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Abstract: This paper presents a theoretical framework for supply chain network modeling,
analysis, and computation in the presence of competition, in which all the decision-makers,
who are located at distinct tiers of the network, are multicriteria decision-makers. In partic-
ular, in this framework, transportation time and transportation cost are explicit criteria and
these can depend on the service level provided. The optimality conditions of the different
tiers of decision-makers, consisting of manufacturers, retailers, and consumers are derived,
as well as the equilibrium conditions of the integrated model. The variational inequality
formulation of the governing equilibrium conditions is then utilized to obtain qualitative
properties as well as a computational procedure for the determination of the equilibrium

product shipments between the tiers of the network, the prices, as well as the service levels.



1. Introduction

In this paper, we develop a theoretical framework for multicriteria decision-making in
multitiered supply chain networks. The framework handles competition among the decision-
makers who consist of manufacturers, retailers, and consumers. The endogenous variables
include the product shipments between the network tiers, the prices of the product at the
various nodes of the supply chain network, as well as the service levels provided. The work
signficantly generalizes the model of Nagurney, Zhang, and Dong (2001) by introducing
another tier of decision-makers in the form of retailers and by allowing all tiers to be mul-
ticriteria decision-makers. Furthermore, it generalizes the model of Nagurney, Dong, and
Zhang (2001), which considered three tiers of decision-makers but the decision-makers were
exclusively faced with single criteria to optimize. Moreover, it formalizes the incorporation

of service levels.

We emphasize that the topic of supply chain analysis is interdisciplinary by nature since
it involves manufacturing, transportation and logistics, as well as retailing/marketing. It
has been the subject of a growing body of literature (cf. Stadtler and Kilger (2000) and the
references therein) with the associated research being both conceptual in nature (see, e.g.,
Poirier (1996, 1999), Mentzer (2000), Bovet (2000)), due to the complexity of the problem
and the numerous agents, such as manufacturers, retailers, or consumers involved in the
transactions, as well as analytical (cf. Bramel and Simchi-Levi (1997) and Miller (2001)
and the references therein). Daganzo (1999), for example, examined logistics systems in
an integrated way and showed how to find rational structures for such systems. Indeed,
many researchers, in addition to, practitioners, have described the various networks that
underly supply chain analysis. However, the framework considered has been primarily that
of single objective optimization. In this paper, in contrast, we focus on both the multicriteria
and the multitiered aspects of supply chain analysis with an eye towards understanding the

underlying behavior of the various decision-makers and the ultimate equilibrium patterns.

In particular, in this paper, we consider a comprehensive supply chain network for a homo-
geneous product that is comprised of competitive manufacturers, retailers, and consumers.
It should be noted that, although manufacturers, retailers, and consumers are selected here

to be the focal decision-makers, the framework of the model presented in this paper is suf-



ficiently general to include other levels of decision-makers such as owners of distribution
centers, for example. Moreover, the model formulates multicriteria decision-making as re-
gards the manufacturers, the retailers, as well as the consumers. To-date, except for the
recent work of Nagurney, Zhang, and Dong (2001), the subject and theory of multicriteria
decision-making in a supply chain context has focused exclusively on either the production
side or on the consumption side, and, typically, has considered only a single decision-maker
(see, e.g., Chankong and Haimes (1983), Yu (1985), Keeney and Raiffa (1993) and the refer-
ences therein). For references on multicriteria decision-making in transportation networks,

in general, see Nagurney and Dong (2001) and the references therein.

Specifically, we assume that the manufacturers are involved in the production of a ho-
mogeneous product which is then shipped to the retailers. The manufacturers seek to de-
termine their optimal production and shipment quantities, given the production costs and
the transaction costs associated with conducting business with the different retailers as well
as the prices that the retailers are willing to pay for the product and shipment alternative
combinations. The manufacturers are assumed to have two objectives and these are profit
maximization and market share maximization with the weight associated with the latter

criterion being distinct for each manufacturer.

The retailers, in turn, seek to determine the “optimal” quantity of the product to obtain
from each of the manufacturers, that is, the “most-economic” shipment pattern in terms of
both the amount and the shipment means selected, as well as the “optimal” service level. In
particular, the retailers have three criteria and these are: the maximization of profit, the min-
imization of transportation time, and the maximization of service level. Each of the retailers
can weight these criteria in a different manner. The shipment alternatives are represented by
links characterized by specific transportation cost and transportation time functions. Hence,
a specific shipment option or link may have a low associated transportation time but a high
transportation cost, whereas another may have a high associated transportation time and a
low cost. A higher price may be charged to have the products shipped faster to the retailers
or, in contrast, manufacturers may accept a lower price if they select a slower and, presum-
ably, cheaper, shipping mode. The service level indicates the percentage of time that the
product is not out of stock. Usually, a higher service level implies a greater stock size on

average, and thus, larger order quantities and less frequent order times. In other words, with



a higher service level, the stock (inventory) holding cost goes up, and the transportation
time and cost go down. Therefore, the service level set by each retailer significantly impacts

his holding cost as well as his transportation time and cost.

Finally, in this supply chain network model, the consumers provide the “pull” in that,
given the demand functions at the various demand markets, they determine their optimal
consumption levels from the various retailers subject to the prices charged for the product as
well as the transportation time and transportation cost associated with obtaining the prod-
uct. The consumers are classified into different classes according to various characteristics
that may include, for example: geographic location, consumption behavior, travel pattern,
profession or business type, and income level. Different classes of consumers may weight time
and cost associated with obtaining the product in an individual manner. It is worth noting
that the service level at a retailer may affect the transportation time and transportation cost
of the consumers who purchase at the retailer outlet. This is because when customers come
to shop at a store and the product they wish to purchase is out of stock, they have, in effect,

wasted their time and have incurred an associated cost.

We establish that the equilibrium conditions governing the state at which the manufac-
turers, the retailers, as well as the consumers, have reached optimality can be formulated as
a variational inequality. We then utilize the derived variational inequality to obtain qualita-
tive properties of the equilibrium product shipment, price, and service level pattern. We also
propose an algorithm for the computation of the equilibrium pattern and give conditions for

convergence.

The paper is organized as follows. In Section 2, we present the supply chain network model
with competition, derive the optimality conditions for the distinct tiers of decision-makers,
and provide the equilibrium conditions, which are then shown to be equivalent to a finite-
dimensional variational inequality problem. In Section 3, we establish certain qualitative
properties of the multicriteria, multitiered supply chain network model, in particular, the
existence and uniqueness of an equilibrium, under reasonable assumptions. In Section 4,
we describe the computational procedure, along with convergence results. In Section 5, we

summarize our results and present the conclusions.



2. The Multicriteria, Multitiered Supply Chain Network Model

In this Section, we develop the supply chain network model with manufacturers, retailers,
and consumers located at the demand markets. As mentioned in the Introduction, these
decision-makers are multicriteria ones. We first focus on the manufacturers. We then turn to
the retailers and, subsequently, to the consumers. The integrated model is then constructed

along with the variational inequality formulation of the governing equilibrium conditions.

The Manufacturers

We assume that a homogeneous product is produced by m manufacturers, is shipped to
n retailers, and is consumed by o different classes of consumers as represented by distinct
demand markets. We denote a typical manufacturer by ¢, a typical retailer by j, and a
typical consumer class by k. Each manufacturer can ship the product to each retailer using
one (or more) of 7 possible shipment alternatives, which can represent mode/route alterna-
tives. We denote a typical shipment alternative by [. Let g;;; denote the quantity of the
product produced by manufacturer ¢ and shipped to retailer j via shipment alternative [.
For simplicity of presentation, we now define certain vectors. Let ¢; = >-7_; >7j_; ¢ii be the
total production of manufacturer ¢ and let ¢ be the m-dimensional vector with components:
{a1,...,qn}. Let ¢; = X", 57 ¢iju denote the product shipments to retailer j from all
the manufacturers. Finally, let Q' denote the mnr-dimensional vector of all the product
shipments from all the manufacturers to all the retailers, with components: {qi11,- - -, Gmnsr }-

We assume that all the vectors are column vectors.

Each manufacturer ¢ is assumed to be faced with a production cost function f;, which

may depend, in general, on the entire vector of production outputs, that is,

fi= filg), Vi (1)

We associate with manufacturer ¢, who is transacting with retailer 57 and using shipment

alternative [, a transaction cost cy;5, where

Ciijl = Clijl(Qijl)a Vi, 1. (2)

To help fix ideas, and in order to facilitate the ultimate construction of the supply chain
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Figure 1: Network Structure of Manufacturer ¢’s Transactions

network in equilibrium, we depict the manufacturers and the retailers as nodes and the
shipment alternatives between the manufacturers and the retailers as links, where recall that
since we assume that there are r shipment alternatives available, there are r links joining
each pair of nodes (i, j). See Figure 1 for the graphical depiction for a specific manufacturer
1.

The total costs incurred by a manufacturer ¢, thus, are equal to the sum of the manu-
facturer’s production cost plus his transaction costs. His revenue, in turn, is equal to the
sum over all the retailers and shipment alternatives of the price of the product charged to
each retailer and associated with a particular shipment alternative times the quantity. If
we let pj;; denote the (endogenous) price charged for the product by manufacturer i to
retailer 7 and associated with shipment alternative [, we can express the criterion of profit

maximization for manufacturer 7 as:

T

Maximize Z Z plzjlqijl Z Z C1ijl qul (3)

j=1l=1

subject to g;;; > 0, for all j,I. We discuss how the supply price pj;; is determined later in

this Section.

In addition to the criterion of profit maximization, we also assume that each manufacturer

seeks to maximize his production output in an endeavor to gain market share. Therefore,



the second criterion of each manufacturer i can be expressed mathematically as:

Maximize > Y g (4)

j=11=1

subject to g;;; > 0, for all j7,1.

A Manufacturer ’s Multicriteria Decision-Making Problem

We now describe how we construct a value function associated with the two criteria
facing each manufacturer, that is, profit maximization and output maximization. FEach
manufacturer ¢ associates a nonnegative weight «; with the output maximization criterion,
with the weight associated with the profit maximization criterion serving as the numeraire
and being set equal to 1. Hence, we can construct a value function for each manufacturer (cf.
Fishburn (1970), Chankong and Haimes (1983), Yu (1985), Keeney and Raiffa (1993)) using
a constant additive weight value function. Consequently, the multicriteria decision-making

problem for manufacturer ¢ is transformed into:

T

Maximize Z Z plwlqwl Z Clz]l qu + oy Z Z qiji, (5)

j=1l=1 j=1l=1 j=1l=1

subject to:
qijl Z 0, Vj, {.

The Retailers

The retailers, in turn, are positioned in the supply chain so as to have transactions with
both their suppliers, that is, with the m manufacturers as well as with their customers,
that is, the o classes of consumers. Hence, the network structure of a particular retailer’s

transactions is as depicted in Figure 2.

Let @Q);; denote the amount of the product purchased by the kth class of consumer at the
retail outlet j. Let the vector Q% consist of all the consumption quantities of the product
by the consumers and be the no-dimensional vector with components: {Q11,...,Qno}. Let

p5; denote the retail price of retailer j. This price, as we will show, will be endogenously
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Figure 2: Network Structure of Retailer j’s Transactions

determined in the integrated model. Then, the total revenue of retailer j is given by the

expression

;> Qi (6)
k=1

The costs that a typical retailer j is faced with include the price of obtaining the product
from the manufacturers, the transaction cost, which includes the transportation cost and
which is denoted by cy;j;, and the holding cost, h;, for carrying, displaying, and maintaining
the product stock. Since a retailer must decide upon an ordering system in terms of the order
quantity and the order time (order point), the service level, denoted by s;, is one of the main
factors, financially, in addition to the ordering cost and carrying cost. Here we define the
service level to be the percentage of time that the product is in stock when consumers come
to buy it (cf. Arnold (2000)). Usually, a higher service level implies a greater stock size,
on the average, and, thus, larger order quantities and less frequent order times (Beamon
(1998)).

We assume that the holding cost depends, in general, on j’s shipment pattern ¢;, and his



service level s;, that is,
hj = h;(sj, 4;)- (7)

Retailer j’s transaction cost associated with obtaining the product from manufacturer ¢

via transportation alternative [, in turn, is given by
Caiji = Caijo(85, G;)- (8)

We denote the transportation time of shipping the product from manufacturer 7 to retailer
J via alternative [ by t;;;, which, in general, may depend upon ¢; as well as on the service

level s; as discussed above. Therefore, we have that

tij = tiji(s;, q5)- 9)

A Retailer j’s Multicriteria Decision-Making Problem

In a multicriteria decision-making setting, we assume that retailer j has three criteria.
They are: to maximize the profit, to minimize the total transportation time in getting the
product from the manufacturers, and to maximize the service level. As mentioned earlier, by
increasing his service level s;, retailer j is, indeed, in a sense, improving his service reputation,
since the customers shopping at retail outlet j have a lower chance of experiencing a stockout
of the product when retailer 57 adopts a higher service level. The model assumes that retailer
j associates with his value function a weight of 1 to his profit attribute in dollar value, a
weight of ;; to his transportation time attribute, as the conversion rate of time to dollar
value, and a weight of [(3; to his service level attribute, as the conversion rate of service

reputation to dollar value.

Therefore, the multicriteria decision-making problem for retailer j; 7 = 1,...,n, can be

transformed into:

Maximize p3; > Qi — O Y D tiji(sy, 45) + B8
k=1 i=11=1
=2 D P — Y > (85, 45) — y(s5,q5) (10)
1=11l=1 =1 [=1



subject to

Qjr < Z @i, () (11)
k=1 i=11=1
s; <1, (ny) (12)

and
qiji Z Oa Q]k 2 07 Sj Z Oa Viala ka

where ~; is the Lagrange multiplier associated with inequality (11) and 7; is the Lagrange

multiplier associated with inequality (12).

The objective function (10) represents a value function for retailer j, with (;; having
the interpretation as the conversion rate of time into dollar value and (3,; having the inter-
pretation as the conversion rate of service level into dollar value. Constraint (11) expresses
that consumers cannot purchase more from a retailer than is held in stock. Constraint (12)
and the nonnegativity constraint on the level of service specify that the service level is set

between 0 to 100 percent.

Subsequently, we derive the optimality conditions for this problem.

The Consumers at the Demand Markets

We now describe the consumers located at the demand markets. We assume that there
are o classes of consumers, with a typical class denoted by k. The consumers are classified
into different classes according to such characteristics as geographic location, consumption
behavior, travel pattern, profession and income level, etc. As such, each class of consumer
takes into account in making his consumption decision not only the different retail prices at
the retail stores, but also the transportation time and the transportation cost required to
obtain the product, as well as the service levels provided at the retail stores. Therefore, the
consumers in this model are multiclass and multicriteria decision-makers. Let C}; denote the
transportation cost incurred to class & consumers for purchasing the product from retailer j,
and let Tj; denote the corresponding transportation time. In general, these functions may
depend upon the quantity of the product purchased at retailer j by consumer class k, as well

as upon the service level at retailer j. Indeed, one can expect that the higher the service

10



level at retailer 7, the lower the procurement effort needed to obtain the product, and, thus,

the lower the associated time and cost.

We assume that the transportation cost and transportation time are in the following form:
Cjk = Cj (sj> ij)> \V/], k (13)

T‘jk = irjk(sJHij% \V/], k. (14)

In addition, we assume that each class of consumer perceives the transportation cost and
the transportation time associated with obtaining the product in an individual manner, and
weights these three criteria accordingly. Let Ay, and Agx denote, respectively, the nonnegative
weights associated with transportation cost and transportation time by class k& consumers.
Therefore, their value function for the generalized retail price associated with the kth class

of consumer to obtain the product at retailer j is expressed as
P5; + MeCjr(s5, Qi) + Aar T (55, Qji), (15)

that is, the true price of the product from the perspective of consumers of class k is the price
charged for the product at the particular retail outlet plus the “effective” price associated
with obtaining the product which is composed of the weighted transportation cost plus the

weighted transportation time.

Let now p3; denote the generalized price of the product as perceived by class k and group
the generalized demand prices into the vector p3 € R?. Further, denote the demand of class

k by dy, and assume continuous demand functions given by:

dy = di(ps), Vk. (16)

The Multicriteria Equilibrium Conditions for Consumers of Class k

We now present the multicriteria equilibrium conditions for consumers of class k. In

particular, in equilibrium, we must have the following conditions holding:

pa; + Alijk(Sja ng) + )‘Qijk(Sja ka) { P Q]k (17)

> py, if Q= 0,

11
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Figure 3: Network Structure of Consumers’ Transactions at Demand Market k

and .
= Z Q;k, it  p5. >0
di(p3) N (18)

< ZQ;kkv if  p3=0.
j=1

Conditions (17) state that a member of consumer class k£ will purchase the product from
retailer 7, if the generalized retail price at retailer j as perceived by consumers of class k does
not exceed the demand price that consumers of class k are willing to pay for the product.
Conditions (18) state, in turn, that if the demand price that consumers of class k are willing
to pay for the product is positive, then the quantities purchased of the product from the
retailers will be precisely equal to the demand of consumers of class k for the product. These
conditions correspond to the well-known spatial price equilibrium conditions (cf. Samuelson
(1952), Takayama and Judge (1971) and Nagurney (1999) and the references therein).

In Figure 3, the network of transactions between the retailers and the consumers at
demand market k is depicted. Each demand market is represented by a node and the

transactions, as previously, by links.
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The Integrated Model

We now present the integrated supply chain network model with multicriteria manu-
facturers, retailers, and consumers, which synthesizes the optimality conditions of all the
manufacturers and all the retailers, and the equilibrium conditions of the consumers at all
the demand markets. In order to obtain an equilibrium of the multicriteria supply chain
network system, we must have that the optimality conditions of the manufacturers and the

retailers as well as the equilibrium conditions of the consumers are satisfied simultaneously.

The Optimality Conditions of the Manufacturers

The manufacturers are assumed to compete in a noncooperative manner in the sense of
Cournot (1838) and Nash (1950, 1951), seeking to determine their own optimal production
and shipment quantities. If the production cost functions for each manufacturer is contin-
uously differentiable and convex, as is each manufacturer’s transaction cost function, then
the optimality conditions (see Dafermos and Nagurney (1987), Nagurney (1999) and Gabay
and Moulin (1980)) take the form of a variational inequality problem given by: Determine
Q'" € R, such that

Cn O 8fz aclijl(q;jl) ‘| 1
) 4 —a; = Pl % l@in—az] >0, vQ' e R 19
; ; ; aql_]l aqijl pl at [q gl a ]l} Q + ( )

The optimality conditions as expressed by (19) have a nice economic interpretation, which
is that a manufacturer will ship a positive amount of the product to a retailer via a particular
shipment alternative (and the flow on the corresponding link will be positive) if the price
that the retailer is willing to pay for the product, pj;;, is precisely equal to the manufac-
turer’s marginal production and transaction costs associated with that retailer and shipment
alternative, discounted by the market share weight. If the manufacturer’s marginal produc-
tion and transaction costs discounted by the market share weight exceed the price that the
retailer is willing to pay for the product and shipment alternative, then the flow on the
transaction link will be zero. Hence, expressed alternatively, we can say that the price pj,;
must be precisely equal to the marginal production cost plus the marginal transaction cost
discounted by the market share weight, if there is a positive shipment of the product between

the manufacturer and retailer pair using the particular shipment alternative.

13



The Optimality Conditions of the Retailers

We now consider the optimality conditions of the retailers assuming that each retailer
is faced with the optimization problem (10), (11) and (12). Here, we also assume that the
retailers compete in a noncooperative manner so that each maximizes his profits, given the
actions of the other retailers. Note that, at this point, we consider that retailers seek to
determine not only the optimal amounts purchased by the consumers from their specific
retail outlet but, also, the amount that they wish to obtain from the manufacturers, their
shipment pattern via the alternatives, as well as their service levels. In equilibrium, all the

shipments between the tiers of decision-makers will have to coincide.

Assuming that all the holding costs (7), the retailer transaction costs (8), and the trans-
portation times for shipping the product from the manufacturers to the retailers (9) are
all continuous and convex, then the optimality conditions for all the retailers satisfy the

variational inequality: Determine nonnegative (Q'", Q*",v*,n*, s*) satisfying (12) such that:

Zi:lkz::l [7; — pzj} X [ij - Q;k}

S [Ohi (st ), Ocaiu(st, q)) Otin (s}, q;) *] )

+ + Pt —F———— + O ————— — 7, il — 4ij
;;lzll aqz’jl Prii aQijl /61] aQijl Kl {qu qﬂ}
DI z@]k]x[ ]2 [ s =]

j=1Li J=1
n Oh * * m a i ’ .
#3 |t 5y St ) L § -, P D) 4 | sy 5] 20
j=1 1=11[=1 Sj i=1[=1

(20)
for all nonnegative Q', Q?, s, v, n satisfying (12), where recall that ~; is the Lagrange mul-
tiplier for (11) and 7; is the Lagrange multiplier for (12). For further background on such
a derivation, see Bertsekas and Tsitsiklis (1992). In this derivation, as in the derivation of
inequality (19), we have not had the prices charged be variables. They become endogenous

variables in the integrated model.

We now highlight the economic interpretation of the retailers’ optimality conditions. The

third term in inequality (20) reveals that the Lagrange multiplier 75 can be interpreted as

14



the market clearing price at retailer j’s outlet, that is, if 7} is positive, then, at equilibrium,
the total inflow of the product should equal the total outflow at retailer 5. We now turn
to the first term in inequality (20). The first term implies that, if consumers of class k
purchase the product at retailer j, that is, @7, > 0, then the price charged by retailer j, p5;,
should be equal to 7, which is the price to clear the market at retailer j. From the second
term in (20), in turn, we see that if retailer j adopts transportation alternative [ to ship the
product from manufacturer ¢, that is, ¢;; > 0, then the total marginal cost for obtaining
the product from manufacturer 7 via alternative [ should be equal to 77, the price to clear
market at retailer j. On the other hand, if this marginal cost for obtaining the product from
manufacturer ¢ via alternative [ is greater than the market clearing price at retailer j, then
retailer 7 will not use alternative [ to ship the product from manufacturer i. The fourth term
in (20) suggests that n; is the equilibrium shadow price for the deviation of the service level,
s7, from one hundred percent, since 7; is defined to be the Lagrange multiplier for constraint
(12). Finally, the fifth term in (20) argues that in order to have a positive service level s at
retailer j, the sum of the generalized marginal handling cost, which includes the marginal
holding cost, the marginal transaction cost, the weighted transportation time (converted
to its dollar value), and the shadow price for the deviation of service level from being one
hundred percent, should be equal to the weight (3,; assigned to the service level. This is
because this term should economically measure the importance of increasing service level

against other marginal costs.

The Equilibrium Conditions of the Consumers

The equilibrium conditions associated with the consumers at the demand markets are that
the systems of equalities and inequalities (17) and (18) must hold for all pairs of retailers and
consumer classes. This is equivalent to the satisfaction of the variational inequality given
by: (Q*", p) € R1°° must satisfy:

o

S0 |08+ MeCin(s], Qi) + Ak Tin(s, Qi) — P3| X | Qe — Qi)
j=1k=1

o

+2
k=1

Qjk — dk(pék)} X [pse = P = 0, V(Q*, ps) € R (21)
j=1

15



Note that, in the context of the consumption decisions, we have utilized demand functions,
rather than utility functions, as was the case for the manufacturers and the retailers. Of
course, demand functions can be derived from utility functions (cf. Arrow and Intrilligator
(1982)). We assume that the number of consumers to be much greater than that of the

manufacturers and retailers and, hence, it is not appropriate to treat them individually.

The Equilibrium Conditions of the Supply Chain

In equilibrium, we must have that the optimality conditions for all manufacturers, as
expressed by inequality (19), the optimality conditions for all retailers, as expressed by
inequality (20), and the equilibrium conditions of the consumers, as expressed by inequality

(21) must hold simultaneously.

Hence, the shipments that the manufacturers ship to the retailers must, in turn, be the
shipments that the retailers accept from the manufacturers. In addition, the amounts of the

product purchased by the consumers must be equal to the amounts sold by the retailers.
Thus, we have the following definition:
Definition 1: Supply Chain Equilibrium

A product shipment, price, and service level pattern (Q", Q**,v*, p3, s*,m*) € K, where K =
R x R xR x RS x [0, 1]" x RY. is said to be a supply chain equilibrium if it satisfies the
optimality conditions for all manufacturers, for all retailers, and for all consumers, given,
respectively, by (19), (20), and (21), simultaneously.

We then, immediately, through the summation of the inequalities (19), (20), and (21),

after algebraic simplification, have the following:

Theorem 1: Variational Inequality Formulation

A supply chain network is in equilibrium, according to Definition 1 if and only if it satisfies

the variational inequality problem: Determine Q' Q%" ~v*, ps, s*,n*) € K, such that:

Sy [P Qe | O g) | Qanlnd) g Ol
qijl

i=1j=11=1 8%]1 a%’jl ' a%’jl a%’jl

16



x |ain — 45

+ 3030 [+ AuCinls}, Qip) + A Ton(s5, Q) — Pl * | Qs — Qi

J=1k=1
+ Z [Z Zq;kjl - Z Q;k] X [%’ - Vﬂ + Z Z Q;k - dk(pgk)] X [psk — Paz)
j=1 Li=11=1 k=1 k=1 |j=1

Ocai (85, tiji(s5, « *
P ) 3y S ) (55 ) o = ][5y 5]

i=11=1 i=1 /
_'_Z {1 - 8;] X {7]] - 77;] > 07 V(Q17Q2777p37 8777) S ]Ca (22@)
j=1
where v is the n-dimensional column vector with component j given by ;.

For easy reference in the subsequent sections, variational inequality problem (22a) can be

rewritten in standard variational inequality form (cf. Nagurney (1999)) as follows:
(FIXHT, X —X*) >0, VX ek, (220)
where X = (le sz Y P35S, 7]) and

F(X) = (F;

ijls

3 4 5 6
Fi F B F F)im mg=t, k=1, o od=1, s

where the terms of F' correspond to the terms preceding the multiplication signs in inequality

(22a), and (-,-) denotes the inner product in N Euclidean dimensional space.

In Figure 4, we present the multitiered network structure of the supply chain in equilib-
rium. The network consists of all the manufacturers, all the retailers, and all the demand
markets as depicted, respectively, by the top tier of nodes, the middle tier of nodes, and,
finally, the bottom tier of nodes in Figure 4. In order to construct this network, Figure 1
was replicated for all the manufacturers; Figure 2 for all the retailers, and Figure 3 for all
the demand markets. The supply chain network, hence, represents all the possible transac-
tions that can take place. In addition, since there must be agreement between/among the
transactors at equilibrium, the analogous links and the corresponding flows on them must

coincide.
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Figure 4: The Multitiered Network Structure of the Supply Chain with Multicriteria
Decision-Makers

The vectors of prices p;, v*, and pj are associated with the respective tiers of nodes on
the network, whereas the components of the vector of the equilibrium product shipments
Q' correspond to the flows on the links joining the manufacturer nodes with the retailer
nodes. The components of pi and p} can be determined as discussed following (19) and (20),
respectively, whereas the components of pj are explicit in the solution of the variational
inequality (22a). The components of the vector of equilibrium product shipments Q**, in
turn, correspond to the flows on the links joining the retailer nodes with the demand market

nodes.
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3. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (22). In particular, we derive existence and uniqueness results. We also investigate

properties of the function F' (cf. (22b)) that enters the variational inequality of interest here.

Since the feasible set is not compact, we cannot derive existence simply from the assump-
tion of the continuity of the functions. Nevertheless, we can impose a rather weak condition

to guarantee existence of a solution pattern. Let

]CbE {(Q17Q2777p3787n)
0<Q' <bi; 0<Q*<by; 0<y<bg;0< p3 <by; 0< s <1;0< 1< bg}, (23)

where b = (by, by, b, by, 1,b6) > 0 and Q' < by; Q* < by;y < bs;ps < byys < 1;m < bg, mean
that each of the right-hand sides is a uniform upper bound for all the components of the
corresponding vectors. Then K, is a bounded closed convex subset of K = RI"™" x R’ X

R x RS x[0,1]" x R. Thus, the following variational inequality
(F(X"T X — X" >0, VX’eKk,, (24)

admits at least one solution X® € K, from the standard theory of variational inequalities,
since K, is compact and F' is continuous. Following Kinderlehrer and Stampacchia (1980)

(see also Theorem 1.5 in Nagurney (1999)), we then have:

Theorem 2

Variational inequality (22) admits a solution if and only if there exists a b > 0, such that

variational inequality (24) admits a solution in IC, with

Q' < by;Q* < by;y < bs;ps < bass < 1 < b. (25)
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Theorem 3: Existence
Suppose that there exist positive constants M, N, R with R > 0, such that:

dfi(q) N Ocyi1(qiji) n Oh; (s, q;) n Ocaiji (55, q5) Otiji(s), q5)

a%’jl aQijl a%’jl aQijl - 61] a%’jl = M,
Vqiji with ¢;j; > N, Vi, j, 1, (26)
MiCin(si, Qi) + A Tir(s5, Qjx) > M, VQ* with Q> N, Vj,k, (27)
dp(ps) < N, Vps with ps > R, Vk. (28)

Then, variational inequality (22) admits at least one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in
Nagurney and Zhao (1993) (see also existence proof in Nagurney, Zhang and Dong (2001)).
O

Assumptions (26), (27), and (28) are reasonable from an economics perspective. In par-
ticular, according to (26), when the product shipment between a manufacturer and a retailer
via a certain shipment alternative is large, we can expect the corresponding sum of the mar-
ginal costs associated with the production, the shipment, and the holding of the product
and the marginal time to exceed a positive lower bound. The rationale of assumption (27),
in turn, can be seen through the following: if the amount of the product purchased by class
k consumers at retailer j is large, the transportation cost and the transportation time asso-
ciated with obtaining the the product at the retailer can also be expected to exceed a lower
bound. Moreover, according to assumption (28), if the generalized price of the product as
perceived by a consumer class is high, we can expect that the demand for the product by

that class will be bounded from aove at that market.

We now recall the concept of additive production cost, which was introduced by Zhang
and Nagurney (1996) in the stability analysis of dynamic spatial oligopolies, and has also
been employed in the qualitative analysis by Nagurney, Zhang and Dong (2001) for the study
of spatial economic networks with multicriteria tiers of producers and consumers. Additive

production costs will be assumed in Theorems 4, 5, and 6.
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Definition 2: Additive Production Cost

Suppose that for each manufacturer i, the production cost f; is additive, that is

fila) = fi @) + f(@), (29)

where f1(q;) is the internal production cost that depends solely on the manufacturer’s own
output level q;, which may include the production operation and the facility maintenance,
etc., and f2(q) is the interdependent part of the production cost that is a function of all
the other manufacturer’ output levels ¢; = (q1, -+, Gi—1, @ix1, ", @m) and reflects the impact
of the other manufacturers’ production patterns on manufacturer v’s production cost. This
interdependent part of the production cost may describe the competition for the resources,

the cost of the raw materials, etc.

We now establish additional qualitative properties of the function F' that enters the varia-
tional inequality problem, as well as uniqueness of the equilibrium pattern. Monotonicity and
Lipschitz continuity of F' will be utilized in the subsequent section for proving convergence

of the algorithmic scheme.

Theorem 4: Monotonicity

Suppose that the production cost functions f;;i = 1,...,m, are additive, as defined in Defini-
tion 2, and that the f};i=1,...,m, are convex functions. In addition, suppose that

(i). the ciiji, hj, caiji and t;j are all convex functions in the shipment g;j;, forall i,7,1;

(11). the Cji, Tj, are monotone increasing functions with respect to Qx, V7, k;

(7). the dy are monotone decreasing functions of the prices ps, for all k; and, finally,
(iv). the h;, is a family of increasing convex function of the service levels s;j, Vi, while the
retailer transaction costs ¢y and the transportation times t;; are a family of decreasing and
concave functions of the service levels s; for all i, 7, 1.

Then the vector function F that enters the variational inequality (22b) is monotone, that is,

(F(X) = F(X")T, X' = X"y >0, VX, X"€K=R" xR"xR" xR x[0,1]" x R".
(30)
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Proof: Let X' = (q/’ Ql? 7,> p/3> Sla 77/)7 X" = (q”a Q”> 7/,9 Pg, s”

been seen in the following deduction:

(F(XY) — F(X?)T, X'~ X?)
- izz ﬁifﬁl) B a@flﬁ)] x [aty — dy]
PSS [ 2
+iz [%a(qu}q]) ahjéjf;}qﬂ x [d — ]
+§ ]2::1 l; [ac%g((]j, a) ac%j&l;j : q}’)] < [d — ]
+§ g l; l 5 8tijl8(;i; Q) 4 8tij18(;§; qé")] < (¢ — ]
_'_ilkol MakCin(sh, Q) = MkCin(s), Q)| % Qi — Q]
o
+jzz:1k:1 [)\ngjk(S;a Q1) — M Tjn(s], Q;’k)] X [Q;k — Q;’k}
+ Z [—di(plye) + di(pie)] X [Py — Plie)
+; [8h ((9;] q) 8hj(as$;;, q;’)] y [8; B Sﬂ
= (I)+ (IT) + (IIT) + (IV) + (V) + (VI) + (VII) + (VIII) +

Since the f;; 1 =

has

afil(ql

1,...,m, are additive, and the f}; i =1, ...,

/)_

,n"). Then, inequality (30) can

afil(qlu) >

8%‘]‘1

] X [qgjl - qg;‘l}

8%‘]‘1
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The nonnegativity of (II), (III), (IV), and (V) follows directly from assumption (i) that the
corresponding functions are convex in g;;. Assumption (ii) implies that terms (VI) and
(VII) are nonnegative. As assumed in (iii), since the demand functions are decreasing in
consumption price, we have that term (VIII) is nonnegative. Finally, the nonnegativity of
terms (IX) follows from asssumption (iv) that h; is convex with respect to the service level
s;, and nonnegativity of (X) can been seen through this assumption that cy;j;, t;5; are concave

m s;.

Therefore, we see that under the conditions of the theorem, the right-hand side of (31) is

nonnegative. The proof is complete. O

The strict monotonicity of the vector function F' can be ensured with a slightly stronger

condition than assumed in Theorem 4.

Theorem 5: Strict Monotonicity

Assume all the conditions of Theorem /4. In addition, suppose that

(1). one of the families of the vector functions ciiji, hj, coiji, or tiji is strictly convex in ship-
ment q;;i;

(7). either Cjy or Tjy is strictly monotone increasing with respect to Qjx;

(7). the dy functions are strictly monotone decreasing functions of the prices pay, for all
J,k; and, finally,

(iv). either the holding costs, h;,Vj, are increasing and strictly convezr functions of the ser-
vice levels 5;,Vj, or one of the transaction cost functions cji, V1, J,1, and t;;,Vi, 5,1, is a
family of decreasing and strictly concave functions of the service levels s;,Vj.

Then the vector function F' that enters the variational inequality (22b) is strictly monotone,
with respect to (Q', Q?, ps, s), that is, for any two X', X" with (QV', Q% ps, s') # (Q", Q*", pt,

(F(X') = F(X"), X' — X"y > 0. (33)

Proof: For any two X', X" with (QY, Q% ps,s') # (Q,Q%*", p%, s"), we must have at least

one of the following four cases:
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(). Q" # Q"
(). Q¥ # Q"
(ii). ol # o4,
(iv). s # s".

Under the condition of the theorem, if (i) holds true, then, at the right-hand side of (31),
at least one of (I), (II), (III), (IV) and (V) is positive. If (ii) is true, then either (VI) or (VII)
is positive. In the case of (iii), (VIII) is positive. Finally, in the case of (iv), then either (IX)
or (X) is positive. Hence, we can conclude that the right-hand side of (31) is greater than

zero. The proof is complete. O

Theorem 5 has an important implication for the uniqueness of equilibrium production
shipments, Q'", the retailer shipments, Q*, the prices at the demand markets, p3, and the
service levels, s*, set at the retailer stores, s. We note also that no guarantee of a unique v*

and n* can be generally expected at the equilibrium.

Theorem 6: Uniqueness

Assuming the condition of Theorem b, there must be a unique production shipment pattern
Q'", a unique retail shipment (consumption) pattern Q**, a unique generalized price vector
p5, and a unique service vector s* satisfying the equilibrium conditions of the multitiered,
multicriteria supply chain network. In other words, if the variational inequality (22) admits

a solution, that should be the only solution in Q', Q% ps, s.

Proof: Under the strict monotonicity result of Theorem 5, uniqueness follows from the

standard variational inequality theory (cf. Kinderlehrer and Stampacchia (1980)). O

Theorem 7: Lipschitz Continuity

The function that enters the variational inequality problem (22) is Lipschitz continuous, that
18,

IF(X) = F(XT)I < LIX" = X7, ¥vX', X" € K, (34)

24



under the following conditions:

(1). c1iji, hj, caiji and t;j; have bounded second-order derivatives, for all i, j,1, with respect to

a;
(11). Cik, Tjk, Vj, k, have bounded second-order derivatives, with respect to Qj.
(iii). dy have bounded second-order derivatives, for all k;

(v). hj, Vj;coiji, Vi, j, ki tiji, Vi, j, k, have bounded second-order partial derivatives with re-

spect to s.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (22). O
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4. The Algorithm

In this Section, we present the modified projection method of Korpelevich (1977) which
can be applied to solve the variational inequality problem in standard form (see (22b)), that

is:
Determine X* € K, satisfying:
(FIXHT, X —X*) >0, VX ecKk.

The algorithm is guaranteed to converge provided that the function F' that enters the vari-

ational inequality is monotone and Lipschitz continuous (and that a solution exists).

The statement of the modified projection method applied to the solution of our variational

inequality problem is as follows, where 7 denotes an iteration counter:

Step 0: Initialization

Set (QY°,Q2°,1°, p2, %, 1°) € K. Let T =1 and let ¢ be a scalar such that 0 < & < < 1, where
L is the Lipschitz continuity constant (cf. Korpelevich (1977)) (see (34)).

Step 1: Computation
Compute (QlT, QzT, 5T, p¥ 57 77) by solving the variational inequality subproblem:

mon [ ofi(¢"Y) 8clijz(q§f1) Oh;(s; e 17qj Y
i+ + —; +
Z Z [q ! g < aQijl aq:'jl “ aqu

Ocaiji(s; e 1,q Y Otiji(s; el _ _ _
4+ ] + By : 8q ; : —%'T ! —qgl M x [Qijl —qu}
ij

iz{@ +& (VT + AuCinls] 7L QLY
f(s] L QI =i t) = QI x (@ — Q]
+Zn3[% +¢ izqm i%“)—ﬂ‘l] x [ =77
k=1
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k=1 j=1
n oh (S’Z"—l T— 1 m acml T 1 q )
+3 157 +¢ ( )Y + . —
jzz:l [ ’ 0s; ;z 1 asj
m r at”(s’f—l qT—l) )
+ Z Zﬁla ’ Ja : + 77]7 ' — By | — S o [8] sﬂ
i=11=1 j
+ Z [77_/71— + £(1 - S_/jT 1) - 77]'7_1} X {77 - 77] :| 07 (Ql Q2777 P38 77) e K.
=1
Step 2: Adaptation
Compute (Q'7,Q*7,+7, pd s n7) by solving the variational inequality subproblem:

iz": 4 [qfl n (afi(qT) n Clijl(qgl) " Oh; (s; ’qy) o + w
ij

P Qe (5]

+2
j=1

o

+
k=1

+

£y

=1

+i{n;[+§(1—

j=1

-

aQijl a%’jl (9%]

(57,3 ) _ -
oy = AT ) =t | x - a)
qiji

a%’jl

+ MkCi(57, Q) + Aok Ty (57, Q) — Psk) } [Qak
e (- ) -ar 7 x -]
i=11=1 k=1
P+ & (ZQ — di( pgk)) - ,0551] X |psk — P3|
3 [o7 e (Pt Sy Qe 0
j=1 i=1 =1 0s;
Prj——F—— Olig(s ] ,q] ) 77jT - ﬁzj> - 83_11 X [Sj - sﬂ
=1
53—) - %T] X {7]] - nf} > 07 V(le Q2777 P3, 5777) € K.
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Note that the variational inequality subproblems (35) and (36) can be solved explicitly and

in closed form since the feasible set is that of the nonnegative orthant and a box constraints.

We now state the convergence result for the modified projection method for this model.

Theorem 8: Convergence

Assume that the function that enters the variational inequality (22) has at least one solution
and satisfies the conditions in Theorem 4 and in Theorem 7. Then the modified projection

method described above converges to the solution of the variational inequality.

Proof: According to Korpelevich (1977), the modified projection method converges to the
solution of the variational inequality problem of the form (23), provided that the function
F' that enters the variational inequality is monotone and Lipschitz continuous and that
a solution exists. Existence of a solution follows from Theorem 3. Monotonicity follows

Theorem 4. Lipschitz continuity, in turn, follows from Theorem 7. O
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5. Summary and Conclusions

This paper develops a mathematical model for the study of multitiered supply chain
networks with multicriteria decision-makers in the presence of competition. The model
accommodates manufacturers, retailers, and consumers in different tiers of the supply chain
network. The manufacturers or suppliers are the first-tier decision-makers in the network and
are faced with a bicriterion objective function consisting of profit maximization and market
share maximization. They compete with one another in the production and the shipment of

the homogeneous product to the retailers in an oligopolistic manner.

The retailers are located in the second tier of the supply chain network and seek to procure
the product from the various manufacturers at the lowest possible prices and to have the
product shipped in a timely manner by selecting the appropriate shipment alternatives. The
retailers then sell the product to the consumers at the retail prices and manage their inventory
stock according to the service levels they set. The retailers are faced with threee criteria
which are: the maximization of profit, the minimization of transportation time needed to
procure the product, and the maximization of service level. Each retailer assigns weights to

each of these criteria.

At the bottom tier of the supply chain network are the multiple classes of consumers.
Each class of consumer takes into account in making the consumption decisions not only the
different retail prices at the retail stores, but also the transportation time and transportation

cost required to obtain the product.

The optimality conditions for the decision-makers at each tier of the network are derived
and are interpreted economically. These conditions are then integrated into a single vari-
ational inequality formulation that governs the equilibrium conditions of the entire supply
chain network. The analytic properties of the variational inequality formulation are inves-
tigated. In particular, we show that, under reasonable conditions, there exists a unique
production and shipment pattern for the manufacturers, a unique set of service levels for the
retailers, a unique consumption pattern of the multiclass consumers, and a unique demand
price pattern. A computational procedure is also proposed for the determination of the

equilibrium shipment, price, and service level pattern, along with convergence results.
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