j and source agent ¢ transacting through mode [,

that is,
éijl = éijl(Qijla hijl)v Vi, j, . (25)

Intermediaries also have to bear transaction costs in transacting with consumers at de-
mand market k& via mode [. This cost is a function of the amount of transactions between
intermediary j and demand market k£ via transaction mode [ as well as the relationship level

between them, that is,
cint = Cik( ik i), Vi, k, L (26)

In addition, intermediary j is faced with a handling/conversion cost as discussed in Nagur-
ney et al. (2002b), which may include, for example, the cost of converting the incoming
financial flows into the financial products at the demand markets. We denote this cost by
c;. For the sake of generality, we assume that c; is a function of all the transactions between

source agents and intermediaries. Hence, we have that:

¢ = (@Y, V). (27)

All the above functions (23) — (27) are assumed to be convex and continuously differen-
tiable.

Let p3;;, denote the price associated with the financial product transacted between inter-

mediary j and demand market k& via mode [. Later in this section, we discuss how this price

15



is obtained. The optimization problem faced by an intermediary which reflects net revenue

maximization is given by:

o 2 m 2 2
Maximize » > Pajridikl — (@Y =2 Ginlaij, hist) = D_ D il hirt)

k=11=1 i=11=1 k=11=1
m m 2 o 2
=2 > Pt — 2 > bigi(hige) = > bjwa () (28)
i=11=1 i=11=1 k=11=1

subject to:

> Gim < i > i (29)

k=11=1 i=11=1
qiji > 07 VZ7 lv qjki > 07 vku lv (30)
0<hy<l, Vil, 0<hu<1, vkl (31)

Constraint (29) guarantees that each intermediary does not reallocate more financial
flows than he has available. Constraints (30) and (31) guarantee that the financial flows and
relationship levels are nonnegative (from the perspective of the intermediary) and that the

levels of the relationships do not exceed one.

In addition, we assume that each intermediary is also concerned with risk minimization.
For the sake of generality, we assume, as given, a risk function #;;, for intermediary j in
transacting with source agent ¢ through mode [ and a risk function r;; for intermediary
7 associated with his transacting with consumers at demand market &£ through mode [.
The risk functions are assumed to be continuous and convex and a function of the amount
transacted with the particular source agent or demand market and the relationship level with
this source agent or demand market. A higher relationship level can be expected to reduce
risk since trust reduces transactional uncertainty. The risk functions may be distinct for each
intermediary /source agent/mode and each intermediary/demand market/mode combination

and are given, respectively, by:
Fijt = Fiji(Giji, hagt), V1, 3,1, (32)

Tikt = Tiei(Gk, k), V9, kL (33)

16



Since a financial intermediary j is assumed to minimize his total risk, he is also faced

with the optimization problem given by:

m 2 o 2
Minimize ZZ Tiji(Qiji, Pigt) + Z Z Tikt(@ike, Pojrr) (34)
i=11=1 k=11=1
subject to:
qiji Z 07 \V/Z, l> ki Z Oa Vka l> (35)
0<hyu <1, Vil, 0<hj<1l VkI (36)

As in the case of the source agents, intermediary j also tries to maximize his relationship
values associated with the source agents and with the demand markets. We assume, as given,
a relationship value function 9;;; for intermediary j in dealing with source agent 7 through
transaction mode [ and a relationship value function v;;; for intermediary j associated with
his transacting with consumers at demand market £ through mode [. The relationship value
functions are assumed to be continuously differentiable and concave. They are assumed to

be functions of the corresponding relationship levels and given, respectively, by
r&ijl = @Z‘]l(h'ljl>7 Viv.jv lu (37)
Vi = Vi(hjm), Vi, kL (38)

Finally, financial intermediary j tries to maximize his total relationship value, given

mathematically by the optimization problem:

m 2 o 2
Maximize Z Z’f}]l Z]l + Z Z 'U]kl ]kl (39)
i=11=1 k=11=1
subject to:
0<hu<l, Vil, 0<hu<1, vkl (40)

We are now ready to construct the multicriteria decision-making problem faced by an
intermediary which combines with appropriate individual weights the criteria of net revenue
maximization given by (28); risk minimization, given by (34), and total relationship value

maximization, given by (39). In particular, we let intermediary j assign a nonnegative weight
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0, to the total risk and a nonnegative weight «; to the total relationship value. The weight
associated with net revenue maximization is set equal to 1 and serves as the numeraire (as in
the case of the source agents). Let U7 denote the multicriteria objective function associated

with intermediary j with his multicriteria decision-making problem expressed as:

o 2 m 2
Maximize U’ = Z Zp;jquj'kl - Cj(Q1> - ZZ Cijl qul7 2][ Z Z C]kl djkl, Jkl)
k=11=1 i=11=1 k=11=1
m m 2 o 2 m 2 o 2
_Zzpiiﬂ%’jl_zzszl m Zzbﬂcl ]kl ZZ Tij1 C_Ing ijl +ZZ Tgkz C_ngz, jkl )
i=11=1 i=11=1 k=11=1 i=11=1 k=11=1
m 2 o 2
732 D Biga(hage) + - Y vira(hiwa)) (41)
i=11=1 k=11=1
subject to:
o 2 m 2
Z Z <> di (42)
k=11=1 i=11=1
qiji > 07 VZ7 lv qjkl > 07 Vku lv (43)
0<hyu <1, Vil, 0<hj<1l VkI (44)

We assume that the financial intermediaries can compete, with the governing optimal-
ity /equilibrium concept underlying noncooperative behavior being that of Nash (1950, 1951).
The optimality /equilibrium conditions (under the above imposed assumptions on the under-

lying functions) for all financial intermediaries simultaneously can be expressed as: determine
(Q™, Q% , h'*, k¥ €*) € Ko, such that

>

m n
i=1j=

Z[ T + by T 1ijl I — € X[Qijl—%‘jl}

11=1 9qiji ’ Oq;ju 0qij1

LR ¢ ( Ty W) * * Ot ( Gy Pinr) *
+ZZZ l R IES g e+ O X{ijl_q]‘kl}

j=1k=11=1 e 9qjki
N aéijl(q?k'z,hik'z) a@ijl(h%'z) Oriu(q} 1 I l) ai)i'l(h%'l)
‘l‘ 1) 1) _ . 1) +5 J 1) 1] ‘l‘ J 1) % hz _ ;k
;;;[ Ohiji T Oy 7 Ol Ohiji [ ! jl}

UNCAE 8cjkl(q;kl h}k'm) avjkl(h}k'kz) O (@ras i) Objra(Pp)
) o Y J gkl 1Y J jkl hirr — B
+ Z Z [ ahjkl Y ahjkl + J ahjkl + ahjkl X { jkl jk)l:|
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o

m 2
[ Zq:jl - Z Z q;kl‘| X {‘Sj - Eﬂ > 07 V(Q17Q37 hlv h37 6) € ]C27 (45)

i=11=1 k=11=1

_|_

n

7=1

where

Ko = [(@QY Q% W 1% €) | aijt > 0,0 > 0,0 < hajy < 1,0 < hyg < 1,65 > 0, Vi, j, L k],
(46)
¢; denotes the Lagrange multiplier associated with constraint (42), and e is the column
vector of all the intermediaries’ Lagrange multipliers. These Lagrange multipliers can also
be interpreted as shadow prices. Indeed, according to the fifth term in (45), €; serves as the

price to “clear the market” at intermediary j.

Inequality (45) provides us with conditions under which optimal virtual and/or physical
financial transactions between intermediaries and source agents occur and optimal condi-
tions under which virtual transactions between source agents and demand markets occur.
Furthermore, it formulates the optimality conditions under which the relationship levels as-
sociated with intermediaries interacting with either the source agents or the demand markets

will take on positive values; in other words, a relationship exists.

The Consumers at the Demand Markets and their Equilibrium Conditions

Of course, the consumers at the demand markets can only buy as many financial products
as the former decision-makers decide to sell. When making their decisions, consumers at the
demand markets consider the price charged as well as the transaction costs associated with

obtaining the financial products.

Let p3, denote the price of the financial product at demand market k and group the
demand market prices into the column vector p3 € R}. Let dj, denote the demand for the

product at demand market k. Demand functions are continuous and of the general form:
dr = di(ps3), Vk. (47)

Note that we allow the demand for a product to depend, in general upon the prices of all

the financial products (associated with the demand markets).

Let ¢;i denote the transaction cost associated with obtaining the financial product at

demand market k from intermediary j via mode [. We assume that the transaction cost is
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continuous and of the general form:

éjkl = éjkl(Q27 qu h27 h3)7 v.]v ka . (48)

Hence, the cost of transacting between an intermediary and a demand market via a specific
mode, from the perspective of the consumers, can depend upon the volume of financial flows
transacted either physically and/or electronically from intermediaries as well as from source
agents and the associated relationship levels. The generality of this cost function structure
enables the modeling of competition on the demand side as does the generality of the demand
functions (47). Moreover, it allows for information exchange between the consumers at the
demand markets who may inform one another as to their relationship levels which, in turn,

can affect the transaction costs.

In addition, let ¢;; denote the transaction cost associated with obtaining the financial
product at demand market k from source agent i. We assume that this transaction cost

function is continuous and of the general form:
éik = éik(sz Q37 h27 h3)7 VZ, k (49)

Hence, the cost of conducting a transaction with a source agent via the Internet depends on
the volume of the product transacted either physically and/or electronically from intermedi-
aries as well as from source agents and on the relationship levels associated with the demand

markets.

The equilibrium conditions for demand market k, take the form: for all intermediaries:

J;jg=1,...n and all modes [; [ = 1,2:

* A 2% 3% 712% 7 3% = p§k> if q;kl >0
p2jkl + C]kl(Q aQ >h' ah ) { 2 p?;lm if q;kl — 0’ (50)

and for all source agents 7; i = 1,...,m:

* ~ * * * * = *, if z* >0
plik+cik(Q2 an ah2 >h3 ){ >p3k ik
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In addition, we must have that

2

> q kl+ZqZk> it p3 >0

1i1=1 (52)
Qg T Zqzkv it p3, =0.

I
INgE

dk(p;k‘)) g
<

INgE
Mw

1l=1

J

According to condition (50) consumers at demand market k& will purchase the financial
product from intermediary j, transacted via mode [, if the price charged by the intermediary
plus the transaction cost (from the perspective of the consumers) is not higher than the
price that the consumers are willing to pay for the product. Furthermore, according to
condition (51) the analogue is true for the case of electronic transactions with the source
agents. If the price that the consumers are willing to pay for a financial product is positive,
then the quantity of the product at the demand market is precisely equal to the demand as
can be seen from condition (52). Note that in the above conditions, the relationship levels
are at their equilibrium values, denoted by the superscipt *. Recall also that we associate a
specific product with each demand market and, hence, the relationship level between a source
agent or a financial intermediary and a demand market is actually with the consumers at the
demand market. Below we integrate the financial network and the social network components

and also construct the supernetwork in equilibrium.

Conditions (50), (51), and (52) must hold for all demand markets in equilibrium. Hence,
this leads to the inequality problem given by: determine (Q?",Q3", p3) € R?ot™mo+n such
that

o

n 2
2.2 [sz + Cim( (@, Q% 1) — ng} % [qjkl - q}'kkl]

j=1k=11=1

Q

+> [Plzk + (@Y, Q% ¥ hP) — p§k] X [qir — @i
=1 k=1

o

2 n m
X UDD Gt @ — de(ps)| X psk — p3] 20, V(Q, Q% ps) € RPOHEOtR (53)
k=1 [I=1j=1 i=1

For further background on such a result, see Nagurney and Ke (2001).
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The Equilibrium Conditions of the Supernetwork Integrating the Financial Net-

work and the Social Network

In equilibrium, the financial transaction, the relationship level, and the price pattern must
satisfy the sum of the optimality conditions (21) and (45), and the equilibrium conditions
(53) in order to formalize the agreements between tiers of the supernetwork. The financial
flows that the source agents transact with the intermediaries must be equal to those that
the intermediaries accept from the source agents. The amounts that the consumers at the
demand markets accept must be equal to the volume that the source agents and the inter-
mediaries transact with the demand markets. In addition, the relationship levels between

the appropriate tiers of the supernetwork must coincide.

Definition 1: Supernetwork Equilibrium Associated with the Integration of So-

cial and Financial Networks with Intermediation and Electronic Transactions

The equilibrium state of the supernetwork is one where the financial and relationship levels
between tiers coincide and the financial flows, the relationship levels, and the prices satisfy
the sum of conditions (21), (45), and (53).

We now establish the following:

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the supernetwork integrating the financial network with
the social network are equivalent to the solution of the variational inequality given by:
determine (QY, Q%*, Q3 , h'*, h®* h3* €*, p}) € K satisfying

i i Z lacljl qZ]b hul) 80] (Ql*) + aéijl(q;’kjb hfjl) + '8Tijl(q;'kjlv h:jl)

i=1j=11=1 8%1 8%]1 8%1 ' a%’jl

or; 'l(qik'la hik'l)
48— T e (g — g
j 8qiﬂ J {qﬂ qul}

m.o° 801 ) A~ * * * * a/ri ;;k’ ;k * X
+> lM + e (Q, Q% W, b + ai% - Psk] X g — g
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(Gt i)

WNNCR [8Cjkl(Q;klvh;kl>

-+ éjkl(Qz*, Qs*, h2*, hs*) + 6; + (Sj — p;k] X [ijl - q;kl}

s s Igjn Iqjr

& Ociji(qi, hiy) Ol aiy, hiy) dvii(hij) Dviu(hij) Ori(qi, hip)
-+ -+ — i — Y5 —|—Oéi

;;E[ Oy ohy P ohy Y ohy Ohy

+6;

(g, b)) Obi(hey)) Oy (R
T]l(qml jl) + ]l( ]l) ]l( jl) % {hijl hz}l}
ahijl 3}%;’1 3}%;’1

Z [80%(%%7}%) ﬁzavzk( )_|_ arik(qz‘kvhik) +8bik(hik)] % [hiy — h]

+ oy
i=1 k=1 Ohix Ohiy, Ohi, Oy
N~ 5 [ 99k (@G P v (P) il (@s M) O (R)
+ Jki> ") o~ J + 4. J Gkl 195 i j i s (ho
jglkgllzl l Ohjri K Ohji J Ohij O { jkl ykl}

qu]kl + Zqzk di(p3 ] [p3x — p3] >0,

j=1l1l=1

+ili2q2}z O > qﬂl]x{ }JFZ

1=11=1 k=11=1 k=1

V(Q17Q27Q37h17h27h37€7p3) € IC, (54)

where

[(Ql Q% Q% h' b R e, p3)|gijn > 0, gk > 0, g > 0,0 < hyjy < 1,0 < hy, < 1,

0<hju<le >0,ps >0Vijlk, and(1) holds|. (55)

Proof: Follows using similar arguments as the proof of Theorem 1 in Nagurney et al. (2002b)
and Nagurney and Ke (2003). O

For easy reference in the subsequent sections, variational inequality problem (54) can be

rewritten in standard variational inequality form (cf. Nagurney (1999)) as follows:
(FIXHT, X —X*) >0, VX ek, (56)
where X = (le sz Q37 hlv h27 h37 €, p3)7

F(X) = (FijlaFikaijlaFz’jlaFikaijlaF Fi)iz
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and the specific components of F' given by the functional terms preceding the multiplica-
tion signs in (54), respectively. The term (-, -) denotes the inner product in N-dimensional

Euclidean space.

We now show how to recover the prices: pj;y,, for all j, k, [; pi;;, for all 4, j, I, and pjy,, for
all i, k, from the solution of variational inequality (54). In Section 4 we describe an algorithm
for the computation of the equilibrium solution (Q,Q*, Q% h' h** h3 ¢*, p}) and then

apply it to several numerical examples.

6cjkl (q;kl 7h’;kl)

Note from (45) that if ¢j;, > 0, for some j, k and [, then p3, is equal to T
i

+e+
5‘6rjkl(q;kl’h;kl)
J 0q;k1

have that, for ¢y, > 0, p5;, = pb), — Eir(Q*, Q% , h**, h**). Tt follows from (21), in turn, that

Oeiji(as;,hi;) .ariﬂ(q;ﬂ,h:ﬂ)}
Y

, with €} being obtained from the solution of (54). Equivalently, from (53), we

Q
6(11']'1 + t 6‘11’]’1
) afijl (qrjl’h:jl) _ aéijl(qz}lvh:jl)

or, equivalently, (cf. (45)), to [_8635192*) — 05 B
ij ij ij

if g;;; > 0, for some 4, j, I then the price pj;; is equal to pj;; = {

+ eﬂ Furthermore if

8Cik(q;k7h:k) 8Tik(quvhzk)
0k T 0k } !

or, equivalently (cf. (53)), to [—éik(QQ*, Q% h¥ h3*) + pgk} (for all such i, k).

¢ > 0 for some i, k then the price pf;;. is equal to (see (21)) pi; = [

Under the above pricing mechanism, the optimality conditions (21) and (45) as well as
the equilibrium conditions (53) also hold separately (as well as for each individual decision-

maker).

In Figure 2, we display the supernetwork in equilibrium in which the equilibrium financial
flows, relationship levels, and prices now appear. Note that, if the equilibrium values of the
flows (be they financial or relationship levels) on links are identically equal to zero, then
those links can effectively be removed from the supernetwork (in equilibrium). Moreover,
the size of the equilibrium flows represent the “strength” of respective links (as discussed also
in the social network/supply chain network equilibrium model of Wakolbinger and Nagurney
(2004)). Thus, the supernetwork model developed here also provides us with the emergent
integrated social and financial network structures. In the next section, we discuss the dy-
namic evolution of the financial flows, relationship levels, and prices until this equilibrium is

achieved.
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Figure 2: The Supernetwork at Equilibrium
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3. The Dynamics

In this section, we describe the dynamics associated with the supernetwork model devel-
oped in Section 2 and formulate the corresponding dynamic model as a projected dynamical
system (cf. Nagurney and Zhang (1996), Nagurney et al. (2002a, b), Nagurney and Ke
(2003), Nagurney and Cruz (2004)). In particular, we describe the disequilibrium dynamics

of the financial flows, the relationship levels, as well as the prices.

First, we establish some precursors to the derivation of the dynamics.

Precursors to the Derivation of the Dynamics of the Financial Flows

Recall that, as discussed in Section 2, source agent ¢ is faced with a multicriteria decision-
making problem in which he tries to maximize his net revenue, maximize his total relationship
value, and to minimize his risk, with the latter two objective functions being weighted
accordingly. We will ignore, for the time being, the constraints faced by a source agent.
We denote the gradient of source agent i’s multicriteria objective function U’ (cf. (18))
with respect to the vector of variables ¢; where ¢; = {qi11, .- -, @in2, Gi1, - - -, Gio} by Vg, Ut Tt
represents source agent i’s idealized direction and can be expressed as

o out U’ ou’
a (aqill’”"8Qin2’8%1’”"@

v, U ).

The jl-th component of V,,U* is given by:

3%’1(%‘17 hijl) 87”2']'1(%;'1, hijl)
8%‘1 8%‘;‘1

lplijl— ], forjzl,...,n;lzl,Q, (57)

and the 2n + k-th component of V,,U* is given by:

Ocir(Gik, i Orir(Qik,
[pwf— 1 (Gin k)_a‘ o (Gires hin)

i , fork=1...,0. 58
i i ] ( )

Note that in considering the multicriteria objective function (18) we treat the top-tier prices

out of equilibrium since these prices also adjust over time and provide price signals.

Intermediary j also tries to maximize his net revenue and to maximize his total rela-

tionship value and to minimize his total risk with the latter two objective functions also
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being weighted accordingly. For the time being, we also ignore his underlying constraints.
Hence, we can express intermediary j’s idealized direction by the gradient of his multicriteria
objective function U7 (cf. (41)), denoted by V. U?, where

ou’ ou’  oU’ ou’
8Q1j1 Y 8Qmj2’ aan Y 8%02

ng‘Uj = ( )

and ¢; denotes the vector with components: {qij1, ..., Gmj2; @11, - - - joz }. Component il of

V,, U7 is given by:

0Ciji(giji, hiji) ~ 0c;(Q") OFij1(qiji h"z)] :
— Py — —2 I — 62 W fori=1,...,m;l=1,2. (59
l Pt a%’jl 5qz'jl ! aQijl ( )
Component 2m + kl, in turn, is given by:
lpgjkl — acjklgjjkl’ i) — 5jarjkl(aqjkl’ hjkl)} , fork=1,...,0;l=12. (60)
qjkl qjki

Source agent ¢ and intermediary j must agree on the value of ¢;;; and must respond also
to the price signal €; associated with intermediary j in order for a transaction to take place.
Hence, summing up the expression (57) and (59), with the response to the price signal, we get
a combined force (see also Nagurney and Dong (2002)), which, after algebraic simplification,
results in:
 Ociji(gij, hi) dc; (QY) _ O¢ij(gigi; hint) a'arijl(%'jlahijl) B daﬂjl(qzjl,hijz)

aqz’jl aQijl aQijl ' aQijl ! aQijl .

(61)

J

Hence, the financial transaction/flow ¢;;; responds to the difference between the price signal
at intermediary 7 and the marginal costs and weighted marginal risks as can be seen from

expression (61).

From the consumers’ perspective, an idealized direction is one where the flow of the
financial product between an intermediary/demand market pair (j, k) transacted via mode

[ can be expressed as:
A 2 13 712 1,3 _
P3k — P2kl — Cjkl(Q aQ ah >h' )7 for [ = 172 (62)

Furthermore, the equivalent but between a source agent ¢ and demand market k£ can be

expressed as:
p3e — prin — Cau(Q%, Q°, B, B7). (63)
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Again, the constraints are ignored in (62) and (63).

The consumers at demand market &, on the other hand, must agree with the intermediary
J concerning the financial flow g;;; otherwise, a transaction does not take place. Hence, we
may add expressions (60) and (62). Furthermore, we note that they must also respond to

the price signals at the intermediaries. This results in a combined force of:

¢ (qjrt, Mjrr)
ankl

— Q@5 02 1) — 6,2 gq;k; hju)
J

P3k — € — . (64)
Hence, the flow of the financial product between an intermediary/demand market pair trans-
acted via mode [ responds to the difference between the price for the product at the demand
market and the price at the particular intermediary plus the sum of the marginal and unit

costs and the weighted marginal risk as can be seen from expression (64).

We note that the source agent ¢ and demand market k£ must also agree on a price and,
hence, we can achieve the combined force by adding the expressions (58) and (63), which

yields:

Ocik ik, hir,) (O 08 2 1) _a'arik(q:'kahik).
i ' e ' IGir

The flow of the financial product between a source agent/demand market pair responds to

P3k — (65)

the difference between the price for the product at the demand market, the sum of the

marginal and unit costs and the weighted marginal risk as can be seen from expression (65).

We now turn to the relationship levels. If we ignore the constraints of a source agent,
the gradient of source agent i’s objective function with respect to the vector of variables h;,
is denoted by V. U’. Tt represents source agent i’s idealized direction with respect to the
relationship levels and can be expressed as
ouU* out  oU! ou*
Ohini”" " Ohina Ohi” T Oy,

ViU = ( ).

The jl-th component of V;,,U* is given by:

v (hiji) _ dciji(iji, hiji) _ Iiji(hiji) _ aaﬂ'jl(%l, hiji)
8h,~jl Ohijl Ohijl ! 8h,~jl ’

B; foryg=1,....n;1=1,2,

(66)
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and the 2n + k-th component of V;,U" given by:

avik(hik) . aCik(Qika hzk) . abik(hik) _ aaﬁ'k(%’k, hzk)
Ohiy, Ohiy, Ohiy, " Ohy, ’

Gi fork=1,...,0. (67)

Recall that intermediary j also tries to maximize his net revenue and his total relationship
value and to minimize his risk, with his individual weightings of these criteria. Again, for
the time being, we ignore the underlying constraints, and, hence, we can express financial
intermediary j’s idealized direction with respect to his relationship levels by the gradient of

his multicriteria objective function U7, denoted by V, U’, where

ou’ ou’  oU ou’
Ohij1 T ahmj2’ Ohjn T Ohjoa

thUj = ( )

with component 4/ given by:

l ‘a@ijl(hijl) B 8éijl(%'jlahijl) B 88@1(}%1)

O s .
Y T]l(qﬂ 9l)]7 for@:l’,..,m;l:1727

g 8hijl ahijl ahijl - ahijl
(68)
and with component 2m + kl given by:
[Vlavjkl(hjkl) _Ocjialgks hyw) — Obja(hym) 5‘arjkl(ijl>hjkl)‘|
Ol Ohj Ol ! Ohj ’
fork=1,...,0;1=1,2. (69)

Source agent 7 and intermediary j must agree on a relationship level h;; associated with
mode [ transactions. Hence, summing up the expression (66) and (68), we get a combined
force (see also Nagurney and Dong (2002)), which reduces to:

ﬁ'avijl(hijl) + _a@ijl(hz’jl) _ dciji(qij, hiji) _ 9¢ij(qizi, hiji) _ Ibiji(hij)
Tohg 7T Ohu Ohi D D

_ aéijl (hijl) . arijl (Qijla hijl)

o 'afijl(%'jla hijl)
8hiﬂ ! ahijl .

—% Ohijy

(70)
The relationship level/flow h;; responds to the difference between the weighted relation-
ship value for source agent i, intermediary j, and mode [, and the sum of the marginal costs

and the weighted marginal risks as can be seen from expression (70).
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The relationship level/flow A, in turn, responds to the difference between the weighted
relationship value for source agent 7 and the sum of the marginal costs and weighted marginal

risks as can be seen from expression (67).

Finally, the relationship flow hjj; responds to the difference between the weighted rela-
tionship value for intermediary j and the sum of the marginal costs and weighted marginal

risks as can be seen from expression (69).

The Dynamics of the Financial Flows between the Source Agents and the Inter-

mediaries and Demand Markets

We now present the dynamics of the financial flows between the source agents and the
intermediaries and the source agents and the demand markets in which we explicitly include

the underlying constraints.

Recall the projection operator II,(x, v) (see also Nagurney and Zhang (1996)) defined as:

. Pz +0v)—2x
Hn(xv U) - (151_1’)% K ) (71)
where P, is the norm projection given by
P.(z) = argming, ||z’ — x| (72)

Let F; = (Fin1, - -, Fin2, Fia, . . ., Fj,) where Fjj; is minus the term in expression (61) and Fj;
is minus the expression in (65) (see also following (56)). The dynamics for the vector of

financial flows ¢; associated with source agent i can be mathematically expressed as:
¢ = g, (qi, = F}), (73)

where K is the feasible set consisting of constraint (1) for source agent i and the nonneg-
ativity assumptions on the elements of ¢;. According to expression (72) the financial flows
associated with a source agent will evolve according to (61) and (65), while, at the same time,
it is ensured that they do not become negative and the constraint (1) is not violated for the
source agent. If we define K = [[", K; then the evolution of all the financial transactions
of the source agents is given by (71) where k = K, and, in this case, z = (Q', Q?), with
v=(F,...,F,).
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The Dynamics of the Financial Products between the Financial Intermediaries
and the Demand Markets

We now turn to the description of the dynamics of the financial products between the financial
intermediaries and the demand markets. The rate of change of the financial product g
transacted via mode [ evolves according to (64). Of course, it must also be guaranteed that

these financial flows do not become negative, that is, satisfy the constraints. Therefore, we

may write:
9ciri(q5kt,P k) ~ 2 N3 1,2 1,3 Orr1(qxthjr) :
G = Pk — € — THGESTEE — Ci(Q, Q7 W7, h7) — 0 TG A, if g >0
gkl ciri(akt k) A 2 N3 12 13 Orjri(akt,Pjkt) :
maX{O> P3k — €5 — s &ijkl . - Cjkl(Q 7@ ah >h' ) - 5j . &ijkl . }7 if qjkl = 0.

(74)

Here, ¢,z denotes the rate of change of the financial product flow g;;.

As can be seen from expression (74) the volume of the financial product transacted via
mode [ between financial intermediary j and demand market &k will increase if the price the
consumers are willing to pay for the financial product at the demand market is higher than
the price the financial intermediaries charge plus the marginal transaction cost (from the
perspective of the intermediaries) and the unit transaction cost (at an instant in time) plus
the weighted marginal risk associated with the intermediary/market/mode combination. If
the price the consumers are willing to pay is lower, then the volume of financial product

between that financial intermediary and demand market pair will decrease.

The Dynamics of the Relationship Levels between the Source Agents and the

Financial Intermediaries

Now the dynamics of the relationship levels between the source agents and the intermedi-
aries are described. The rate of change of the relationship level h;;; evolves according to

(70). Again, one must also guarantee that the relationship levels do not become negative.
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Moreover, they may not exceed the level equal to one. Hence, we can immediately write:

ﬁ‘avijl(hiﬂ) O0ij(hiji)  Ociji(aiihagl)  08u(gijishag)  Obigi(hiz)
) Aah”l J 8h”l 8thl 8h”l 6hlJl
Obiji (hiji) riji(gizi,hizy) OF i1 (qiji,hijt) '
h = B Ohiji T 8hz’('il o 53 Ohyji ) if 0< hijl <1
vt i Oviji (hiji) 0viji(hiz) _ Ociji(@ijihin) 0 (aiji,hiji)
min{1, max{0, 0; Ohiz + 75 Ohayl Dhi Do
_ i) Obia(hiz) o Orip(@inhi) s OFijn(@ihin) .
ahijl 8hz]l @i ah”l 6.7 ahijl } } ) OtherWISe’
(75)

where hijl denotes the rate of change of the relationship level h;j;.

This shows that if the sum of the weighted relationship values for the source agent and
the intermediary are higher than the total marginal costs plus the total weighted marginal
risk, then the level of relationship between that financial source agent and intermediary pair

will increase. If it is lower, the relationship value will decrease.

The Dynamics of the Relationship Levels between the Source Agents and the
Demand Markets

Here we describe the dynamics of the relationship levels between the source agents and
the demand markets. The rate of change of the relationship level h;, is assumed to evolve
according to (67). One also must guarantee that these relationship levels do not become

negative (nor higher than one). Hence, one may write:

vk (hik) 801k(szvhzk) _ Obik(hik) . Orik(@ik,hik) : .
hix = O o 0 e ha) aahik( ha)Z aazf”?h V draamhi) 0 < o<1
z ik (Rik Cik(Qik,Pik)  Obik(hik) . Orik(qikhik :
min{1, max{0, ﬁz o i o =g b otherwise,

(76)
where h;;, denotes the rate of change of the relationship level h;,. This shows that if the
weighted relationship value for the source agent is higher than the total marginal costs plus
the total weighted marginal risk, then the level of relationship between that financial source
agent and demand market pair will increase. If it is lower, the relationship value will decrease.

Of course, the bounds on the relationship levels must also hold.

The Dynamics of the Relationship Levels between the Financial Intermediaries
and the Demand Markets

The dynamics of the relationship levels between the financial intermediaries and demand
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markets are now described. The rate of change of the relationship level product hjj trans-
acted via mode [ is assumed to evolve according to (69), where, of course, one also must

guarantee that the relationship levels do not become negative nor exceed one. Hence, one

may write:
O (hir)  Ociri(gikthirr)  Objki(hie) o Orgri(g@ikt,Pke) : )
- { I e ) — LML M), if 0 < hjp <1,
J . Ovpi(hirr)  Ocira(girthie)  Obra(hik) o Orjra(giks,Pik) :
min{1, max{0, v; Do Dhon Dhor, R }}. otherwise,
(77)

where hjkl denotes the rate of change of the relationship level hj;i. Expression (77) reveals
that if the weighted relationship value for the intermediary with the demand market is
higher than the total marginal costs plus the total weighted marginal risk, then the level of
relationship between that intermediary and demand market pair will increase. If it is lower,

the relationship value will decrease.

The Dynamics of the Prices at the Demand Market

The price ps associated with the financial product at demand market k£ cannot become
negative. Its dynamics can be expressed as:

pan = di(p3s) — Xy S Gk — S Gk if  pgr >0

max{0, di(p3) — ?:1 212:1 Gk — 2y ik}, if pae =0,

where p3; denotes the rate of change of the price ps;. If the demand for the financial product

(78)

at the demand market (at an instant in time) is higher than the amount available, the price

at that demand market will increase; if it is lower, it will decrease.

The Dynamics of the Prices at the Financial Intermediaries

The prices at the financial intermediaries reflect supply and demand conditions. The price
associated with financial intermediary j, €;, develops according to:
A Zi:l 212:1 djkl — Z:il Zl2:1 dijls if € >0 79
T max{0,Y0 52 g — X7 32 g}, if =0 (79)
1 2ak=1 2i=1 9jkl i=1 2u=1%ijig, L€ )

where ¢; denotes the rate of change of the price ;.

Therefore, if the amount of the product that consumers (at an instant in time) wish to
transact is higher than the amount available at the financial intermediary, the price at the

financial intermediary will increase; if it is lower, then the price will decrease.
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The Projected Dynamical System

We now turn to stating the complete dynamic model. In the dynamic model the flows
evolve according to the mechanisms described above; specifically, the financial flows from
the source agents evolve according to (73) for all source agents i. The financial flows from
the financial intermediaries to the demand markets evolve according to (74) for all financial
intermediaries 7, demand markets k£, and modes [. The relationship levels between source
agents and financial intermediaries for all modes [ evolve according to (75), the relationship
levels between source agents i and demand markets k evolve according to (76), and the
relationship levels between financial intermediaries 7 and demand markets £ for all modes [
evolve according to (77). Furthermore, the prices associated with the intermediaries evolve

according to (79) for all intermediaries j, and the demand market prices evolve according to
(78) for all k.

If we let X and F(X) be defined following (56) then the dynamic model described by (73)
- (79) for all 7, j, k, [ can be rewritten as the projected dynamical system (PDS) (cf. Nagurney
and Zhang (1996)) defined by the following initial value problem:

X =TI(X, ~F(X)), X(0)= X, (80)

where IIx denotes the projection of —F(X) onto K at X and X, is equal to the point
corresponding to the initial financial product transactions, relationship levels, shadow prices,

and the demand market prices.

The trajectory of (80) describes the dynamic evolution of the relationship levels on the
social network, the financial product transactions on the financial network, the demand mar-
ket prices and the Lagrange multipliers or shadow prices associated with the intermediaries.
The projection operation guarantees the constraints underlying the supernetwork system
are not violated. Recall that the constraint set I consists not only of the conservation of
flow constraints (cf. (1)) associated with the source agents but also the nonnegativity con-
straints associated with all the financial flows, the prices, as well as the relationships levels.

Moreover, the relationship levels are assumed to not exceed the value of one.
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Theorem 2: The Set of Stationary Points of the Projected Dynamical System
Coincides with the Set of Solutions to the Variational Inequality Problem

The set of stationary points of the projected dynamical system (80) coincides with the set of

solutions of variational inequality (54).

Proof: According to Dupuis and Nagurney (1993), the necessary and sufficient condition

for X* to be a stationary point of the projected dynamical system (80), that is, to satisfy:

X =0=TI(X", —F(X"), (81)
is that X* € IC solves the variational inequality problem:
(F(X")T, X - X" >0, VXeK, (82)

where, in our problem, X and F(X) are defined following (56). Hence, this is exactly
variational inequality (54). According to Theorem 1 variational inequality (54) is the same
as (Q™,Q*, Q% , h'*, h* k3 ¢ p}) which is an equilibrium pattern according to Definition
1. O

Theorem 2 shows that the solution to the variational inequality problem (54) govern-
ing the equilibrium of the supernetwork model developed in Section 2 and the stationary
points of the projected dynamical system (80) which describes the dynamic analogue of
the supernetwork model are one and the same. Therefore, a stationary point of the dy-
namic supernetwork model satisfies also the supernetwork equilibrium conditions as defined

in Definition 1.

We now state the following:

Theorem 3: Existence and Uniqueness of a Solution to the Initial Value Problem

Assume that F(X) is Lipschitz continuous, that is,
|F(X") = F(X")I < LI X' = X"||, VX', X" €K, where L > 0. (83)

Then, for any Xy € IC, there exists a unique solution Xo(t) to the initial value problem (80).
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Proof: Lipschitz continuity of the function F' is sufficient for the result following Theorem
2.5 in Nagurney and Zhang (1996). O

Under suitable conditions on the underlying functions (see also Nagurney et al. (2002a, b)
and Nagurney and Dong (2002), Zhang and Nagurney (1995, 1996)), one can obtain stability
results for the supernetwork. A similar result was obtained for a supply chain network model

with electronic commerce and relationship levels in Wakolbinger and Nagurney (2004).
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4. The Algorithm

In this section, we propose the Euler method for the computation of solutions to varia-
tional inequality (54); equivalently, the stationary points of the projected dynamical system
(80). The Euler method is a special case of the general iterative scheme introduced by Dupuis
and Nagurney (1993) for the solution of projected dynamical systems. Besides providing a
solution to variational inequality problem (54), this algorithm also yields a time discretiza-
tion of the continuous-time adjustment process of the projected dynamical system (80). This
discretization may also be interpreted as a discrete-time adjustment process. Conditions for
convergence of this algorithm are given in Dupuis and Nagurney (1993) and in Nagurney

and Zhang (1996). In Section 5, we apply this algorithm to several numerical examples.

The Euler Method

The statement of the Euler method is the following: At iteration 7 compute
XT = PIC(XT—I - aT—lF(XT—1>>7 (84)

where Py denotes the projection operator in the Euclidean sense (cf. (72) and Nagurney
(1999)) onto the closed convex set K and F(X) is defined following (56)). We discuss the

sequence of positive terms {a,} below.

The complete statement of the method in the context of the dynamic supernetwork model

is as follows:

Step 0: Initialization Step

Set (Qf, Q3,Q3, hi, h3, hd, €o, p3o) € K and set the sequence {a,} with o, > 0 for all 7 and
> a, =00, as T — 00. The {a,} sequence must satisfy these conditions for convergence

(see additional convergence results in Dupuis and Nagurney (1993)).

Step 1: Computation Step

Compute (Q'7,Q*", Q3" ,h'" h?" W37 €™, p5) € K by solving the variational inequality sub-
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problem:

m n_ 2 3%1(61,]; LT 8@(@17 ) (et hi )
20D |4t +

i=1j=11=1 aqul aqul aqul
Oriai”, W) +6»af”l(q”l W) e — gl x [q-. _ qT.}
' 8%][ ! 8(]2][ / it ! it
m o 802- LRh r1are1 el e Oran(qiy ' W !
+Z |f]zk k(Qgch ik ) + Cik(Q2 1>Q3 1’ h2 1’ h3 1) + ay k(qzk ik )
=1 k=1 7

Oqir,

) — q:,;l] N

o

2 ac- TRt - - N N Oy (7t ot
Z[qﬂcl"— (G P )+éjkl(Q2 LOTT T R Ay ikt (@t > D)
k=11=1 Iqj Ok

—P3i ) — q;'—k_ll‘| X {qy'kl - q;kl}

m on 2 oc: LT ¢, hTo! vy (R 00 (hT !
—|—ZZZ[ Zjl—l—aT( ]l(qul igl )+ ]l(qul ijl ) ) Uﬂ( ijl ) Uﬂ( )

g Ohij Ohi T oh, Y (9h”7 :
aiaﬁgl(qaz];;];hm )+5jafi]l(qaz]}iljzhzgl )+ abzgg:;ljl )+ abzgalg;zlgl )) hszl] [hijl _h;'rjl}
+:1kz::l [ szjLaT(aCik(qgf;_; hsz_l) "y avig(}Zik_l) T arlk(qgi; hiTk_l) + %ig(}iik_l))_hT_l]
X [Pk — hij]
N ; ,;1 ; [h;maT (ac]-kl(g;}i:l ha') . angl }(L Z,;ll) " arjkl(cg}i; hoa') +abjg }(Lf;];ll) )—h;;ﬁ]

X [hjkl - h;'—kl}

n m 2
+ Z |ﬁ; + aT(Z Z qzﬂ Z qukl - ] X |:€j - 6;:|
j=1 i=11[=1 k=11=1

n 2
Pik + aT(ZZq]Tkll + Zq K(P3)) — Pt

X [psk — ng] >0,

V(Q17Q27Q37h1>h27h376ap3) € K. (85)
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Step 2: Convergence Verification

—1 -1 -1 -1
It |%sz —qz'le | < e |gh —ax | <e, |q;kl _Q;'rkl | <'e, |hz‘le z_]l | <e [h —hi | <
—1 ~1 ~1 .
|h’;kl_h;kl|§ev‘€;_€; |§€7‘pgk_p73—k|§67f0ra‘117':17"'7 7]217"'7 7l:1727
k=1,...,0, with e > 0, a pre-specified tolerance, then stop; otherwise, set 7:= 7+ 1, and

go to Step 1.

Due to the simplicity of the feasible set I the solution of (85) is accomplished exactly and
in closed form. In (85) the variational subproblem of the variables (Q', Q%) can be solved
using exact equilibration (cf. Dafermos and Sparrow (1969), Nagurney (1999)). The other

variables can be obtained using the following explicit formulae:

Computation of the Financial Product Transactions

At iteration T compute the gj;s according to:

T—1 7—1
acjkl(qjkl ) hjkl )

Q;'rkl maX{O qjkl o T( ) + éjkl(Q27717 QSTﬂv h2T_17 hgT_l) + 6;_1_'_
qjkl
(@’ hl')
5]‘ B — P31 )} Vi, kL. (86)
qjkl

Computation of the Relationship Levels

At iteration 7 compute the hj;s according to:

Ocijlafn ' hin')  Ocu(ai's hig') dviji(hiy")
1 g\ gt > i W\t > Mt ) g\t )
= min{1, max{0, h];" — a,( e + i T

ijl

'aﬁijl(hz]?l)_‘_ 'arijl(qml s hi Y

afi]l(qml 7hzyl ) ablﬂ(h’zyl ) ablﬂ(h’zyl )
T Oy YT Oy * *

T oy Doy Doy

)} Vil
(87)

Furthermore, at iteration 7 compute the h].s according to:

Ocin(ah ' G ) Qv (hT ) n Orie(ai ' Y

7= min{1, max{0, hj, ' — a,( Ol Dl a; O

— i
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Obix(hiy 1) .
P, ik (88)

At iteration 7 compute the h7,s satisfying:

Aciia(qh's W) M (hlgh) (i W)

Rl = min{1, max{0, hjkl —a.( hom — D +9; Do
Obji(h
RULUTRN IS (80
jkl
Computation of the Shadow Prices
At iteration 7 compute the €]s thus:
m 2 o 2
e =max{0,¢; " —a: (3D at =D D> )}, Vi (90)
i=11=1 k=11=1

Computation of the Demand Market Prices

Finally, at iteration 7 compute the demand market prices, the pi;s, according to:

n 2
p§k=max{0,p§;1—ar(zz 4l +qu — di(p3p ))}, Vk. (91)
j=11=1 =

As one can see in the discrete-time adjustment process(es) described above the process
is initialized with a vector of financial flows, relationship levels, and prices. For example,
the relationship levels may be set to zero (and the same holds for the prices, initially). The
financial flows, shadow prices, and the demand market prices are computed in the financial
network of the supernetwork. The financial product transactions between intermediaries
and demand markets are computed according to (86). The relationship levels are computed
in the social network of the supernetwork according to (87), (88), and (89), respectively.
Finally, the shadow prices are computed according to (90) and the demand market prices

are computed according to (91).

The dynamic supernetwork system will then evolve according to the discrete-time ad-
justment process (86) through (91) until a stationary/equilibrium point of the projected dy-

namical system (80) (equivalently, and a solution to variational inequality (54)) is achieved.
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Once the convergence tolerance has been reached then the equilibrium conditions according

to Definition 1 are satisfied as one can see from (86) through (91).

5. Numerical Examples

In this Section, we apply the discrete-time algorithm (the Euler method) to several simple,
but illustrative, numerical examples. The algorithm was implemented in FORTRAN and
the computer system used was a Sun system located at the University of Massachusetts
at Amherst. For the solution of the induced network subproblems in (Q', Q?) we utilized
the exact equilibration algorithm (see Dafermos and Sparrow (1969), Nagurney (1999), and
Nagurney and Ke (2001)). The other subproblems in the @3, ¢, and the p; variables were

solved exactly and in closed form as described in Section 4.

The convergence criterion used was that the absolute value of the financial flows, rela-
tionship levels, and prices between two successive iterations differed by no more than 1074
For the examples, the sequence {a,} was set to {a,} = {1, %, %, %, %, %, ...}, which is of the
form required by the algorithm for convergence. The algorithm provides a time discretiza-
tion of the dynamic trajectories and converges (under reasonable conditions) to a stationary
point of the projected dynamical system; equivalently, to the solution of the corresponding
variational inequality problem, yielding, hence, the equilibrium financial flow, relationship

level, and price pattern.

We initialized the algorithm as follows: we set ¢;;1 = % for each source agent 7 and all

intermediaries j. All the other variables were initialized to zero.

Example 1

The first as well as the subsequent examples consisted of two source agents, two intermedi-
aries, and two demand markets, as depicted in Figure 3. Hence, for simplicity, we assumed

that no electronic transactions were allowed.

The data for the first example were constructed for easy interpretation purposes. The
financial holdings of the two source agents were: S! = 20 and S? = 20. We assumed that
the risk functions for both the source agents and the financial intermediaries consisted of

variance-covariance matrices and these were equal to the identity matrices (cf. Nagurney
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Figure 3: The Supernetwork Structure of Numerical Examples
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and Ke (2003)).

The transaction cost functions faced by the source agents associated with transacting

with the intermediaries (cf. (4)) were given by:

Cz’jl(Qijla hijl) = -5%2]'1 + 3.9Gi; — hz’j1> fort=1,2;7=1,2.

The handling costs of the intermediaries, in turn (see (27)), were given by:
2
cj(Ql) = 5(2 qij1)2, forj =1,2.
i=1
The transaction costs of the intermediaries associated with transacting with the source

agents were (cf. (25)) given by:

it (Gij1s hipt) = 1.5G5 + 3qiz,  fori=1,2;j=1,2.

The demand functions at the demand markets (refer to (47)) were:
dl(pg) = —2p31 - 1.5/)32 + 1000, dg(pg) = _2p32 - 1.5p31 + 1000,

and the transaction costs between the intermediaries and the consumers at the demand

markets (see (48)) were given by:
éjkl(Q2a Q2a h2> h'g) = qjk1 — h’jkl + 57 for ] = 1a 2a k= 1a 2.
We assumed for this and the subsequent examples that the transaction costs as perceived

by the intermediaries and associated with transacting with the demand markets were all

zero, that is, cjr(gjm) = 0, for all 7, k, .

The relationship value functions (14) and (38) were given by:
vigi(hijt) = hiji, Vi, 35 v (hgra) = hyer, V5, K,

with all other relationship value functions being set equal to zero.

43



The relationship cost functions (cf. (2) and (24)) were as follows:

bijl(hijl> = 2hijl + 1, Vz,j,l = 1; bjkl(hfjk1> = hjkl + 1, VJ, ]{7

We set the weights associated with the risk functions and the relationship values to one.
The Euler method converged and yielded the following equilibrium financial flow pattern:
Q" = G111 = G121 = Go11 = Qo = 1.00,
Q¥ = G = Qi1 = Gon1 = G2 = 1.00.
There was slack associated with the source agent’s financial transactions and, in fact, 18
units of financial flows were not allocated to any financial intermediary from each source

agent. Hence, each source agent chose to not invest a substantial portion of its financial

holdings.

Note that since there were no electronic transactions and, hence, only physical ones, the
above vectors are only associated with the transaction costs on the physical links, as are the

resulting equilibrium financial flows.
The equilibrium relationship levels were all equal to zero.

The vector of shadow prices €* had components: €] = €5 = 14.5808, and the computed

demand prices at the demand markets were: p3, = p3, = 285.1427.

It is easy to verify that the optimality/equilibrium conditions were satisfied with good

accuracy.

Example 2

We then constructed the following variant of Example 1. We kept the data identical to that
in Example 1 except that now we increased the weight associated with the relationship levels

of the two source agents from 1 to 10.

The Euler method converged and yielded the identical financial flow equilibrium pattern
to that obtained for Example 1, that is:

IE * * * *
Q7 =111 = Gla1 = 11 = a1 = 1.00,
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Q3* = un = qul = szkn = q>2k21 = 1.00.

Now, however, the relationship levels associated with the source agents’ transactions
increased from their values of zero in Example 1 to new equilibrium levels of one. Hence,
whereas before there were no relationships (and, in effect, the social network component of
the supernetwork could be entirely eliminated from the Figure 2 analogue of Figure 3), in
Example 2, the relationship levels between the source agents and the financial intermediaries
were at their highest possible levels (recall that the relationship levels cannot exceed the
value of one). The vector €* remained unchanged and the equilibrium demand prices p} also

remained unchanged from their values in Example 1.

Example 3

We then modified Example 2 as follows: The data were identical to that in Example 2 except

that now we modified the demand function at the first demand market as follows:
dl(pg) = —2P31 - 1.5p32 + 1100.

Hence, the demand associated with the first product increased.

The Euler method yielded the following new equilibrium pattern:

1x . % % % ok .
Q7 =i = Qa1 = G11 = ooy = 1.0449,

Q% =y = 1.3952, iy = 0.6680, qfy, = 1.3952, iy = 0.6680.

Both source agents did not invest 17.9101 units of their financial holdings.

The vector of shadow prices € had components: €] = €5 = 14.8486, and the demand
prices at the demand markets were: p3; = 397.9481, p3, = 200.8729.

The relationship levels remained as in Example 2.

It is worth noting that in this, as in the preceding examples, the constraint (1) did not

hold tightly for each source agent, that is, not all the financial holdings were allocated.
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6. Summary and Conclusions

In this paper, we developed a supernetwork model that integrated financial networks with
intermediation with social networks in which relationship levels were made explicit. Both
networks had three tiers of decision-makers, consisting of: the sources of financial funds,
the financial intermediaries, and the consumers associated with the demand markets for the
financial products. We allowed for physical as well as electronic transactions between the
decision-makers in the supernetwork. The relationship levels were allowed to affect not only
the risk but also the transaction costs (by reducing them, in general) but did have associated
costs. Moreover, we allowed for multicriteria decision-making behavior in which the source
agents as well as the financial intermediaries were permitted to weight, in an individual
fashion, their objective functions of net revenue maximization, total risk minimization, and

total relationship value maximization.

We modeled the supernetwork in equilibrium, in which the financial flows between the
tiers as well as the relationship levels coincide and established the variational inequality for-
mulation of the governing equilibrium conditions. We then proposed the underlying dynamics
and the continuous-time adjusrtment process(es) and constructed its projected dynamical
system representation. We established that the set of stationary points of the projected
dynamical system coincides with the set of solutions of the variational inequality problem.
We also provided conditions under which the dynamic trajectories of the financial flows,

relationship levels, and prices are well-defined.

We proposed a discrete-time algorithm to approximate the continuous-time adjustment
process and applied it to several simple numerical examples for completeness and illustrative
purposes. The framework developed here further advances the work in financial equilibrium
modeling and analysis, especially within a network context by explicitly considering the
effect of relationship levels in financial networks and by establishing the optimal relationship
levels as well as financial transaction quantities and prices. Finally, it also gives us insight

into the optimal designs of the supernetworks.

It would be very interesting to apply the theories herein to actual case studies.
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