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Abstract: Advances in telecommunication networks, and, in particular, the Internet have
transformed the economic landscape for financial decision-making. In this paper, we focus on
financial networks with electronic transactions and with different tiers of decision-makers and
we develop an integrated framework for the modeling, analysis, and computation of solutions
to such problems. Specifically, we consider an economy consisting of three types of decision-
makers: those with sources of funds; intermediary ones, and consumers associated with the
financial products at the demand markets. Those with sources of funds can transact with the
intermediaries either physically or electronically as well as directly in an electronic manner
with the consumers. The intermediaries, in turn, can also transact with the consumers
either in a physical or an electronic fashion. We address the behavior of the decision-makers,
identify the network structure of the problem, derive the equilibrium conditions, and establish
the variational inequality formulation. In addition, we propose a continuous time adjustment
process for the study of the disequilibrium dynamics and prove that the set of stationary
points of the resulting projected dynamical system coincides with the set of solutions of
the variational inequality. We then utilize variational inequality theory to derive qualitative
properties of the equilibrium price and financial flow pattern. Finally, we apply an algorithm

for the determination of equilibrium prices and financial flows in several examples.



1. Introduction

Advances in telecommunications and, in particular, the adoption of the Internet by busi-
nesses, consumers, and financial institutions have had an enormous effect on financial ser-
vices and the options available for financial transactions. Distribution channels have been
transformed, new types of services and products introduced, and the role of financial inter-
mediaries altered in the new economic networked landscape. Furthermore, the impact of
such advances has not been limited to individual nations but, rather, through new linkages,

has crossed national boundaries.

The topic of electronic finance has been a growing area of study (cf. Claessens, Glaessner,
and Klingebiel (2000, 2001), Long (2000), Sato and Hawkins (2001), Banks (2001), and
Allen, Hawkins, and Sato (2001), and the references therein), due to its increasing impact
on financial markets and financial intermediation, as well as related regulatory issues and
governance (see also Turner (2001)). Of particular emphasis has been the conceptualization
of the major issues involved and the role of networks is the transformations (see McAndrews
and Stefanidis (2000), Allen, Hawkins, and Seto (2001), Economides (2001), and Nagurney
and Dong (2002)).

Nevertheless, the complexity of the interactions among the distinct decision-makers in-
volved, the supply chain aspects of the financial product accessibilities and deliveries, as well
as the availability of physical as well as electronic options, and the role of intermediaries,
have defied the construction of a unified, quantifiable framework in which one can assess the

resulting financial flows and prices.

In this paper, we propose a theoretical framework for the study of financial decision-
making in the presence of intermediation and electronic transactions. The framework is
sufficiently general to allow for the modeling, analysis, and computation of solutions to such
problems. Our perspective is based on the recent work of Nagurney and Ke (2001) on finan-
cial networks with intermediation and that of Nagurney and Dong (2002) on supernetworks
which allows for the abstraction of decision-making on interrelated network systems, notably,

those that involve telecommunication networks such as the Internet.

In this paper, however, we extend the above work in several directions, principally, by,



first, explicitly including electronic transactions in financial networks with intermediation
and identifying the resulting network structure and, second, by introducing a continuous
time adjustment process for the study of the disequilibrium dynamics. The equilibrium
perspective provides a valuable benchmark against which existing prices and financial flows
can be compared against. The framework that we propose, hence, allows for the synthesis
of financial decision-making surrounding electronic options as well as more standard, which

we refer to as, physical, ones.

The paper is organized as follows. In Section 2, we present the financial network model
with electronic transactions, derive the optimality conditions for each set of network agents
or decision-makers, and then present the governing equilibrium conditions. We also derive
the finite-dimensional variational inequality formulation of the problem. For an introduction
to variational inequalities in the context of network economics, see the book by Nagurney

(1999). For background on financial networks, see the book by Nagurney and Siokos (1997).

In Section 3, we provide qualitative properties of the equilibrium pattern, notably, exis-
tence and uniqueness results. In Section 4, we propose the projected dynamical system (cf.
Nagurney and Zhang (1996) and the references therein) which describes the dynamic adjust-
ment process associated with the various decision-makers and prove that its set of stationary
points coincides with the set of solutions to the derived variational inequality problem. We

also establish a stability analysis result for the financial network system.

In Section 5, we outline the computational procedure, which has an interpretation of a
discrete-time adjustment process, and can track the dynamic trajectories to the stationary or
equilibrium point. Moreover, the algorithm resolves the network problem into subproblems,
each of which can be solved exactly and in closed form. In Section 6, we apply the algorithm
to numerical financial examples in order to determine the equilibrium financial flows and

prices. We conclude the paper with a summary and suggestions for future research in Section
7.
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Figure 1: The Structure of the Financial Network with Electronic Transactions

2. The Financial Network Model with Electronic Transactions

In this Section, we develop the financial network model consisting of: agents or decision-
makers with sources of funds, financial intermediaries, as well as consumers associated with
the demand markets. In this model, the sources of funds can transact directly electronically
with the consumers through the Internet and can also conduct their financial transactions
with the intermediaries either physically or electronically. The intermediaries, in turn, can
transact with the consumers either physically in the standard manner or electronically. The

depiction of the network at equilibrium is given in Figure 1.

Specifically, we consider m agents with sources of financial funds, such as households and
businesses, involved in the allocation of their financial resources among a portfolio of financial
instruments which can be obtained by transacting with distinct n financial intermediaries,
such as banks, insurance and investment companies, etc., and/or directly with the consumers
associated with the o demand markets. The financial intermediaries, in turn, in addition
to transacting with the source agents, determine how to allocate the incoming financial

resources among distinct uses or financial products at the demand markets, such as, for



example, the market for real estate loans, household loans, or business loans, etc.

The financial network is now described and depicted graphically in Figure 1. The top
tier of nodes consists of the decision-makers with sources of funds, with a typical source
agent denoted by ¢ and associated with node . The middle tier of nodes consists of the
intermediaries, with a typical intermediary denoted by j and associated with node j in the
network. In addition, in contrast to the model of Nagurney and Ke (2001), we now allow
for the possibility of source agents not investing their funds (or a portion thereof), which we
represent by the node n + 1 at the middle tier of nodes. The bottom tier of nodes consists
of the demand markets, with a typical demand market denoted by k£ and corresponding to

node k (and associated with a particular financial product).

The links in the network in Figure 1 include classical physical links as well as Internet links
to allow for electronic financial transactions. Note that the introduction of such transactions
allows for “connections” that were, heretofore, not possible, such as allowing, for example,
consumers to borrow the money directly from the source agents. In order to conceptualize
this type of transaction, we construct a direct link from each top tier node to each bottom
tier node. In addition, we consider the situation in which the source agents can now transact
not only with the consumers directly but also with the financial intermediaries through the
Internet (e.g., online banking). Thus, we add an additional link between each top tier node
and each middle tier node to reflect the possibility of Internet transactions between source
agents and intermediaries. Hence, a source agent may transact with an intermediary through
either a physical link or through the Internet link, or both. For simplicity of notation and
presentation, we assume here that each intermediary has, hence, in effect, a financial instru-
ment which can be transacted electronically and/or physically. In Nagurney and Ke (2001),
in contrast, it was assumed that each intermediary had available alternative instruments but

these could only be transacted physically.

A similar situation can be handled within our framework as regards the transactions
between intermediaries and the consumers. The consumers can transact with an intermediary
through either a physical link (traditional transaction) or through an Internet link (e.g.
electronic brokerage), or both. Hence, there are two links connecting each middle tier node

with each bottom tier node.



Of course, depending on the particular application, the network topology depicted in Fig-
ure 1 can take on a different form. For example, in the case of electronic brokers who transact
only electronically, one would have an intermediate (second tier node) being connected with
the source agents and with the demand markets only through Internet links. Moreover, some
intermediaries may not allow for online transactions with consumers, in which case, those
links would be severed for the application-dependent network representation. On the other
hand, in the absence of electronic transactions and non-investment, the financial network in
Figure 1 collapses to a special case of the financial network with intermediation studied in
Nagurney and Ke (2001).

We now describe the behavior of the various economic decision-makers represented by
the three tiers of nodes in Figure 1. We first focus on the source agents. We then turn to

the intermediaries and, subsequently, to the demand markets.

The Behavior of the Decision-Makers with Sources of Funds and their Optimality

Conditions

In order to depict the allowable transactions of a typical source agent ¢ with the consumers
at the demand markets and with the financial intermediaries, we provide a graphical depiction
in Figure 2. Note that a source agent may transact with an intermediary via a physical link,
and/or electronically via an Internet link. Let S denote the nonnegative amount of funds
that source 7 holds and let ¢;;; denote the transaction cost associated with source ¢ transacting
with intermediary j via mode [, where [=1 refers to a physical transaction and [=2 refers to
an electronic transaction via the Internet. The quantity of financial funds associated with
source agent 7, intermediary j, and mode of transaction [, in turn, is denoted by ¢;;; and is
associated with link [/ joining node 7 to node j. We group the financial flows for all source

agents/intermediaries/modes into the column vector Q' € R2™".

In addition, a source agent ¢ may transact directly with consumers located at a demand
market k with the transaction cost associated with the electronic transaction denoted by c;;
and the associated funds flow from source agent ¢ to demand market k by ¢;;. Note that g
is, hence, the financial flow from node i at the top tier of nodes to node k at the bottom tier

of nodes. We group such financial flows, in turn, into the column vector Q* € R.
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Figure 2: Network Structure of Source i’s Transactions

Also, we let ¢; denote the (2n+o0)-dimensional column vector associated with source agent
i with components: {g;;;;j =1,...,n;0l =1,2;¢q;;k = 1,...,0}. This vector, thus, contains
the financial allocations of source agent i. For each source agent ¢ the following conservation

of flow equation must hold:

o

n 2
YD G+ D <S8 Vi, (1)
j=11=1 k=1

that is, the amount of funds allocated either electronically and/or physically by a source
agent cannot exceed his financial holdings. In Figure 2, we represent the “slack” associated
with constraint (1) for source agent i as the flow on the link joining node ¢ with the non-

investment node n + 1.

We consider the situation in which the transaction cost between a source agent and
intermediary pair, as well as, the transaction cost between a source agent and a demand
market depend upon the volume of financial transactions between the particular pair (via

the particular mode), that is:

Ciji = Cijl(Qijl)a Vi, 7,1, (2a)



and
Cik, = Cik(Qik)a Vi, k. (2(9)

Hence, we explicitly allow for the transaction cost to differ depending upon whether the

transaction was conducted physically or electronically.

We now construct the optimization problem facing a source agent. We assume that
each such agent seeks to maximize his net return while, simultaneously, minimizing his risk,
where source agent 4’s utility function is denoted by U’. As discussed in Nagurney and
Ke (2001), but now in the more general setting of electronic transactions, we assume that
each source agent’s utility can be defined as a function of the expected future portfolio
value where the expected value of the future portfolio is described by two characteristics:
the expected mean value and the uncertainty surrounding the expected mean. Here, the
expected mean portfolio value is assumed to be equal to the market value of the current
portfolio. Each source agent’s uncertainty, or assessment of risk, is based on a variance-
covariance matrix representing the source agent’s assessment of the standard deviation of
the prices of the financial instruments. Moreover, we assume that the variance-covariance
matrix V7 associated with source agent 4, which is of dimension (2n + o) x (2n + o), is
symmetric and positive definite. In addition, we assume that the transaction cost functions

given by (2a) and (2b) are continuously differentiable and convex.

Note that, in our framework, we allow for the variance-covariance matrix for any source
agent to represent both the risk associated with physical as well as with electronic transac-
tions. Indeed, certain source agents may have a higher perception of risk associated with

electronic transactions vis a vis physical transactions due to security concerns, for example.

Let pj;;, denote the price obtained by source agent ¢ from intermediary j by transacting
via mode [ and let pj;., in turn, denote the price associated with source agent ¢ transacting

electronically with demand market k. Later, we discuss how these prices are arrived at.

We can express the optimization problem facing source agent i as:

n 2 o n 2 o
Maximize U*(¢;) = Z Z Prijidijt + Z Prindik — Z Z ciji(qii) — Z cir(qin) — @ Vg, (3)
k=1

subject to ¢;;i > 0, Vj,l; ¢ > 0, Vk, and the constraint (1) for this agent ¢. Thus, the



expression consisting of the first four terms to the right-hand side of the equal sign in (3)
represents the net revenue (which is to be maximized), whereas the last term in (3) represents
the risk (which is to be minimized). Observe that such an objective function is in concert

with those used in classical portfolio optimization (see Markowitz (1952, 1959)).

Under the above stated assumptions on the transaction cost functions, and assuming that
the variance-covariance matrices are positive definite, the optimality conditions for all source

agents simultaneously can be expressed as the following inequality (see also Nagurney and
Ke (2001)): determine (Q™, Q%) € K, such that

———— — pual X % — ¢;
8(]2']'[ plz]l [q gl q jl:|

i=1j=11=1

[21/" g+

Zjl

m o ; . Oca(qh) . .
R FVM'“WJ‘M <lgiw —qi] 20, VQLQ)eK  (4)

where jil denotes the z;-th row of V*, z;; is defined as the indicator: z; = (I —1)n+ j, with
Zon+k defined as the zg,44-th row, and the feasible set K = {(Q*, Q*)|qiji > 0,V4, J,; qix >
0,Vi, k, and (1) holds}.

The Behavior of the Intermediaries and their Optimality Conditions

We now describe the behavior of the financial intermediaries. For a graphical depiction
of the transactions associated with intermediary j, see Figure 3. We assume that an in-
termediary j is faced with what we term a handling/conversion cost, which may include,
for example, the cost of converting the incoming financial flows into the financial products
at the demand markets. We denote this cost by c¢;. In general, we would have that c; is
a function of Y1, 37 | i1, that is, the conversion cost of an intermediary is a function of
how much he has obtained from the various source agents and the amounts held by other

intermediaries. We may write:

c; =c;(QY), Vj. (5)

The intermediaries also have associated transaction costs in regards to transacting with
the source agents via the two modal alternatives. We denote the transaction cost associated

with intermediary j transacting with source agent 7 using mode [ by ¢;;; and we assume that
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Figure 3: The Network Structure of Intermediary j’s Transactions

the function can depend on the the financial flow ¢;j;, that is,
éijl = éijl(Qijl)u Vi, g, 1. (6)

Let gji; denote the quantity of the financial product transacted via mode [ by demand
market k from intermediary j, where recall that [ = 1 denotes a physical transaction, whereas
[ = 2 denotes an electronic transaction. Such a financial flow is associated with link [ joining
node j in the middle tier of nodes with node k in the bottom tier. We group these financial
quantities into the column vector Q> € Ri’w. Hence, the intermediaries convert the incoming
financial flows Q' into the outgoing financial products Q3. We assume that an intermediary j
incurs a transaction cost c;ji; associated with transacting with consumers at demand market

k via mode [, where
ci = Cir(qin), V7, Kk, L. (7)

Let p5;1, denote the price associated with intermediary j, demand market &, and mode .
How these prices are determined is discussed subsequently, after the complete model devel-

opment. Also, assume that intermediaries may have risk associated with transacting with

10



the various source agents and demand markets with the variance-covariance matrix associ-
ated with intermediary j denoted by V7. This matrix is of dimension (2m + 20) x (2m + 20)
and reflects the risk associated with transacting with the various source agents and demand
markets electronically as well as physically. We assume that each such variance-covariance
matrix is symmetric and positive definite. Note that in Nagurney and Ke (2001) we as-
sumed that there was risk only associated with transacting with the demand markets. We
assume that the underlying transaction cost functions (6) and (7) as well as the handling
cost functions (5) are convex and continuously differentiable. Let g;, without loss of gener-
ality, denote the (2m + 20)-dimensional column vector with components: g;;;; i = 1,...,m;
=12, qu;k=1,...,0;l =1,2.

Let U’ denote the utility function associated with intermediary j and assume that each
intermediary seeks to maximize his net return, while his minimizing risk. The optimization

problem of intermediary j can now be expressed and is given by:

o 2 m 2 o 2 m 2
Maximize U’ (qj) = Z Z /)Sjkz%kl —Cj (Ql) - Z éijl(Qijl) - Z Z Cjkl(ijl) - Z Z Pfijz%ﬂ
k=11=1 i=11=1 k=11=1 i=1 I=1

subject to:
o 2 2
S @i <D0 dis 9)
k=11=1 i=11=1
and the nonnegativity assumption on all the ¢;;s and g;us.

The expression consisting of the first five terms to the right-hand side of the equal sign in
(8) represents the net return (to be maximized), whereas the last term in (8) represents the
risk (to be minimized). The constraint (9) reflects that the financial intermediary cannot
produce more financial products than it has as financial holdings obtained from the various

source agents.

Here we assume that the financial intermediaries can compete, with the governing opti-
mality /equilibrium concept underlying noncooperative behavior being that of Nash (1950,
1951), which states that each decision-maker or agent will determine his optimal strategies,
given the optimal ones of his competitors. The optimality conditions for all financial inter-

mediaries simultaneously, under the above stated assumptions, can be succinctly expressed

11



as (see also Bertsekas and Tsitsiklis (1989), Bazaraa, Sherali, and Shetty (1993), Gabay and
Moulin (1980), Dafermos and Nagurney (1987), and Nagurney and Ke (2001)): determine
(Q™, Q% ,~*) € REm™H2notn "guch that

m n 2 ) . Oc 1% i 362 q:‘ . .
Z > [2‘/21 g5t M + Pt 7]1(” ) — %’] X {Qijl - Qijl}

- ° 1 * ac'kl(q#kl) * * *
+ Z Z [QVZJM g+ 7]8%;; = Pl T V| X [ijl - ijl]

n m o 2
+ Z [qul*jl - Zq;kl] X [7] - ’Y;} > Oa V(Ql> Q377) € Rimn+2no+n’ (10)

where +; is the Lagrange multiplier associatd with constraint (9) (see Bazaraa, Sherali, and
Shetty (1993)), and ~ is the n-dimensional column vector of Lagrange multiplers of all the
intermediaries. For an analogous derivation (but without the electronic transactions), see
Nagurney and Ke (2001).

The Consumers at the Demand Markets and the Equilibrium Conditions

In terms of the financial flows between the source agents and the demand markets and
those of the intermediaries and the demand markets, we know that, ultimately, the flows
accepted by the consumers at the demand markets must coincide with those “shipped out”
by the former decision-makers. The consumers at the demand markets take into account
in making their consumption decisions not only the price charged but also their transaction
costs associated with obtaining the financial products. Note that we allow for the transaction
costs to differ depending upon whether the financial product has been obtained in a physical
or in an electronic manner and also whether it has been obtained from a source agent or a

financial intermediary. See Figure 4 for the transactions associated with demand market k,

Let ¢ji; denote the transaction cost associated with obtaining the financial product at
demand market k from intermediary j via mode [. We assume that the transaction cost is

continuous and is of the general form:

G = Gu(Q%Q%), Vi, k1, (11)

12
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that is, the cost of transacting, as perceived by consumers at a given demand market, can
depend upon the volume of financial flows transacted either physically and/or electronically
from intermediaries as well as from source agents. The generality of this cost function

structure enables the modeling of competition on the demand side.

Furthermore, let ¢;; denote the transaction cost associated with obtaining the financial
product at demand market k from source agent i, where we assume that this transaction

cost function is of the general form:
éik = éik(Q27 Q3)7 VZ7 k. (12)

Hence, the transaction cost associated with transacting directly with the source agents is of a
form of the same level of generality as the transaction costs associated with transacting with
the financial intermediaries (from the perspective of the consumers). Of course, depending
upon the particular application, these functions may be simpler than the general form given

above.

Let p3, denote the price of the financial product at demand market k and group the

demand market prices into the column vector p; € RS. Further, let dj denote the demand

13



for the product at demand market £ and assume continuous demand functions of the general

form:
dr = di(ps3), Vk. (13)

The equilibrium conditions for demand market £, thus, take the form: for all intermedi-

aries: j; 7 =1,...,n and all modes [; [ =1, 2:

. . 2% A3y ) =P AL GGy >0
P2jkl + C]kl(Q aQ ) { > p;ka if q;kl =0 (14)

and for all source agents i; 1 = 1, ..., m:

R = p; if ¢5 >0
*i + ¢ 2*’ 3% pilm 1 ik 15
Prik H(Q7.Q7) { > pye b g =0. (15)

In addition, we must have that

2

NN G+ Y g i ph >0

dk(ﬂg) 7 1221 Z;l (16)
<SS g+ Y g, i py =0
j=1l=1 =1

Conditions (14) state that the consumers at demand market k& will purchase the financial
product from intermediary j, transacted via mode [, if the price charged by the intermediary
plus the transaction cost (from the perspective of the consumers) does not exceed the price
that the consumers are willing to pay for the product. Conditions (15) state the analogue,
but for the case of electronic transactions with the source agents. Condition (16), on the
other hand, states that, if the price that the consumers are willing to pay for a financial
product is positive, then the quantity of the product at the demand market is precisely

equal to the demand.

In equilibrium, conditions (14), (15), and (16) will have to hold for all demand markets
and these, in turn, can be expressed also as an inequality akin to (4) and (10) and given by:
determine (Q**, Q3", p3) € R2otmotn guch that

n 2
200 [p2]kl +Eu(Q, Q%) — ng} X [ijl - q;kz}

j=1k=11=1

o

14



o

+> [plzk +en(Q7, Q%) — ng] X qix — q33]

i=1 k=1
o 2 n m
+> D> Qg T > oah — di(py)| X [psk — P =0, V(Q* Q% ps) € RTOTT™ (17)
k=1 |I1=1j=1 i1

For further background on such a result, see Nagurney and Ke (2001).

The Equilibrium Conditions of the Financial Network with Electronic Transac-

tions

In equilibrium, the financial flows that the source agents transact with the intermediaries
must be equal to those that the intermediaries accept from the source agents. In addition,
the amounts that are obtained by the consumers at the demand markets must be equal to
the volume that both the source agents and the intermediaries transact with the demand
markets. Hence, the equilibrium financial flow and price pattern must satisfy the sum of the
optimality conditions (4), (10), and (17), in order to formalize the agreements between tiers

of the financial network.

We now state this formally:

Definition 1: Financial Network Equilibrium with Electronic Transactions

The equilibrium state of the financial network with electronic transactions is one where the
financial flows between tiers coincide and the financial flows and prices satisfy the sum of
conditions (4), (10), and (17).

We now establish the following:

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the financial network with electronic transactions are
equivalent to the solution of the variational inequality given by:
determine (Q™, Q**, Q> ,v*, p3)EK, satisfying:

m n 2 ) ) aci'l(qfk'l) 80(@1*) 852"1(61*-1)
VI g+ 2V g+ — + _ﬂ x [gi — a2
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o I * aclk(q: ) ~ * * * *
+ [21/%% g e+ & (Q7, Q) — i | X (4 — ]

i=1 k=1 0qi
- > 2 1 * ac'kl(q#kl) ~ * * * * *
NS oV, g+ I Q2 Q%) ) — | % [ — ]
j=1k=11=1 aqjkl

o

n m 2 2
+ [ Zq;jl - Zq;kz] X [ %}
=1 Lisii=1 k=11=1

o

+2
k=1

where K = {K x K'}, where K* = {(Q3,7, p3)|(Q*, v, p3) € R¥otnteo},

2 n
Z Zq;kl + Zqzk dk p3 ] X [p3k — p;‘;k] Z 07 V(Q17 Q27 Q3777 p3) € ]Ca (18)

I=1j=1

Proof: We first establish that the equilibrium conditions imply variational inequality (18).
Indeed, the summation of (4), (10), and (17) yields, after algebraic simplification, the vari-
ational inequality (18).

We now establish the converse, that is, that a solution to variational inequality (18)

satisfies the sum of conditions (4), (10), and (17), and is, hence, an equilibrium.

To inequality (18), add the term: —pJ;;; + pj;;; to the term in the first set of brackets,
preceding the multiplication sign. Similarly, add the term: —p7,, + p7;. to the term preceding
the second multiplication sign, and, finally, add the term: —p3;,+ 51, to the term preceding
the third multiplication sign. Such “terms” do not change the inequality since they are

identically equal to zero, with the resulting inequality of the form:

z : z : ‘rz * ‘7 * ijl ql l C]( ) ijl ql l * * * *
2 [2 SRR aQile - Dqiju " aQile ~ 5T P Pt X [q"ﬂ B qiﬂ}

UL i * aczk(q:) ~ * * * * * *
+ Z [QV,zsz g t+ Tkk + (@7, Q%) = pi — Pl + Pl | X ik — 4it]

& j * 80 kl(q*kl) - * * * * * * *
Z FV!M gt J@qikj + Cjkl(Q2 ,Q° ) + Vi~ P3k — Pojr t p2jkl‘| X [%‘kl - qjkl]
J



o
+>
k=1 [I=1 j=1

Z Z q]kl + Zqzk dk p3 :| X [p?’k - p;k] 2 Oa V(Q1> Q27 Q3>'7>/03) € IC> (19)

which, in turn, can be rewritten as:
m n 2 ) 80- ( * )
7 * ijl ngl * *
355 v vt ) fa -
G 7 * aclk(q;k) * *
+> lQVZQHk g + o0 B2 — phie | X Lain — 4]
i 1 qik

m n 2 ) . e 1x i} 5@ q;" . .
+200 [QVZZ 4t 43(52,1 ) + P+ Ountai) _ %’] X [qiﬂ - qm}
; i

i=1j=11=1 a%’jl
n o 2 ) 80- ( * )
" LAY %
+>.> [2‘/2“ g5+ 87) Pajrt T %] { qjkt — qjkl}
j=1k=11=1 a5kl

+ zn: zo: > [F’zjkl + &u(Q*, Q%) — ng} X [ijz - Q;kl}

<
Il
,_.
=
Il
—
o~

22 [ka +en(Q,Q7) - ng] X ik — ¢k

=1 k=1

o)

=1

2 n m
Z Z q]kl + Zqzk dk(pg)] X [p3k - p;k] Z 07 V(le Q27 Q3777p3) € K. (20)

But inequality (20) is equivalent to the price and financial flow pattern satisfying the sum
of conditions (4), (10), and (17). The proof is complete. O

For easy reference in the subsequent sections, variational inequality problem (18) can be
rewritten in standard variational inequality form (cf. Nagurney (1999)) as follows:
(FIXHT, X —X*) >0, VX ek, (21)

where X = (Qla Qza Q37 e /03)7 and F(X) = (F;'jla F’ika F’jkla Fja Fk)i:l,...,m;j:l,...,n;l:172;k=1,...,oa
and the specific components of F' given by the functional terms preceding the multiplica-
tion signs in (18), respectively. The term (-, -) denotes the inner product in N-dimensional

Euclidean space.
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We now discuss how to recover the prices pi;;;, for all 4, j, [, and p5;y,, for all j, k, from the
solution of variational inequality (18). (In Section 5 we describe an algorithm for computing
the solution.) Note from (10), that if g3, > 0, for some j, k, and I, then p5;, is precisely
equal to 2V} g+ Oeirt(G) +7; or, equivalently, to (cf. (17)) p§, — & (Q*, Q%). The prices

2kl 8‘1jkl

Priji, in turn (cf. also (4)), can be obtained by finding a ¢jj; > 0, and then setting pj,;; =

dciji(a;y) c;(QYY)  0&iulasy,)
.k J ijl J _ J igl
2‘/211 4 + 0qij51 0qij51 Oqij1 |’ for

all such ¢, j, [. The prices p7,., on the other hand (cf. (4)), can be obtained by finding a ¢;, > 0
and setting pj,;, = {2‘/;,"2”% g+ %(f"')}, or, equivalently (see (17)), to [p:’;k — e (Q7, Q?’*)},

for all such i, k.

}, or, equivalently (see (10)), to {vj —2VI .q; —

Zil

We now construct the financial network in equilibrium (cf. Figure 1), using, as building
blocks, the previously drawn networks in Figures 2 through 4 corresponding, respectively,
to the transactions of the source agents, the intermediaries, and the demand markets. First,
however, we need to establish the result that, in equilibrium, the sum of the financial flows
to each intermediary is equal to the sum of the financial products out. This means that each
intermediary, assuming profit-maximization, only obtains from the source agents the amount
of financial flows that is actually consumed by the consumers. In order to establish this result,
we utilize variational inequality (18). Clearly, we know that, if 7 > 0, then the “market
clears” for that intermediary, that is, 37, >0, ¢ = Yp—y Simy €y~ Let us now consider
the case where 7} = 0 for some intermediary j. From the first term in inequality (18), since
the transaction cost functions and handling cost functions have been assumed to be convex,
and assuming further, which is not unreasonable, that either the marginal transaction costs
or the marginal holding cost for each source agent /intermediary /mode combination is *strictly

acz-;ij;ﬂ) a%f; )+8CZ;Eijl) -0,
which implies that ¢;;; = 0, and this holds for all ¢, j, {. It follows then from the third term in

positive at equilibrium, then we know that 2‘/2-1 qF +2V2[ “q;+

(18), that 9_, 7, ¢ = 0, and, hence, the market clears also in this case since the flow
into an intermediary is equal to the flow out and equal to zero. We have thus, established

the following:

Corollary 1

The market for the financial flows clears for each intermediary in the financial network with

electronic transactions at equilibrium.
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In Figure 1, we depict the structure of the financial network in equilibrium, consisting of
all the source agents, all the intermediaries, and all the demand markets. Hence, we replicate
Figure 2 for all source agents, Figure 3, for all intermediaries, and Figure 4 for all demand
markets. These resulting networks represent the possible transactions of all the economic
decision-makers. In addition, since there must be agreement between/among the transactors
at equilibrium, the analogous links (and equilibrium flows on them) must coincide, yielding

the network structure given in Figure 1.

In this Section, we have proposed an equilibrium framework for the formulation of finan-
cial problems with electronic transactions since we believe that the concept of equilibrium
provides a valuable benchmark against which existing financial flows between tiers and prices
at different tiers of the financial network can be compared. In Section 4, we propose a dy-
namic adjustment process, which is then formulated as a projected dynamical system, whose
set of stationary points coincides with the set of solutions to the variational inequality prob-
lem (18). The dynamical system provides a means of addressing the disequilibrium dynamics

associated with the financial network with multiple tiers.

Remark

It is worth comparing the financial network in Figure 1 with the supply chain network
with electronic commerce constructed in Nagurney and Dong (2002) (see also Nagurney,
Loo, Dong, and Zhang (2002)). In particular, we note that, in the case of the supply
chain network, the shipments between tiers are that of a commodity. Moreover, there is no
node to correspond to a non-investment node in the case of supply chains. Furthermore,
in the supply chain context, the manufacturers, which are located at the top tier of the
network seek to maximize profits, with risk not entering into their utility functions. In
addition, in that supply chain model, only one commodity is considered, whereas in the
financial model, distinct products associated with the distinct demand markets are treated.
Also, in the supply chain context, the second tiered nodes correspond to retailers, which, in
contrast to the financial intermediaries, do not “convert” incoming shipments into distinct
products. Nevertheless, the supply chain framework with electronic commerce as discussed
in the above citations, does capture both B2B (business to business) and B2C (business to

consumer) transactions. In the financial setting, in contrast, the source agents at the top tier
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can be households and do not necessarily need to be businesses. Furthermore, the financial
network in Figure 1 can be interpreted as a supply chain-type of network with distinct tiers
of decision-makers and with electronic transactions in the former corresponding to electronic

commerce in the latter.
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3. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (18). In particular, we derive existence and uniqueness results. We also investigate

properties of the function F' (cf. (21)) that enters the variational inequality of interest here.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern. Let

Ky ={(Q" Q% Q" 7,p)0 Q" < by; 0<Q° < b0 Q% <by; 0<y<bys 0= p3 < bsh

(22)
where b = (b1, by, b3,b4,05) > 0 and Q' < by;Q? < by; Q% < bs;y < by; p3 < bs means that
Giji < b1 Gin < ba; @i < bs; 7y < bg; and ps, < by for all 4, 5,1, k. Then K} is a bounded

closed convex subset of RZmntmot2notnto Thyg the following variational inequality
(F(XYT, X — X% >0, VX°eKk,, (23)

admits at least one solution X°® € K, from the standard theory of variational inequalities,
since /Cp is compact and F is continuous. Following Kinderlehrer and Stampacchia (1980)

(see also Theorem 1.5 in Nagurney (1999)), we then have:

Theorem 2

Variational inequality (18) admits a solution if and only if there exists a b > 0, such that

variational inequality (23) admits a solution in IC, with

le < b17 Q2b < b27 ng < b37 ”Yb < b47 pg < b5' (24)

Theorem 3: Existence

Suppose that there exist positive constants M, N, R with R > 0, such that:

dciji(qiz) i (9cj(Ql) X 0¢ij1(qij1)

> M, VQ' with ¢y > N, Vi, j,1, (25
9qiji 9qiji Oqiji @ i a1 (25)

2‘/223'1 -qi—i-QVZ]“ gy +
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ocix, (%k)

2Vi2 4 + + éik(Q27 Q?)) 2 M> \V/Qz with qik 2 N> \V/'l, ka
ek Oqik
3, g+ 28N |02 Q%) 2 M, W with g > N, Wk,
qjkl
dp(p3) < N, Vps with psp > R, VEk. (26)

Then variational inequality (18); equivalently, variational inequality (21), admits at least

one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in

Nagurney and Zhao (1993) (see also the existence proof in Nagurney and Ke (2001)). O

Assumptions (25) and (26) are reasonable from an economics perspective, since when
the financial flow between a source agent and demand market pair or a source agent and
intermediary is large, we can expect the corresponding sum of the associated marginal costs
of handling and transaction from either the source agent’s or the intermediary’s perspectives
as well as the transaction cost associated with the consumers, to exceed a positive lower
bound. Moreover, in the case where the demand price of the financial product as perceived
by consumers at a demand market is high, we can expect that the demand for the financial

product at the demand market to not exceed a positive bound.

We now establish additional qualitative properties both of the function F' that enters the
variational inequality problem (cf. (21) and (18)), as well as uniqueness of the equilibrium
pattern. Monotonicity and Lipschitz continuity of F' will be utilized in Section 4 to establish
qualitative properties of the projected dynamical system, whose set of stationary points
coincides with the set of solutions of variational inequality (18). Since the proofs of Theorems
4 and 5 below are similar to the analogous proofs in Nagurney and Ke (2001) they are omitted

here.

Theorem 4: Monotonicity

Suppose that the variance-covariance matrices Vi; i =1,....m; and VI; j = 1,...,n, are

positive definite and that the c;j, ¢;j, Ciji, Cik, Cik, and cjy functions are convex; the ¢ and
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the ¢, functions are monotone increasing, and the dj functions are monotone decreasing
functions, for all i,j,k,l. Then the vector function F that enters the variational inequality

(21) is monotone, that is,

(F(X)—FX")', X' = X"y >0, VX, X"eK. (27)

Theorem 5: Strict Monotonicity

Assume all the conditions of Theorem /4. In addition, suppose that one of the families of
convex functions ciji;t = 1,...,m; 73 =1,...,n; 1l =1,2; ¢;; 7 =1,...,n; ¢j; 1 =1,...,m;
j=1...n; 1l = 1,2, and cp; ©+ = 1,....m; k = 1,...,0, and cji; 7 = 1,...,n;
kE=1,...,0; and |l = 1,2, is a family of strictly convexr functions. Suppose also that C;;
t=1,....m; k=1,...,0; ¢j;j = 1,....n; k =1,..,0; 1 = 1,2, and -di; k = 1,...,0,
are strictly monotone. Then, the vector function F that enters the variational inequality
(21) is strictly monotone, with respect to (QY, Q% Q3, p3), that is, for any two X', X" with

(Q1,7 Q2/7 Q3,7 pg) # <Q1II7 Q2”7 Q3//7 p3”>

(F(X") - F(X")T, X' — X"y > 0. (28)

Theorem 6: Uniqueness

Assuming the conditions of Theorem 5, there must be a unique financial flow pattern (Q', Q*, @),
and a unique demand price price vector pi satisfying the equilibrium conditions of the finan-
cial network with electronic transactions. In other words, if the variational inequality (21)

admits a solution, then that is the only solution in (Q, Q% Q3 ps).

Proof: Under the strict monotonicity result of Theorem 5, uniqueness follows from the

standard variational inequality theory (cf. Kinderlehrer and Stampacchia (1980)) O
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Theorem 7: Lipschitz Continuity

The function that enters the variational inequality problem (21) is Lipschitz continuous, that
18,
|F(X") — F(X")| < L|X = X"||, VX', X" €K, where L > 0, (29)

under the following conditions:
(1). ciji, ¢j, Ciji, Cik, Cjl have bounded second-order derivatives, for all i,7,1,k;

(i1). Gk, Cjri, and dy, have bounded first-order derivatives for all i, 7,1, k.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (21). O

In the next Section, we utilize the Lipschitz continuity property in order to guarantee that
the dynamic trajectories associated with the proposed continuous time adjustment process
are well-defined. Monotonicity, on the other hand, is utilized to establish stability results

for the financial network system.
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4. The Dynamics

In this Section, we propose a dynamic adjustment process, formulated as a projected
dynamical system. We then establish that the set of stationary points of the projected dy-
namical system coincides with the set of solutions of variational inequality (21), equivalently,

variational inequality (18).

In particular, we now turn to describing the dynamics by which the source agents adjust
their financial allocations over time, the consumers at the demand markets adjust their
consumption amounts of the financial products based on the prices of the products at the
demand markets, and the financial intermediaries operate between the two, except in the
case of electronic transactions when the consumers at the demand markets can deal with the

source agents directly. We also describe the dynamics by which the prices adjust over time.

We first describe the dynamics of the financial flows and then those of the prices. We

begin with establishing some precursors to the derivation of the financial flow dynamics.

Precursors to the Derivation of the Dynamics of the Financial Flows

Recall that the source agent i’s utility function is given by (3) and represents his net
revenue to be maximized and the risk to be minimized. Clearly, in the case of unconstrained
utility maximization, the gradient of source agent ¢’s utility function with respect to the
vector of variables ¢;, and denoted by V,,U*, represents agent ¢’s idealized direction, where
ou? out U’ ou’
0qi11” Oina’ 8([2‘1’”.7@)7
with the jl-th component of V,,U* given by:

vfh‘ UZ = (

_ Ocij(gizn)

[plijl — 2‘/;2][ - q; aql ] s fOI' ] = ]_, N ,7’L7l = ]_, 2, (30)
]

and the 2n + k-th component of V,,U" given by:

i _ ocix, (%k)

[Plik — 2‘/22n+k - aqlk ] , for k = 1, .o, 0. (31)

On the other hand, an intermediary j also seeks to maximize his utility U’ as represented

by the function (8), which denotes his net revenue to be maximized and his risk to be
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minimized. Ignoring for the moment (as we did in the case of a typical source agent) the
underlying constraints, we note that intermediary j’s idealized direction can be represented
by the gradient of his utility function U7, denoted by V, U7, where

ouJ ou’r  ouI ou’
56_11]'1 Y aqm]z7 anll Y aQjo2

),

Y, U7 = (

with component # given by:

: 9¢;(Q)  0¢i(qijn) :
VI g — 2 — R i fori=1,...,m;l=1,2 32
[ Zil q; 8(]2]1 8%1 P1iji| 5 Oor 17 ) , 5 ) <y ( )
and component 2m + kl given by:
, Ocii(a:
[pQJkI_QWkl.qj_W‘|> for k=1,...,0;l=1,2. (33)
j

However, since source agent ¢ must agree with intermediary j as to the shipment g;;
and must respond to the price signal v; associated with intermediary j, the addition of
expression (30) and (32), with the response to the price signal, yields a “combined force”

(see also Nagurney and Dong (2002)), which, after algebraic simplification, gives us:

_ dcij(gij) _ 9c;(Q") _ 9¢iju(giji)

v —2VE qi—2VI g
! U e iz 0qiji iz

(34)

Expression (34) reflects that the financial flow g;; will be responsive to the difference

between the price signal at intermediary j and the marginal costs and marginal risks.

In addition, from the consumers’ perspective, we have that an idealized direction is one
where the flow of the financial product between an intermediary/demand market pair (7, k)

transacted via mode [ is given by:

par — Cin(Q%, Q%) — paju, for l=1,2, (35)

whereas that between a source agent ¢ and demand market &£ would be given by:
psk — Cie(Q%, Q%) — prik, (36)

where we have ignored, for the time being, the constraints.
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Furthermore, since the consumers at demand market k£ must agree with the intermediary
J as to the financial flow ¢;x;, adding (33) plus the term (35), and noting that they, in turn,
must also be responsive to the price signals at the intermediaries, yields a “combined force”
of

ocii(q; .
— W — &r(Q% Q%) — ;. (37)
J

Expression (37) states that the flow of the financial product between an intermediary /demand

psk —2V2, - g

market pair transacted via mode [ will be responsive to the difference between the price for
the product at the demand market subtracted by the various “costs” and marginal risk and

the price at the particular intermediary.

Agreement between the source agent ¢ and demand market £, in turn, is given by the
addition of the terms (31) and (36), yielding the combined force:

i 80%(%&)
poi = 2V i

— (@, Q7). (38)
The Dynamics of the Financial Flows between the Source Agents and the Inter-

mediaries and Demand Markets

We are now ready to express the dynamics of the financial flows between the source
agents and the intermediaries and demand markets. In particular, let the feasible set
K, = {q¢lqi > 0,4, 4,1,; ¢ > 0,Vk, and (1) holds} (see also following (4)). Then K is
the Cartesian product given by K = II7", K;. Define Fj; as minus the term in (34) and Fj
as minus the term in (38) with F; = (Fi1q, ..., Fin2, Fi1, - - -, Fio).

Then the best realizable direction for the vector of financial flows ¢; can be mathematically

expressed as:

where II,. (X, v) is defined as (see also Nagurney and Zhang (1996)):
P(X +dv)—-X
ML(X, ) = lim 22X 0 = X (40)
6—0 5
and P, is the norm projection defined by
P.(X) = argmin .., || X' — X|. (41)
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Indeed, expression (39) states that the financial flows associated with the source agents
will evolve according to (34) and (38), while, at the same time guaranteeing that the financial

flows do not become negative and that the constraint (1) is not violated for the source agent.

The Dynamics of the Financial Products between the Financial Intermediaries
and the Demand Markets

The dynamics of the financial products between the financial intermediaries to the demand

markets are now described.

The rate of change of the financial product g;; transacted via mode [ is assumed to evolve
according to (37), where, of course, one also must guarantee that these financial flows do

not become negative. Hence, one may write:

; dc; ~ .
; psk —2V3, - q; — % — Gr(Q% Q%) — v, if g >0 (12)
ikl — i dc. . R .
’ max{0, pax — 2V, 45— # — (@, Q%) — v}, i g =0,

where ¢;; denotes the rate of change of the financial product flow g;z;.

Thus, according to (42), if the price the consumers are willing to pay for the finan-
cial product at a demand market exceeds the price the financial intermediaries charge plus
the marginal transaction cost (from the perspective of the intermediaries) and the unit
transaction cost (at an instant in time) plus the marginal risk associated with the inter-
mediary/market /mode combination, then the volume of the financial product between that
financial intermediary and demand market pair will increase; if the price charged by the
financial intermediary plus the marginal transaction cost and the unit transaction cost plus
the marginal risk, as described above, exceeds the price the consumers are willing to pay,

then the volume of flow of the financial product between that pair will decrease.
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The Demand Market Price Dynamics

We now turn to describing the dynamics underlying the prices of the financial products
associated with the demand markets. Assume that the rate of change of the price ps, denoted
by psk, is equal to the difference between the demand at the demand market k, as a function
of the demand market prices, and the amount available from the financial intermediaries and
the source agents at the demand market. Hence, if the demand for the financial product at
the demand market (at an instant in time) exceeds the amount available, the price at that
demand market will increase; if the amount available exceeds the demand at the price, then
the price at the demand market will decrease. Furthermore, it is guaranteed that the prices
do not become negative. Consequently, the dynamics of the price ps; associated with the

financial product at demand market £ can be expressed as:

fok = { di(ps) — X0—1 Sy Gjkt — i Qi if  pgr >0

n m . 43
max{0, di(p3) — j=1 212:1 Gk — 2y ik}, if pae =0, (43)

The Dynamics of the Prices at the Financial Intermediaries

The prices at the financial intermediaries, in turn, must reflect supply and demand con-
ditions as well. In particular, assume that the price associated with financial intermediary

Js 7j, evolves over time according to:

q = { > =1 Zl2=1o%'kl _2 ity lezln?ijla ) %f v >0 (44)
max{0, 3751 322 Gk — 2y =1 Gije}s i =0,

where 7; denotes the rate of change of the price v;. Hence, if the amount of the product

desired to be transacted by the consumers (at an instant in time) exceeds that available

at the financial intermediary, then the price at the financial intermediary will increase; if

the amount available is greater than that desired by the consumers, then the price at the

financial intermediary will decrease.

The Projected Dynamical System

Consider now the dynamic model in which the financial flows from the source agents

evolve according to (39) for all source agents i; i = 1,...,m; the financial flows from the
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intermediaries to the demand markets evolve according to (42) for all intermediaries j; j =

1,...,n, and demand markets k; £k = 1,...,n, and modes [; [ = 1,2, the prices associated
with the intermediaries evolve according to (44) for all intermediaries j; j = 1,...,n, and
the demand market prices evolve according to (43) for all k; k=1,..., 0.

Let X and F(X) be defined as following (21). Then the dynamic model described by
(39), (42), (44), and (43) for all 4, j, k, [ can be rewritten as the projected dynamical system
(PDS) (cf. Nagurney and Zhang (1996)) defined by the following initial value problem:

X =1I(X, ~F(X)), X(0)= X, (45)

where Il is the projection operator of —F(X) onto K at X (cf. (40) and (41)) and
Xo = (Q*°,02°,0%° 4%, 19) is the initial point corresponding to the initial financial flows
between the sources and the intermediaries and the demand markets; the initial financial
flows between the intermediaries and the demand markets; and the initial intermediaries’

prices and the demand prices.

The dynamical system (45) is non-classical in that the right-hand side is discontinuous
in order to guarantee that the constraints, which in the context of the above model are
nonnegativity constraints on the variables, as well as the constraints (1) are not violated.
Such dynamical systems were introduced by Dupuis and Nagurney (1993) and to-date have
been used to model a variety of applications ranging from dynamic traffic network problems
to dynamic oligopoly problems (cf. Nagurney and Zhang (1996)) and dynamic financial

problems (see Nagurney and Siokos (1997) and the references therein).

Stationary/Equilibrium Points

The following theorem states that the projected dynamical system evolves until it reaches a
stationary point, that is, X =0, in which there is no change in the financial flows and prices,
and that the stationary point coincides with the equilibrium point of the financial network

Wk

model according to Definition 1. The notation is utilized here to denote an equilibrium
point, as was also done in Section 2, as well as a stationary point, since these are shown to

be equivalent in Theorem 8 below.
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Theorem 8: The Set of Stationary Points Coincides with the Set of Equilibrium

Points

The set of stationary points of the projected dynamical system (45) coincides with the set
of equilibrium points as defined by Definition 1.

Proof: According to Dupuis and Nagurney (1993), the necessary and sufficient condition
for X* to be a stationary point of the PDS (45), that is, to satisfy:

X =0 = (X", —F(X")), (46)
is that X* € IC solves the variational inequality problem:
(F(X")T, X - X" >0, VXeK, (47)

where, in our problem, F(X), X, and K are as defined following (21). Writing out (47)
explicitly, we have that

.MS
M=

> PVZ;I (g7 42V g5+

=1

0Cijz(qu1) n 8cj(Q1*) . 8@']’1(%;1) _ 7*1 o {Q“l _ q%'}
0qiji 0qiji i1 * il

o~

i=1j=1

UL i % aczk(q: ) ~ * * * *
* Z l2‘é2n+k ¢+ Tkk + e (Q%, Q%) — Py | X [ — ai)

1

2 ; * ac kl(q*kl) A * * * * *

3 lm/;kl Sq; + ]aTj +Eu(@, Q%) + 15 — pgkl X |gju = @l
J

2 n
Z Z ]kl + Zqzk dk p3 :| X [p?’k - p;k] 2 Oa V(Ql> Q2> Q3>'7>/03) € IC> (48)
where K = {K x K'}, where K = {(Q% 7, p3)|(Q%, 7, p3) € RI*F}.

But variational inequality (48) is precisely the variational inequality (18) (and their cor-
responding F'(+)s, Xs, and Ks are one and the same), which, in turn, according to Theorem
1 coincides with (Q'", Q*", Q*",~*, p3) being an equilibrium pattern according to Definition
1. The proof is complete. O
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Hence, Theorem 8 establishes the linkage between the solution to the variational inequal-
ity problem (18) governing the static financial network model with electronic transactions
described in Section 2, and the stationary points of the dynamic financial model described
by the projected dynamical system (45). Indeed, it shows that they are one and the same.
Thus, once a stationary point of the dynamic financial network model has been achieved,
that point satisfies the equilibrium conditions, at which the source agents, the financial inter-
mediaries, and the consumers associated with the demand markets for the financial products

have formalized their agreements and the financial flows between the tiers coincide.

We now state the following theorem.

Theorem 9: Existence and Uniqueness of a Solution to the Initial Value Problem

Assume the conditions of Theorem 7. Then, for any Xy € KC, there exists a unique solution
Xo(t) to the initial value problem (45).

Proof: Lipschitz continuity of the function F' is sufficient for the conclusion based on The-

orem 2.5 in Nagurney and Zhang (1996).

Theorem 9 guarantees that, if the Lipschitz property is satisfied, then the disequilibrium
dynamics associated with the proposed projected dynamical system model of the financial
network are well-defined. In other words, given an initial financial flow and price pattern,
there exists a unique trajectory associated with (45). Note that this existence and uniqueness
result is not the same as those given in Theorems 3 and 6, respectively, since the latter results

are for the equilibrium or stationary point, rather than for the dynamic trajectories.

We now provide a stability result. We first state the following:

Definition 2: Stability of the System

The system as defined by (45) is stable if for every Xy and every equilibrium point X*, the

Euclidean distance || X* — Xo(t)|| is a monotone decreasing function of t.

We now state a global stability result in the next Theorem.
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Theorem 10: Stability of the Financial Network

Assume the conditions of Theorem 4. Then the dynamical system (45) underlying the

financial network with intermediation and electronic transactions is stable.

Proof: Under the assumptions of Theorem 4, F'(X) is monotone and, hence, the conclusion

follows directly from Theorem 4.1 of Zhang and Nagurney (1995). O

From the preceding result, one sees that the financial network model developed in this
paper (the dynamic version) is well-defined and, moreover, the financial network system is

stable according to Theorem 10.
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5. The Algorithm

In this Section, we consider the computation of solutions to variational inequality (18);
equivalently, the stationary points of the projected dynamical system (45). The algorithm
that we propose is the Euler method, which is a special case of the general iterative scheme
proposed by Dupuis and Nagurney (1993) for the solution of projected dynamical systems.
The algorithm not only yields a solution to variational inequality problem (18) but also
provides a time discretization of the continuous time adjustment process (45). Conditions
for convergence of this algorithm can be found in Dupuis and Nagurney (1993) and in
Nagurney and Zhang (1996).

The Euler Method
Step 0: Initialization Step

Set (Q,Q%, Q% 7% %) € K. Let 7 = 1, where 7 is the iteration counter, and set the
sequence {a;} so that > 2%, a, = oo, a, > 0, @, — 0, as 7 — o0o. (Such a sequence is

required for convergence of the algorithm.)

Step 1: Computation Step

Compute (Q'7,Q*, Q3 ,~47, p5) € K by solving the variational inequality subproblem:

DI - dein (7Y Qe (O
s Z Iqij1 0qiji

s 8t 1) - qijll X [Qijl - qZ'jl:|

aQijl
o T 7 T— 80%(%’7_1) A T T T T— T
+Z lqik + O‘r(2vzzn+k "4 L+ Tk + Cik(Qz ,Q° ) = Pax) — Gk o @ik — a3y
i=1 k=1 ik
G L Oeu(dnt) _ _
+ Z Z Z lq;kl + aT(2‘/Z]kl + ]aij + Cjkl(Q2T 17 Q?’T 1)
J=1k=11=1 ki
] =) - q;'—k_ll} X [%‘kl - q;kl}
n m 2 o 2
#3 e - XS -7 x -]
j=1 i=1 =1 k=11=1
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+20 1o gt 2o ak ! — k(i) = P | X lpsk — p5) 20, (49)

V(Qh—v Q2Tv Q3T7 7 p3) € ]C

Step 2: Convergence Verification

If gy — g 'l < e lai — ai 'l 1afu — afa' | < € 1] =27 < € Ik — pc ' < e, for all
i=1,---m;3=1,---n;k=1,...,0; l = 1,2, with ¢ > 0, a pre-specified tolerance, then

stop; otherwise, set 7 := 7+ 1, and go to Step 1.

Note that the variational inequality subproblem (49) encountered at each iteration of
the discrete-time algorithm can be solved explicitly and in closed form since it is actually
a quadratic programming problem and the feasible set is a Cartesian product consisting of
the product of K, which has a simple network structure, and the nonnegative orthants, R"°,

R, and RY, corresponding to the variables (Q', Q%), Q%, v, and p3, respectively.

Computation of Financial Flows and Products

In fact, the subproblem in (49) in the (Q', Q?) variables can be solved using exact equi-
libration (cf. Dafermos and Sparrow (1969), Nagurney (1999)), whereas the remainder of
the variables in (49) can be obtained by explicit formulae, which are provided below for

convenience.

In particular, compute, at iteration 7, the gj;s, according to:
T—1
Ocir(rr)
ankl
Vi, k1. (50)

qj, = max{0, Q;'—k_ll - 0‘7(2‘/;«];1 : q;_l +

+ e (Q7 Q7T + %T_l — Pk D}
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Computation of the Prices

At iteration 7, compute the 77s according to:

m 2
77 = max{0,7] " —ar(Q_ > af’ — Z Z%kz )bV (51)
i=11=1 k=11=1

whereas the pj,s are computed explicitly and in closed form according to:

py, = max{0, pI; ' — o, 22

||Mm

MED AR ICI N (52)
i=1

Note that in the discrete-time adjustment process, the financial flows and the prices can

be updated simultaneously at each iteration.

This algorithm, hence, tracks the dynamic trajectory of the financial flows and prices

until the stationary point; equivalently, the equilibrium point is reached.
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6. Numerical Examples

In this Section, we apply the discrete-time algorithm (the Euler method) to several nu-
merical financial examples of increasing complexity. The algorithm was implemented in
FORTRAN and the computer system used was a DEC Alpha system located at the Univer-
sity of Massachusetts at Amherst. For the solution of the induced network subproblems in
(Q', Q%) we utilized the exact equilibration algorithm (see Dafermos and Sparrow (1969),
Nagurney (1999), and Nagurney and Ke (2001)). The other subproblems in the @?, v, and
the p3 variables were solved exactly and in closed form as described in Section 5 (cf. (50),
(51), and (52)).

The convergence criterion used was that the absolute value of the financial flows and
prices between two successive iterations differed by no more than 10~ For the examples,
11111

the sequence {a,} was set to {a-} = {1,35,5,3,3, 3, .-}, Which is of the form required by

the algorithm for convergence.

We initialized the algorithm as follows: we set g;;1 = % for each source agent ¢ and all

intermediaries 7. All the other variables were initialized to zero.
Example 1

The first example consisted of two source agents, two intermediaries, and two demand
markets, as depicted in Figure 5. In this numerical example, no electronic transactions were
allowed. In subsequent examples, we include additional links to correspond to electronic

transactions. Hence, Example 1 serves as a baseline.

The data for the first example were constructed for easy interpretation purposes. The
financial holdings of the two source agents were: S' = 20 and S? = 20. The variance-
covariance matrices V¢ and V7 were equal to the identity matrices for all source agents i and

all intermediaries j.

The transaction cost functions faced by the source agents associated with transacting

with the intermediaries (cf. (2a)) were given by:

cin(Gin) = 5q +35q5, fori=1,27=1,21=1.
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Source Agents

Demand Markets

Figure 5: The Financial Network Structure of Example 1

The handling costs of the intermediaries, in turn (see (5)), were given by:
2
cj(Ql) = 5(2 qijl)z, forj =1,2.
i=1
The transaction costs of the intermediaries associated with transacting with the source

agents were (cf. (6)) given by:

Ciin) = 1.5G + 3qiju,  fori=1,2,j=1,2;1=1.

The demand functions at the demand markets (refer to (13)) were:
dl(pg) = —2p31 - 1.5/)32 + 1000, dg(pg) = _2p32 - 1.5p31 + 1000,

and the transaction costs between the intermediaries and the consumers at the demand

markets (see (11)) were given by:

Cin(Qim) = @im +5, for j=1,2;k=1,2;1=1.
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We assumed for this and the subsequent examples that the transaction costs as perceived
by the intermediaries and associated with transacting with the demand markets were all

zero, that is, cjr(gjm) = 0, for all 7, k, .

The discrete-time algorithm converged and yielded the following equilibrium financial

flow pattern:
Ql* = 11 = Qa1 = Qo1 = Goz = 10.00,

3 P * _ * . * . * .
Q" = qi11 = Qi1 = @311 = o1 = 10.00.

Note that since there were no electronic transactions and, hence, only physical ones, the
above vectors are only associated with the transaction costs on the physical links, as are the

resulting equilibrium financial flows.

The vector v* had components: v = 5 = 245.02, and the computed demand prices at

the demand markets were: p3, = p3, = 280.00.

It is easy to verify that the optimality/equilibrium conditions were satisfied with good
accuracy. Note that in this example, constraint (1) was tight for both source agents, that is,
there was zero flow on the links connecting node 3 with top tier nodes 1 and 2. Thus, it was
optimal for both source agents to invest their entire financial holdings in each instrument

made available by each of the two intermediaries.

Example 2

We then constructed the following variant of Example 1. We kept the data identical to
that in Example 1 except that now we added links from the top tier nodes to the bottom
tier nodes to represent electronic transactions between source agents and the consumers at
the demand markets. The structure of the financial network for Example 2 was, hence, as

depicted in Figure 6.

The transaction costs (cf. (2b) and (12)) associated with the new links were, respectively:
1, .
Czk(gzk) = iqzk + Qik - \V/'l, ka
(@ Q%) =g +1. Vi k.

39



Source Agents

Intermediaries

Demand Markets

Figure 6: The Financial Network Structure of Example 2
The variance-covariance matrices were now expanded accordingly but still set to the identity
matrices.
The discrete-time algorithm converged and yielded the following new equilibrium pattern:
Q" = G = Q121 = o1 = Gy = 4.80,
Q= 41 = Q12 = G = qzp = 5.20,
Q% = 41 = Gh2 = 421 = Gp = 4.80.

The vector v* had components: 77 = 5 = 260.59, and the demand prices at the demand

markets were: p3; = p3, = 280.00.

It is easy to verify that the optimality/equilibrium conditions, again, were satisfied with

good accuracy.

Note that the introduction of the option of electronic transactions between source agents
and the demand markets (with relatively low associated transaction costs), resulted in more

than half of the financial holdings of each source agents being now transacted electronically
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directly with the consumers at the demand markets. Indeed, whereas in Example 1, each
source agent allocated its full financial holdings evenly between each intermediary, now in
Example 2, each intermediary obtained a total of 9.6 financial flows from the source agents
(which were then evenly distributed between the two products at the demand markets),
whereas a total of 10.4 (5.2 from each source agent) financial flows were obtained at each

demand market via electronic transactions with the source agents.

Also, it is worth noting, that, as predicted by the theory (see Corollary 1), the sum of
the flows to each intermediary (given by 4.8 plus 4.8) was precisely equal to the sum of the
flows out (also given by 4.8 plus 4.8). Finally, note that the demand prices at the demand
markets did not change whereas those associated with the financial intermediaries did, since

now each handled a different volume of financial transactions than it had in Example 1.

Example 3

We then modified Example 2 as follows: The data were identical to that in Example 2
except that now we added links to represent electronic transactions between source agents

and the intermediaries. Hence, the financial network was as depicted in Figure 7.

The transaction costs between the source agents and the financial intermediaries associ-

ated with the electronic transactions were given by:
Cij2(Gij2) = By + Baija, fori=1,2;5=1,2,

and

Cij2(Gij2) = By + Daija, fori=1,2;5=1,2.

We, again, expanded the variance-covariance matrices but set them equal to the identity
matrices. The discrete-time algorithm converged, yielding the following new equilibrium

pattern:
I« .« %  _ k _x ok ok ko ko
Q"= G111 = Q121 = Q11 = Go91 = 3.09; 115 = Qoo = Qo150 = Goop = 3.33,
Q2* = (1 = Gha = Go1 = Gap = 3.57,
QS* = q11 = Gl = G = (g = 6.42.
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Source Agents

Intermediaries

Demand Markets

Figure 7: The Financial Network Structure of Example 3

The vector v* had components: v; = 75 = 255.72, and the demand prices at the demand

markets were: p3, = p3, = 280.00.

Note that in this example the vector Q'* now includes financial volumes transacted elec-
tronically with the financial intermediaries. Interestingly, the availability of electronic trans-
actions between source agents and financial intermediaries (at low transaction costs) now re-
sulted in a portion of the volume of financial flows transacted electronically with the demand
markets to be transacted with the financial intermediaries. Indeed, whereas in Example 2,
the financial flows on the direct links between source agents and demand markets were all
equal to 5.2, now, in Example 3, this volume was reduced to 3.57, with a portion of this dif-
ference going to the electronic transactions between the two top tiers of nodes. In addition,
a portion of the financial volumes between the source agents and intermediaries that were
allocated physically in Example 2 were now reallocated to electronic transactions since this
option was now allowed. The demand prices associated with the financial products at the
demand markets did not change, whereas those associated with the financial intermediaries

did since the financial volumes that the intermediaries handled now increased.
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It is worth noting that in this, as in the preceding examples, the contraint (1) held tightly

for each source agent, that is, all the financial holdings were allocated.

7. Summary and Conclusions

In this paper, we developed a framework for the formulation, qualitative analysis, and
computation of solutions to financial network problems with intermediation in the presence
of electronic transactions. The financial network consists of a multi-tiered network in which

non-investment is also permitted.

We described the behavior of the decision-makers consisting of the source agents, the
financial intermediaries, and the consumers associated with the financial products at the de-
mand markets and established the variational inequality formulation of the governing equi-
librium conditions. We then established qualitative properties of the equilibrium financial

flow and price pattern.

Subsequently, we proposed a dynamic adjustment process, formulated it as a projected
dynamical system, and showed that its set of stationary points coincides with the set of
solutions of the variational inequality problem. We established that the trajectory, under
reasonable conditions, is well-defined and that the financial network system is stable. We
then turned to the computation of solutions and proposed a discrete-time algorithm for
the time discretization of the continuous time adjustment process. Finally, we applied the

algorithm to several numerical financial examples.

This paper demonstrates that financial network problems with different tiers of decision-
makers, notably, with the inclusion of financial intermediaries, and in the presence of elec-

tronic transactions can be formulated and studied in a rigorous fashion.

Future research will include the extension of this framework to the international arena.
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