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1. Introduction

Growing competition and emphasis on efficiency and cost reduction, as well as the satis-
faction of consumer demands, have brought new challenges for businesses in the global mar-
ketplace. At the same time that businesses and, in particular, supply chains have become
increasingly globalized, criticism of globalization has increased, notably, from environmen-
talists on the basis that free trade may result in the growth of global pollution. In particular,
some argue that free trade increases the scale of economic activity and, therefore, of accom-
panying pollution, and also that it may shift the production of the pollution-intensive goods
from countries with strict environmental regulations towards those with lax ones. Others
argue that environmental, health, and safety regulations are a form of protectionism. For ex-
ample, countries may use a laborious and time-consuming regulatory process that is unevenly

applied to international investors as a means of controlling access to domestic markets.

Indeed, the increase in environmental concerns is significantly influencing supply chains.
Legal requirements and changing consumer preferences increasingly make suppliers, man-
ufacturers, and distributors responsible for their products beyond their sales and delivery
locations (cf. Bloemhof-Ruwaard et al. (1995)). For example, recent legislation in the
United States as well as abroad and, in particular, in Europe and in Japan, has refocused
attention on recycling for the management of wastes and, specifically, that of electronic
wastes (see e.g. Appelbaum (2002a) and Nagurney and Toyasaki (2003)). Massachusetts
in 2000 banned cathode-ray tubes (CRTs) from landfills whereas Japan in 2001 enacted a
law that requires retailers and manufacturers to bear some electronic waste collection and
recycling cost of appliances (cf. Appelbaum (2002b, ¢) and Nagurney and Toyasaki (2005)).
In addition, environmental pressure from consumers has, in part, affected the behavior of
certain manufacturers so that they attempt to minimize their emissions, produce more envi-
ronmentally friendly products, and/or establish sound recycling network systems (see, e.g.,
Bloemhof-Ruwaard et al. (1995), Hill (1997), and Ingram (2002)).

Moreover, according to Fabian (2000), companies are being held accountable not only
for their own performance, but also for that of their suppliers, subcontractors, joint venture
partners, distribution outlets, and even, ultimately, for the disposal of their products. Indeed,

poor environmental performance at any stage of the supply chain process may damage a



company’s most important asset — its reputation.

On the other hand, innovations in technology and especially the availability of electronic
commerce via the Internet in which the physical ordering of goods (and supplies) (and, in
some cases, even delivery) is replaced by electronic orders, offers the potential for reducing
risks associated with physical transportation due to potential threats and disruptions in
supply chains as well as the possible reduction of pollution. Indeed, the introduction of
electronic commerce (e-commerce) has unveiled new opportunities for the management of
supply chain networks (cf. Nagurney and Dong (2002) and the references therein) and
has had an immense effect on the manner in which businesses order goods and have them
transported. According to Mullaney et al. (2003) gains from electronic commerce could
reach $450 billion a year by 2005, with consumer e-commerce in the United States alone

expected to come close to the $108 billion predicted, despite a recession, terrorism, and war.

Many researchers have recently dealt with environmental risks in response to growing
environmental concerns (see Batterman (1991), Buck, Hendrix, and Schoorlemmer (1999),
Quinn (1999), and Qio, Prato, and McCamley (2001)). Furthermore, the importance of
global issues in supply chain management and analysis has been emphasized in several pa-
pers (cf. Kogut and Kulatilaka (1994), Cohen and Mallik (1997), Nagurney, Cruz, and
Matsypura (2003)). Moreover, earlier surveys on global supply chain analysis indicate that
the research interest is growing rapidly (see Erenguc, Simpson, and Vakharia (1999), Cohen
and Huchzermeier (1998), and Fabian (2000)). The need to incorporate risk in supply chain
decision-making and analysis is well-documented in the literature (see, e.g., Smeltzer and
Siferd (1998), Agrawal and Seshadri (2000), Fabian (2000), Johnson (2001), and Zsidisin
(2003)). Nevertheless, the topic of supply chain modeling and analysis combined with en-
vironmental decision-making is fairly new and novel and, hence, methodological approaches
that capture the operational as well as the financial aspects of such decision-making are

sorely needed.

Frameworks for risk management in a global supply chain context with a focus on cen-
tralized decision-making and optimization have been proposed by Huchzermeier and Cohen
(1996), Cohen and Mallik (1997) (see also the references therein) and Fabian (2000). In

this paper, in contrast, we build upon the recent work of Nagurney, Cruz, and Matsypura



(2003) in the modeling of global supply chain networks with electronic commerce and that
of Nagurney and Toyasaki (2003) who introduced environmental criteria into a decentralized

supply chain network.

In particular, in this paper, we develop both static and dynamic global supply chain
network models with environmental decision-making handled as a multicriteria decision-
making problem. In addition, we build upon our tradition of a network perspective to
environmental management as described in the book on environmental networks by Dhanda,

Nagurney, and Ramanujam (1999).

The paper is organized as follows. In Section 2, we present the static global supply chain
network model with environmental decision-making, derive the optimality conditions for
each set of network agents or decision-makers, and provide the finite-dimensional variational
ienquality formulation of the governing equilibrium conditions. In Section 3, we propose the
projected dynamical system which describes the dynamic adjustment processes associated
with the various decision-makers and demonstrate that the set of stationary points of this
non-classical dynamical system coincides with the set of solutions of the variational inequality
problem (cf. Nagurney and Zhang (1996) and Nagurney (1999)).

In Section 4, we provide qualitative properties of the equilibrium pattern and also provide,
under suitable assumptions, existence and uniqueness results for the dynamic price and prod-
uct transaction trajectories, from which the total emissions generated can also be obtained.
In Section 5, we outline the computational procedure, which provides a time-discretization
of the dynamic trajectories. We conclude the paper with a summary and suggestions for

future research in Section 6.



2. The Global Supply Chain Network Equilibrium Model with Environmental

Decision-Making

In this Section, we develop the global supply chain network model and focus on the statics
surrounding the equilibrium state. The model assumes that the manufacturers are involved
in the production of a homogeneous product and considers L countries, with I manufacturers
in each country, and J retailers, which are not country-specific but, rather, can be either
physical or virtual, as in the case of electronic commerce. There are K demand markets
for the homogeneous product in each country and H currencies in the global economy. We
denote a typical country by [ or Z, a typical manufacturer by ¢, and a typical retailer by j.
A typical demand market, on the other hand, is denoted by k and a typical currency by
h. We assume, for the sake of generality, that each manufacturer can transact directly in
an electronic manner via the Internet with the consumers at the demand markets and can
also conduct transactions with the retailers either physically or electronically in different
currencies. Similarly, we assume that the demand for the product in a country can be
associated with a particular currency. We let m refer to a mode of transaction with m =
1 denoting a physical transaction and m = 2 denoting an electronic transaction via the
Internet. In addition, for the sake of flexibility, we assume that the consumers associated
with the demand markets can transact with the retailers either physically or electronically.
Of course, if either such a transaction is not feasible then one may simply remove that
possibility (or, analogously, assign a high associated transaction cost as described below)

within the specific application.

The global supply chain supernetwork is now described and depicted graphically in Fig-
ure 1 (for other supernetwork structures which capture decision-making tradeoffs regarding
transportation versus telecommunication networks, see the book by Nagurney and Dong
(2002)). The top tier of nodes consists of the manufacturers in the different countries, with
manufacturer ¢ in country [ being referred to as manufacturer i/ and associated with node 7l.
There are, hence, IL top-tiered nodes in the network. The middle tier of nodes consists of
the retailers (which need not be country-specific) and who act as intermediaries between the
manufacturers and the demand markets, with a typical retailer j associated with node j in
this (second) tier of nodes in the network. The bottom tier of nodes consists of the demand

markets, with a typical demand market k in currency h and country [ being associated with



Country 1 Country [ Country L

Manufacturers Manufacturers Manufacturers

Retailers

Demand Market/Currency/Country Combinations
Figure 1: The Structure of the Global Supply Chain Supernetwork

node khl in the bottom tier of nodes. There are, as depicted in Figure 1, J middle (or
second) tiered nodes corresponding to the retailers and K H L bottom (or third) tiered nodes

in the global supply chain network.

We have identified the nodes in the global supply chain supernetwork and now we turn to
the identification of the links joining the nodes in a given tier with those in the subsequent
tier. We also associate the product transactions with the appropriate links which correspond
to the flows on the links. We assume that each manufacturer ¢ in country [ can transact
with a given retailer in either of the two modes and in any of the H available currencies, as
represented, respectively, by the 2H links joining each top tier node with each middle tier
node j; j = 1,...,J. The flow on the link joining node ¢/ with node j and corresponding

to transacting via mode m is denoted by q;lhm and represents the nonnegative amount of
the product transacted by manufacturer ¢ in country [ in currency h through retailer j via

mode m. We further group all such transactions for all manufacturers in all countries into



the column vector Q' € R2E7H,

A manufacturer may also transact directly with the demand markets via the Internet.
il

Lhi
amount of the product transacted in this manner between the manufacturer and demand

The flow on the link joining node il with node khl is denoted by ¢ . and represents the

market in a given country and currency. We group all such (electronic) transactions for all
the manufacturers in all the countries into the column vector Q* € RIFH#E. For flexibility,

we also group the product transactions associated with manufacturer ¢ in country [ into the

i e Ri‘] H+KHL “and group these vectors for all manufacturers and countries

into the vector ¢ € RiL(z‘]HJrKHL).

column vector ¢

From each retailer node j; 7 = 1,...,J, we then construct two links to each node khl,
with the first such link denoting a physical transaction and the second such link an electronic
transaction and with the respective flow on the link being denoted by ¢7,, = and corresponding
to the amount of the product transacted between retailer j and demand market £ in currency
h and country [ via mode m. The product transactions for all the retailers are then grouped

€ RYKHL  Note that if a retailer is virtual, then we expect

into the column vector Q?
the transaction to take place electronically, although of course, the product itself may be
delivered physically. Nevertheless, for the sake of generality, we allow for two modes of
transaction between each manufacturer and retailer pair and each retaler demand market

pair.

The notation for the prices is now given. Note that there will be prices associated with
each of the tiers of nodes in the global supply chain supernetwork. Let piljhm denote the
price associated with the product in currency h transacted between manufacturer i/ and
retailer j via mode m and group these top tier prices into the column vector p; € R2E/H.
Let pillkh[, in turn, denote the price associated with manufacturer i/ and demand market k
in currency h and country [ and group all such prices into the column vector p5 € RiLK HL
Further, let ply;;,,, in turn, denote the price associated with retailer j and demand market
k in currency h, country [, and mode m, and group all such prices into the column vector
pa € RZEHL - Also, let p,,; denote the price of the product at demand market & in currency
h, and country Z, and group all such prices into the column vector p3 € RfH L. Finally, we

introduce the currency exchange rates: e,; h = 1,..., H, which are the exchange rates of



respective currency h relative to the base currency. The exchange rates are exogenous and

fixed in the model, whereas all the prices are endogenous.

We now turn to describing the behavior of the various global supply chain network
decision-makers represented by the three tiers of nodes in Figure 1. The model is pre-
sented, for ease of exposition, for the case of a single homogeneous product. It can also
handle multiple products through a replication of the links and added notation. We first
focus on the manufacturers. We then turn to the retailers, and, finally, to the consumers at

the demand markets.
The Behavior of the Manufacturers

We denote the transaction cost associated with manufacturer il transacting with retailer j

for the product in currency h via mode m by c¥

“nm and assume that:

C;"lhm = j’lhm(q;'lhm)> \V/Z, l>j> h> m, (10')
that is, this cost can depend upon the volume of this transaction. In addition, we denote
the transaction cost associated with manufacturer ¢/ transacting with demand market %k in

il and assume that:

country [ for the product in currency h (via the Internet) by o

CZhi(qlilhi)’ Vi,l,k, h, Z, (10)

that is, this transaction cost also depends upon the volume of the transaction. These transac-
tion cost functions are assumed to be convex and continuously differentiable. The transaction

costs are assumed to be measured in the base currency.

The total transaction costs incurred by manufacturer il are equal to the sum of all of
his transaction costs associated with dealing with the distinct retailers and demand markets
in the different currencies and countries. His revenue, in turn, is equal to the sum of the

price (rate of return plus the rate of appreciation) that the manufacturer can obtain for the

(1ES

product times the total quantity sold of that product. Let now pi7,,, denote the actual price

charged by manufacturer ¢/ for the product transacted via mode m in currency h to retailer
il*

Zumi ) .
with manufacturer il transacting electronically with demand market khl. We later discuss

J (and that the retailer is willing to pay) and let p in turn, denote the price associated

how such prices are recovered.



We assume that each manufacturer seeks to maximize his profits. Also, we assume that
the amount of the product produced by manufacturer il and denoted by ¢" must be equal
to the amount transacted with the subsequent tiers of nodes, that is,

K H L

J H 2
> Z Crm + D> ah =4q", Vil (2)
j=1h=1m=1

k=1h=1]—1

In addition, we assume, as given, a production cost function for manufacturer ¢/ and
denoted by f%, which depends not only on the manufacturer’s output (and transactions) but

also on those of the other manufacturers. Hence, we may write (utilizing also (2)) that
f=fa) = f1QLQ%), Vil (3)

Recall that the vector Q' represents all the product transactions between the top tier nodes
and the middle tier nodes and the vector Q® represents all the product transactions between
the top tier nodes and the bottom tier nodes. The function f is assumed to be strictly

convex and continuously differentiable.

We now construct the profit maximization problem facing manufacturer i/. In particular,
we can express the profit maximization problem facing manufacturer il as:

K H L

J H 2
Maximize Z Z Z plllj*hm X €p q]hm + Z Z Z plllljhl X €p qklhi
j=1h=1m=1 k=1h=1j=1

J H 2 K H L )
- Z Z Z Cyhm q]hm Z Z Z c lhl qkhl fll(le Q3)7 (4>

j=1h=1m=1 k=1h=1j_1

3

subject to:
@ >0, ¢ >0, Vi hk,m. (5)

The first two terms in (4) represent the revenues whereas the subsequent three terms

represent the costs faced by the manufacturer.

In addition to the criterion of profit maximization, we assume that each manufacturer
is also concerned with environmental decision-making with such decision-making broadly
defined as including the risks associated with his transactions. First, we consider the situa-

tion that a given manufacturer seeks to minimize the total amount of emissions associated



with his production of the product as well as the total amount of emissions generated not
only in the ultimate delivery of the product to the next tier of decision-makers (whether
retailers or consumers at the demand markets). We assume that the emissions generated by

manufacturer il in producing the product are given by the function €, where
el =e(g"), Vil (6)

whereas the emissions generated in transacting with retailer j for the product via mode m

(which are currency independent) are given by a function e§lm, such that

H
e =€ O dhm)y Vil j,m, (7)
h=1

and, finally, the emissions generated and associated with the transaction with demand market

k in country [ is represented by a function EZP where
il e 7
Eki = GLIA(Z q;h[), \V/Z, l, k’, h, l. (8)
h=1

Note that (8) also does not depend on the currency uitilized for the transaction. In-
deed, emissions should not be currency-dependent but, rather, mode-dependent as well as

dependent upon the nodes involved in the transaction.

Hence, the second criterion of each manufacturer i/ and reflecting the minimization of

total emissions generated can be expressed mathematically as:

- J 2 ; H ; K L ; H ;
Minimize €"(¢") + > > €, Ghm) + 2> (D i) )
j=1m=1 h=1 k=1j—;  h=1
subject to:
q;lhm Z 07 q]ilh[ Z 07 VJ, h7 m, k’ Z (10)

From this point on, we consider emission functions of specific form (cf. (6), (7), and (8))
given by
i (il il R il S il ~
el(q") =n"q" =" QoD X G+ D0 D0 D )y Vil (11)

j=lk=1m=1 k=1h=1]j—

10



Z q]hm 779m Z QJhmn VZ7 l? j? m, (12)

quhl _nklzqkhl’ Vi,l,k,f, (13)

where the n?, 77;»Im, and 77 L terms are nonnegative and represent the amount of emissions gen-
erated per unit of product produced and transacted, respectively. Hence, here we explicitly
allow the emissions generated to be distinct according to whether the transaction was con-
ducted electronically or not. Thus, the manufacturer’s decision-making problem concerning

the emissions generated, in view of (2), (9), and (11)—(13), can be expressed as:

J H 2 K H L
Minimize Z Z Z 77 ‘l‘ nym qjhm + Z Z Z 77 ‘l' nkl qkhl’ (14)
j=1h=1m=1 k=1h=1j=1

subject to (10).

We also assume that each manufacturer is concerned with risk minimization and, as noted
earlier, here we assume that the risk can also capture environmental risk, with such risk being
interpreted broadly. Hence, for the sake of generality, we assume, as given, a risk function
rit, for manufacturer i/, which is assumed to be continuous and convex, and a function of
not only the product transactions associated with the particular manufacturer but also of

those of the other manufacturers. Thus, we assume that
= 1(Q",Q), Vil (15)

The third criterion of manufacturer i/ can be expressed as:
Minimize r*(Q", Q%), (16)

subject to: q;lhm > 0, for all j,h,m and qkhl > 0, for all k, h,[. The risk function may
be distinct for each manufacturer/country combination and can assume whatever form is

necessary, provided the above stated assumptions are satisfied.

A Manufacturer’s Multicriteria Decision-Making Problem

We now discuss how to construct a value function associated with the criteria. In particular,

we assume that manufacturer il assigns nonnegative weights as follows: the weight o is

11



associated with the emission criterion (14), the weight w is associated with the risk criterion
(16), with the weight associated with profit maximization (cf. (4)) serving as the numeraire
and being set equal to 1. Thus, we can construct a value function for each manufacturer
(cf. Fishburn (1970), Chankong and Haimes (1983), Yu (1985), and Keeney and Raiffa
(1993)) using a constant additive weight value function. Consequently, the multicriteria

decision-making problem for manufacturer il is transformed into:

L J H 2
Z pil;hz X €h qkhl IS thm thm

1j—1 j=1h=1m=1

||MN
||Mm

J H 2
.. ilx
Maximize E E E (DY jhm X €n QJhm
j=1h=1

m=1
K H L '
- Z Z Z qkhl fll(Qla Qg)
k=1h=1j—1

] J H 2 K H L
=" S+ ) + Z Z Z "' +nbgl ) — Wt QL QY,  (17)
j=1h=1m=1 k=1h=1]_;

subject to the nonnegativity assumption on all the variables.

The Optimality Conditions of the Manufacturers

We assume that the manufacturers compete in a noncooperative fashion following Nash
(1950, 1951). Hence, each manufacturer seeks to determine his optimal strategies, that is,
the product transactions, given those of the other manufacturers. The optimality conditions
of all manufacturers ¢; ¢ = 1,...,[; in all countries: [; [ = 1,..., L, simultaneously, under
the above assumptions (see also Gabay and Moulin (1980), Bazaraa, Sherali, and Shetty
(1993), Nagurney (1999), Nagurney, Dong, and Zhang (2002)), can be compactly expressed

as a variational inequality problem given by: determine (Q*, @**) € K!, satisfying

+a' (" +nlh,)

iiii i[ le(Ql* Qs*) ]hm(q;l;:m)_l_ Zla,rzl(Ql* Q3*)

i=11=1 j=1 h=1m=1 qjhm aqj hm aqjhm

il il
~P1jhm X eh} [QJhm - q]hm}

I J H ale(Ql* Qs*) ac;glhl(qllgl;l) . a,ril(Ql* Qs*)
- fol— 2
zzzzz[ o L o

il il il
ta (77 + Uk[)
i=11=1j=1h=1]j—

il

“Prkni X eh} [qkhz - qzil;:z} >0, Y(Q,Q% ek, (18)

12



where the feasible set K' = {(Q', Q%)|(Q", Q%) € R{" /LY

The Behavior of the Retailers

The retailers (cf. Figure 1), in turn, are involved in transactions both with the manufacturers
in the different countries, as well as with the ultimate consumers associated with the demand

markets and represented by the bottom tier of nodes in the network.

A retailer j is faced with what we term a handling/conversion cost, which may include,
for example, the cost of handling and storing the product plus the cost associated with

transacting in the different currencies. We denote such a cost faced by retailer j by ¢; and,

2

in the simplest case, we would have that ¢; is a function of Zle Zle Zthl >

1 @l that
is, the handling/conversion cost of a retailer is a function of how much he has obtained of
the product from the various manufacturers in the different countries and what currency the
transactions took place in and in what transaction mode. For the sake of generality, however,
we allow the function to depend also on the amounts of the product held and transacted by

other retailers and, therefore, we may write:
G = CJ(Q1)> vj (19)
The handling cost is measured in the base currency.

The retailers, which can be either physical or virtual, also have associated transaction
costs in regards to transacting with the manufacturers, which we assume can be dependent on
the type of currency as well as on the manufacturer and country. We denote the transaction
cost associated with retailer j transacting with manufacturer il associated with currency h

and mode m by é;lhm and we assume that it is of the form
~il il

thm = jhm(q;'lhm)7 VZ7 lv.jv h’v m, (20@)

that is, such a transaction cost depends on the volume of the transaction. In addition, we

assume that a retailer j also incurs a transaction cost associated with transacting with

khim
demand market khl via mode m, where

) L i
C?chim - Cihim(qkh[m)’

Vi, k, h,l,m. (200)

13



Hence, the transaction costs given in (20b) can vary according to the retailer/currency/-
country combination and are a function of the volume of the product transacted. We as-
sume that the cost functions (19) — (20) are convex and continuously differentiable and are

measured in the base currency.

The actual price charged for the product by retailer j is denoted by ,0;2 Him and is associated
with transacting with consumers at demand market & in currency h and country [ via mode
m. Subsequently, we discuss how such prices are arrived at. We assume that the retailers

are also profit-maximizers, with the criterion of profit maximization for retailer j given by:

2

L I H 2 .
> '02khl qkhl SCICOEDIDIDIDS A}th(q;'lhm)

1j_1m=1 i=11=1 h=1m=1

M=

k
Maximize Z

=1

e
>
I

2 I [ L H 2 '
22 D onin i) — ZZ > 2 (Pihm X )G (21)

1m=1]_ i=11=1 h=1m=1

qu
M=

subject to the nonnegativity constraints:
Lo >0, @, >0, Vil hm, (22)

and

>y Z > < > S e (23)

Objective function (21) expresses that the difference between the revenues (given by the
first term) minus the handling cost, the two sets of transaction costs, and the payout to the
manufacturers (given by the fifth term) should be maximized. The objective function in (21)
is concave in its variables under the above posed assumptions. Constraint (23) guarantees
that a retailer does not transact more of the product with the demand markets than he has

in his possession.

We now turn to describing the criteria associated with a retailer’s environmental decision-
making similar to that developed above for a given manufacturer. Hence, we allow the

retailers to also be faced with multiple criteria.

In particular, we assume that retailer 5 seeks to minimize the emissions associated with

14



his transactions with the manufacturers, that is, he also is faced with the following problem:
I L H 2 -
Minimize  >23 737 > (0" + 0jn) Gihm (24)

subject to: ¢l,,, >0, Vi,l,h,m.

Note that we do not consider a retailer’s decision-making concerning emissions generated
to involve the demand markets (since, in a sense, this may be viewed as discriminatory).
Below we describe how environmental decision-making is captured at the demand market

level.

Moreover, each retailer seeks to also minimize the risk associated with obtaining the
product from the manufacturers and transacting with the various demand markets, which

we assume to also include a general form of environmental risk.

Hence, each retailer j is faced with his own individual risk denoted by r? with the function
being assumed to be continuous and convex and dependent on the transactions to and from

all the retailers, that is,

r=r(QQ%, Vi (25)
The third criterion or retailer j can be expressed as:
Minimize 77(Q", Q?) (26)
subject to: ¢lf,,, >0, for all 7,1, h,m and qihi >0, for all k, h, .

A Retailer’s Multicriteria Decision-Making Problem

We now demonstrate (akin to the above construction for a given manufacturer) how the
multiple criteria faced by a retailer can be transformed into a single optimization problem

using, again, the concept of a value function.

In particular, we assume that retailer j associates a nonnegative weight 3; with the
emission generation criterion (24), a weight ¥J; with the risk criterion (26), and a weight equal

to 1 with profit maximization (cf. (21)) (see also the discussion concerning the manufacturers

15



above), yielding the following multicriteria decision-making problem:

H 2
Z Z qjhm

1 h=1m=1

Z Z p2khl qkhl '(Ql) o Z

1j—y m=1 =11

M=
M=

I L
Maximize

B
Il

1

>
Il
-

K H 2 L ' I H 2
Z Z Z chychim(q;him) - ZZ Z Z pzll]*hm X €p q]hm
k=1h=1m=1j_; i=1 =1 h=1m=1
L H 2
—B;0°>-> 1 0"+ 7)) L) — 9577 (Q", Q) (27)
i=1 =1 h=1m=

subject to: the nonnegativity assumption on the variables and (23).

Optimality Conditions of the Retailers

Here we assume that the retailers can also compete in a noncooperative manner with the
governing optimality /equilibrium concept being that of Nash. The optimality conditions for
all retailers, simultaneously, under the above stated assumptions, can, hence, be expressed

as the variational inequality problem: determine (Q'*, Q%**,~*) € K2, such that

J I L H 2 75c. Ql* ord Ql*,Q2* s
33303 3 | 2608 4 g 2By ) 4t x

Jjhm

+8cjhm7(q§lf;”) *] [ il* }

-7 Qinm — 4jn
3q]hm J jhm jhm

J K XA 2 1o - (gl ) orl(Q™, Q) . : '*
P eSS S il o, 2O | i, )

aqkh[m 8qkhim

PN kggzzqkmm] i) 20, W@ Q) €K7 (25
) €

where the feasible set K? = {(Q*, € RAULIHT2IRHLATY,

—

Here «; denotes the Lagrange multiplier associated with constraint (23) (see Bazaraa,
Sherali, and Shetty (1993)), and ~ is the J-dimensional column vector of Lagrange multipliers
of all the retailers with v* denoting the vector of optimal multipliers. Note that 7} serves as
the market clearing price for the product at retailer j (as can be seen from the last term in

(28)). In particular, its value is positive if the product transactions from the retailer to all
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the demand markets in the countries and in the various currencies is precisely equal to the
product transactions to the retailer from all the manufacturers in all the countries transacted

in the different currencies (and modes).

The Equilibrium Conditions at the Demand Markets

We now describe the consumers located at the demand markets. The consumers take into
account in making their consumption decisions not only the price charged for product by the
manufacturer and by the retailers but also their transaction costs associated with obtaining

the product. We also describe how their environmental decision-making is captured.

We let %h[m denote the transaction cost associated with consumers obtaining the product
at demand market k in currency h and in country [ via mode m from retailer j and recall
that qihim is the amount of the product transacted thus. We assume that the transaction
cost function is continuous and of the general form:

&

_ 2 - ;

wnim = Coni(@7)s Vis K By Lo (29a)
il
khi N
product at demand market k£ in currency h and in country [ transacted electronically from

Furthermore, let ¢% - denote the transaction cost associated with consumers obtaining the
manufacturer i/, where we assume that the transaction cost is continuous and of the general
form:
il il s _ .
Copi = Copni(Q7), Vi, 1K DL (290)
Hence, the transaction cost associated with transacting directly with manufacturers is of a
form of the same level of generality as the transaction costs associated with transacting with
the retailers. Note that the above functional forms can capture congestion on the networks.
Indeed, we allow for the transaction cost (from the perspective of consumers) to depend not
only upon the flow of the product from a manufacturer or from the retailer in the currency
to the country (and mode) but also on the other product transactions in the other currencies
and between other manufacturers and/or retailers and demand markets. The transaction

cost functions above are assumed to be measured in the base currency.

Denote now the demand for the product at demand market £ in currency h in country [
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by d,,; and assume, as given, the continuous demand functions:

i = dips), Yk, B, L. (30)

Thus, according to (30), the demand for the product at a demand market in a currency
and country depends, in general, not only on the price of the product at that demand market
(and currency and country) but also on the prices of the product at the other demand markets
(and in other countries and currencies). Consequently, consumers at a demand market, in a

sense, also compete with consumers at other demand markets.

The consumers take the price charged by the retailer, which was denoted by p;Zhim for

retailer 7, demand market k, currency h, and country [ transacted via mode m, the price
il
1khi’
currency, plus the transaction costs, in making their consumption decisions. In addition, we

charged by manufacturer i/, which was denoted by p and the rate of appreciation in the
assume that the consumers are also multicriteria decision-makers and weight the emissions

associated with their transactions accordingly.

The Multicriteria Equilibrium Conditions for the Demand Markets

Let niim denote the amount of emissions generated per unit of product transacted between
retailer 5 and demand market k£ in country [ via mode m and assume that this term is
nonnegative for each k, [ ,m,j. We assume that consumers at a demand market perceive the
emissions generated through their transactions (and purchases) in an individual fashion with
the nonnegative weight d,,; associated with the total emissions generated through consumer
transactions at demand market khl. This term may also be viewed as a monetary conversion
factor associated with the per unit emissions generated. See also Nagurney and Toyasaki
(2003).

The equilibrium conditions for the consumers at demand market khl, thus, take the form:

for all retailers: 7 =1,...,J and all modes m; m = 1,2:
P xen+ & (Q¥)+ 6, = Pair 1 in[m >0 (31)
2khim = P T Ckhim khiTgim > Pk if qi;;fm =0,

18



and for all manufacturers il; i =1,..., T andl=1,...,L:

e * i i :p* ~ if qll* >0
R I S I
In addition, we must have that
J 2 I L l
=> Z khlm + lequlshl’ it P >0
* —1m=1 i=11=1

dkhi(ﬂ?,) JJ 2 I L l (33)

< Z Z khlm + ZZ%N it g =0

11=1

(2

Condition (31) states that consumers at demand market khl will purchase the product
from retailer j transacted via mode m, if the price charged by the retailer for the product
and the appreciation rate for the currency plus the transaction cost (from the perspective of
the consumer) and the weighted emission generation term does not exceed the price that the
consumers are willing to pay for the product in that currency and country, i.e., p; .. Note
that, according to (31), if the transaction costs are identically equal to zero, as is the weighted
emission generation term, then the price faced by the consumers at a demand market is the
price charged by the retailer for the particular product and currency and mode in the country
plus the rate of appreciation in the currency. Condition (32) state the analogue, but for the

case of electronic transactions with the manufacturers.

Condition (33), on the other hand, states that, if the price the consumers are willing to
pay for the product at a demand market/currency/country is positive, then the quantity
of the product transacted at the demand market /currency/country is precisely equal to the

demand.

In equilibrium, conditions (31), (32), and (33) will have to hold for all demand markets in
all countries, currencies, and modes. Hence, these equilibrium conditions can be expressed

also as a variational inequality analogous to those in (18) and (28) and given by: determine
(Q.Q%, p3) € RIVTHTVEIE such that

J K H L 2 _ , _ .
le kzl hZ:l Z Zl ['O;khi X en+ Clychl (@) + 6khin;[m - 'O;:khi} X [qihim - qihim
=lk=1h=1j=1] m=

19



I L K H L
2D D DD Pl X e Q%)+ Sy (0 1) = ] X [ — i)

K H L [J 2 AN
+ZZZ Z Z qih[m_l_zzq;c;i—dkhi(p;) X [p3khi_p§khi} > 0,

‘V’(Q2,Q3,p3) c RS:TL+2J+1)KHL. (34)

The Equilibrium Conditions for the Global Supply Chain Network

In equilibrium, the product transactions between the manufacturers in the different countries
with the retailers must coincide with those that the retailers actually accept. In addition,
the amounts of the product that are obtained by the consumers in the different countries and
currencies must be equal to the amounts that the retailers and the manufacturers actually
provide. Hence, although there may be competition between decision-makers at the same
tier of nodes of the supply chain supernetwork there must be, in a sense, cooperation between
decision-makers associated with distinct tiers of nodes. Thus, in equilibrium, the prices and
product transactions must satisfy the sum of the optimality conditions (18) and (28) and
(34). We make these relationships rigorous through the subsequent definition and variational

inequality derivation below.

Definition 1: Global Supply Chain Network Equilibrium

The equilibrium state of the supply chain supernetwork is one where the product transactions
between the tiers of the network coincide and the product transactions and prices satisfy the
sum of conditions (18), (28), and (34).

The equilibrium state is equivalent to the following:

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the global supply chain supernetwork according to De-

finition 1 are equivalent to the solution of the variational inequality given by: determine
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(Q™, Q*, Q% ,~v*, p3)EK, satisfying:

I L J H 2 il * * ilx . . Azl i
ZZZ Z Z: [8f (Ql Q3 ) ]hm(q]hm) + aC](Ql ) 4 thm(qjhm)

il
i=11=1j=1h=1 aqjhm aqjhm aqjhm aqjhm

0r@LQY) L O@NQY)
il ) il il il * al*
T o )y g\ i) . Ly _
R g+ (@A) ) =35 | < (i — i)
I L H L il 1x 3% ES
af(Q", Q%) (gt i
33y | | T g )
i=11=1j=1h=1]_, qkhl Gyoni
87’“(@“ Qs*) ) ) )
il ) il il il * al*
+w oL + (@ + 0p)) (0" +14) — Parni [qkhz - qkhl}
khi
J K H L 2 ac]ihl(qj*” ) N . a,r,j(Ql* Qz*)
15503 3p 3P ol T TR NSRSl
j=1k=1h=1j_1 m=1 Qrnim Qerim
+5khmiim +75 — PEﬁ,khi} X [qih[m - qi;im}
J[1 L H 2 ’ K H L
2122002 ) G — ZZZZ%W x [ =]
J=1 |i=11=1 h=1m=1 k=1h=1j_1 m=1
K H L [J 2 I L ,
F SIS DS aik = di(08) | X [Pakni — Pgi] =0,
k=1h=1j_q |j=1m=1 i=11=1
V(Qla Q27 Q3>'7>/03) € IC> (35)

where K = {K' x K? x K*}, where K* = {ps|ps € REHLY.

Proof: We first establish that the equilibrium conditions imply variational inequality (35).
Indeed, summation of inequalities (18), (28), and (34), after algebraic simplifications, yields

variational inequality (35).

We now establish the converse, that is, that a solution to variational inequality (35)

satisfies the sum of conditions (18), (28), and (34), and is, hence, an equilibrium.

To inequality (35), add the term: —pi's, . X es + pi¥,,, X ex to the term in the first set

of brackets (preceding the first multiplication sign). Similarly, add the terms: —plllghl X ep +

p’ll;hl X ey, to the term in brackets preceding the second multiplication sign and p;khl X
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en + pgzh[m X ey, to the term in brackets preceding the third multiplication sign in (35). The

addition of such terms does not change (35) since the value of these terms is zero and yields:

I3 [ F1Q,Q) | i) | 06,(@") | Ot (i)

i=11=1 j=1 h=1m=1 aq]hm 8‘1]' hm 8qjhm aq]hm

il 8ril (Ql* Qg*)
8q]hm

aTj(Ql* Q2*) .
aqjhm,

+(" 4+ 8) (" + i) +w +9;

il* il
_pljhm X ep + pl]hm X eh} [q]hm - q]hm}

I J H L ale(@l* Qs*) (qll*) , . . . .
#3353 [ O B L o)+ + 8,00+
i=1l=1j=1h=1]_, Ui Gioni
1x* 3%
Zl ( Q ) * Es alx
tw T = Pakni — Pigni X €n plkhl X eh] X [qkhl - qkhl}
khi
J K H L 2 0017@((1 ) i} 87«)(@1* Q2*) )
eSS ) g 0040 20 s,
j=1k=1h=1j_1 m=1 qkhlm Tinim
—Plggni — p2khl X ent Py + eﬂ X [qih[m - qiiim]
N R SN K H I 2
DI IDIDITIEDIHIH I I ERLELH
=1 |i=1 1=1 h=1 m=1 k=1 h=1j_1 m=1
K H L [J 2 UL
+ Z Z Z Z Z qihim + Z ZQL;[ — dii(p3) | < [P3khi - pgkhi] >0,
k=1 h=1j_; |j=1m=1 =1 1=1
V(Q17 Q27 Q3777p3) € K? (36)

which, in turn, can be rewritten as:

I L J H 2 il A3 i .
ZZZZ Z [af (QY™, Q%) ]hm(q]hm) 4 le_‘_ail(nil‘l‘nﬁn)

aqj hm aqj hm aq] hm

il

0 X eh} [thm - qﬂhm}
L LG 2 [06(Q) O (L) 5 7 (Q, Q™)
+ZZZZZl O O g g,

30" 4 0it) = ;] X G — T
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N i 3y i [(’#“(Ql*, Q¥) | Dellal) | a0r(Q",Q%)

il il il
aqkhi aqkhi aqkhi

+ ail(nil + 77;?[)

il

il ES
“Pikni X eh] X [qkhi - qkhi}

I L K H L
003 D0 D [Pl X en (@) G0+ 1) — Plna] X [ — ]

i=11=1 k=1h=1j_q
J K H L 2 J* J(ALE 2%
rE S e b ) IR ] ¢ [~
j=lk=1h=1j=1 m=1 Denim Dnim
J K H L 2 ) ) ] ) )
+jz_:1 kz_:l hz_:l lzi mZ_:l [Pézhim X en + &1 (@) + Opnithyg,, — p;ikhi] % [qihim B inz‘m}
J [ H 2 K H L 2
1951155 35 S35 pot M RIS
j=1 |i=11=1 h=1m=1 k=1h=1j_; m=1
K H J 2 I L
- ];1 ; 2 Lz_:l mz_:l Do + ; ; q/il;i - dkhi(pg)j| x [nghi - pgkhi} > 0. (37)

But inequality (37) is equivalent to the sum of conditions (18), (28), and (34), and, hence,

the product and price pattern is an equilibrium according to Definition 1. O

We now put variational inequality (35) into standard form which will be utilized in the
subsequent sections. For additional background on variational inequalities and their appli-
cations, see the book by Nagurney (1999). For other applications of supernetworks along
with the variational inequality formulations of the governing equilibrium conditions see the
book by Nagurney and Dong (2002).

In particular, we have that variational inequality (35) can be expressed as:
(F(X")T, X —X*)>0, VXeK, (38)

where X = (Qla Q27 Q37 Y5 /03) and F(X) = (F’iljhm7 F’ilkhi’ F’jkhlAm’ Fj’ Fkhi)izl,...,I;i:l:l,...,L;j:l,...,J;
h=1...H; m=12, and the specific components of F' are given by the functional terms preceding
the multiplication signs in (35), respectively. The term (-,-) denotes the inner product in

N-dimensional Euclidean space.
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We now describe how to recover the prices associated with the first two tiers of nodes in the
global supply chain network. Clearly, the components of the vector p; are obtained directly
from the solution of variational inequality (35). In order to recover the second tier prices
associated with the retailers and the appreciation rates one can (after solving variational
inequality (35) for the particular numerical problem) either (cf. (31)) set pé;;hfm X ep =

o %him(QQ*) 5khlnkl , for any j, k, h,l,m such that qkhl > 0, or (cf. (28)) for any
>0, set p]

dc 1% 2%
X e = khalm(qkhlm _|_19 37”((3@ ,Q )_i_fyj

khim khim

Dhim 2khim

Similarly, from (28) we can infer that the top tier prices comprising the vector p} can

be recovered (once the variational inequality (35) is solved with particular data) thus: for
il* )

i * * oc
any i,1,5, h,m, such that ¢i > 0, set (cf. (18)) pif,,, x en = Q™) ]hm(qjhm +

OqtL OqtL

jhm jhm

zlarll(Ql* Q%) il (048l i
8q]h7n + o (77 + njm>’

Similarly, (cf. (32)) set pi* . x e; = Papni — &l Q%) = O™ + ik, for any i1,k h, l

1kl
il il il afil (Ol O3+ Oct (qzl* )
such that qklhl > 0, or (cf. (18)) for any qklhl > 0, set pllkhl ep =4 (g‘i;me ) 4 ’“gékh’l“’” +
il O (Q,Q%) il il
aqkhl + o (77 + nk[)

With the pricing mechanism described above it is straightforward to verify that a solution
of variational inequality (35) also satisfies the optimality conditions (18) and (28) as well as
the equilibrium conditions (31) — (33) (see also (34)).
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3. The Dynamic Global Supply Chain Network Model

In this Section, we turn to the development of a dynamic global supply chain network
model whose set of stationary points coincides with the set of solutions of the variational
inequality problem (35) governing the static global supply chain network equilibrium model
developed in Section 2. In particular, we propose a dynamical system, which is non-classical,
and termed a projected dynamical system (cf. Nagurney and Zhang (1996), that governs the
behavior of the global supply chain supernetwork presented in Section 2. The proposed
dynamic adjustment processes describe the disequilibrium dynamics as the various global
supply chain decision-makers adjust their product transactions between the tiers and the

prices associated with the different tiers adjust as well.

Demand Market Price Dynamics

The rate of change of the price p,,,;, denoted by p, ., is assumed to be equal to the difference
between the demand for the product at the demand market and currency and country and
the amount of the product actually available there. Moreover, if the demand for the product
at the demand market (and currency and country) at an instant in time exceeds the amount
available from the various retailers and manufacturers, then the price will increase; if the
amount available exceeds the demand at the price, then the price will decrease. We also
have to make sure that the prices do not become negative. Therefore, the dynamics of the
prices pg,7, Yk, h, [ , can be expressed in the following way:

e = { dii(p3) — 25:1 22121 qihim - Zf:1 ZzL:1 q;’hp if  paypi >0

J 2 I L i .
max{0, dyi(p3) — =1 m=1 Qih[m — Dim1 2 q;fh[} if Py = 0.

(39)
The Dynamics of the Product Transactions between the Retailers and the De-
mand Markets

We assume that the rate of change of the product transaction between retailer 7 and de-
mand market k, country Z, and transacting in currency h via mode m and denoted by
qihim is equal to the difference between the price consumers at this particular demand mar-
ket /country/currency combination are willing to pay for the product minus the price charged

by the retailer and the various transaction costs and weighted marginal risk and weighted
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emissions generated. Here we also have to guarantee that the product transactions will not
become negative. Thus, the rate of change of the product transactions between a retailer

and a demand market in a country and currency via a mode can be written as: Vj, k, h, l , M

=0.

ot . (qj ) ori (01.02 . . .
. khim  Tenim’ _ 9. 077(Q,Q%) 4 2\ o) A : J
- Pakni 045,.; s 0, Cljchim(Q ) 5khlnkim V3> if Dpim =~ 0
q.,. = hm o j vm )
khlm oc) - (q) . ) ori(QL,Q2) ~j i . i
. khim “khim’ _ 9 OT(Q,&T) 2y _ A J
max{0, P a;zh[ o — oa,; Conim (@) = ity — Vids @
v m v m

(40)

The Dynamics of the Prices at the Retailers

The prices at the retailers, whether they are physical or virtual, must reflect supply and
demand conditions as well. In particular, we let 7; denote the rate of change in the market
clearing price associated with retailer 7 and we propose the following dynamic adjustment

for retailer j:

max{0, 5y iy SF L Yt @ — et et ot ot G} i Y = 0.
(41)

K ~H <L : I L «H i .
. { Skt Yot Sy Yot Dy~ Soimt et oot Lot D if ;>0
=

Hence, if there is excess supply of the product at a retailer, then the price will decrease at
that retailer; if there is excess demand then the price will increase. Here we also guarantee

that these prices do not become negative.

The Dynamics of the Product Transactions between Manufacturers and Retailers

The dynamics of the product transactions between manufacturers in the countries and the
retailers in the different currencies and modes are now described. Note that in order for a
transaction between nodes in these two tiers to take place there must be agreement between
the pair of decision-makers. Towards that end, we let q;lhm denote the rate of change of the

product transaction between manufacturer ¢/ and retailer j transacted via mode m and in
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currency h and we have that for every 4,1, j, h, m:

il

,}/' _ fil(Ql QS) 8C]hm(q]hm) 80] (Q ) 6cjlhm(thm)
J 6q]hm 8q]hn’b 6q]hm 6q]hm
la il 1 ‘3 ord , 2 il il il . il
T — 0,20 — (o - B)) (" + ), if g, >0
I thm q]hm
(2
q]hm = . . . (42)
L fil(Ql QS) 863}””((]]}””) _ 80]’ (Q ) 6cjhm(q;hm)
maX{O’ fy'] aq] hm anhm aq;'lhm aq;lhm
il 9 (Q1.Q%) 67’3(62 Q) il il il : i _
8qjhm 19 Jhm (al + /63)(772 + n;m)}> if q;hm =0.

Hence, the transaction between a manufacturer in a country and a retailer via a mode
and in a currency will increase if the price that the retailer is willing to pay the manufacturer
exceeds the various marginal costs plus the weighted marginal risks and emissions generated.

Moreover, we quarantee that such a transaction mever becomes negative.

The Dynamics of the Product Transactions between Manufacturers and Demand
Markets

The rate of change of the product transactions between a manufacturer in a country and
demand market/currency/country pair is assumed to be equal to the price the consumers
are willing to pay minus the various costs, including marginal ones, that the manufacturer
incurs when transacting with the demand market in a country and currency and the weighted
emissions generated and the weighted marginal risk. We denote this rate of change by qkhl,

and, mathematically, express it in the following way, Vi, [, k, h, [:

artQL,Q%) ;clhl(q;clhl) _ ¢l (Q3)

Psini — g - 947, - Crni
il 871“(@1’@3) il R il il .
—w' I (@ 4 0 (" =+ 11,7), if gy >0
il 43
i {0 of(QL,Q%) 6cilhi(qghi) ~il (Q3) ( )
max ;= T - 7 —Cppi
s P3khi ag" 947, khi
il or't(Q,Q3 il il il : i
% (@ + 0) (0" + 1)} if g =0
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Note that (43) guarantees that the volume of product transacted will not take on a

negative value.

The Projected Dynamical System

Consider now a dynamical system in which the product transactions between manufacturers
in the countries and the retailers evolve according to (42); the product transactions between
manufacturers and demand markets in the various countries and associated with different
currencies evolve according to (43); the product transactions between retailers and the de-
mand market/country/currency combinations evolve according to (40); the prices at the
retailers evolve according to (41), and the prices at the demand markets evolve according
to (39). Let X and F(X) be as defined following (35) and recall also the feasible set K as
defined following (35). Then the dynamic model described by (39) — (43) can be rewritten
as a projected dynamical system (see Dupuis and Nagurney (1993) and Nagurney and Zhang
(1996)) defined by the following initial value problem:

X =T(X, ~F(X)), X(0)= X, (44)

where Iy is the projection operator of —F(X) onto K at X and Xy = (Q'°, Q*°, Q%°,7°, )
is the initial point corresponding to the initial product flow and price pattern. Note that
since the feasible set K is simply the nonnegative orthant the projection operation takes on

a very simple form as revealed through (39) — (43).

The trajectory of (44) describes the dynamic evolution of and the dynamic interactions
among the product transactions and prices. The dynamical system (44) is non-classical
since it has a discontinuous right-hand side due to the projection operation. Such dynamical

systems were introduced by Dupuis and Nagurney (1993).

Importantly, we have the following result, which is immediate from Dupuis and Nagurney
(1993):

Theorem 2

The set of stationary points of the projected dynamical system (44) coincides with the set of

solutions of the variational inequality problem (85) and is, thus, according to Definition 1, a

28



global supply chain network equilibrium. Hence, a vector X* satisfying 0 = I (X*, —F(X™))

also satisfies variational inequality (35).

4. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (35). In particular, we derive existence and uniqueness results. We also investigate
properties of the function F' (cf. (38)) that enters the variational inequality of interest here.
Finally, we establish that the trajectories of the projected dynamical system (44) are well-

defined under reasonable assumptions.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern. Let

Ko ={(Q Q% Q% 7,p)0 Q" <bi; 0<Q*<hy; 0<Q°<by; 0<y<bys 0< py <bs},

(45)
where b = (by, by, b3, by,b5) > 0 and Q' < by; Q% < by; Q2 < by;y < by; p3 < bs means that
Qi < b3 @ < boy gl < by < by and pag < bs for all 41,5,k b1, m. Then
K, is a bounded closed convex subset of R LJH+2/KHLHILKHLYJFEHL Thys the following

variational inequality
(F(X"T X — X% >0, VX°’eKk,, (46)

admits at least one solution X°® € K, from the standard theory of variational inequalities,
since /Cp is compact and F is continuous. Following Kinderlehrer and Stampacchia (1980)

(see also Theorem 1.5 in Nagurney (1999)), we then have:

Theorem 3

Variational inequality (35) admits a solution if and only if there exists a b > 0, such that

variational inequality (46) admits a solution in Ky, with

QW <bi, Q¥ <by Q¥<by, A <by p}<bs. (47)
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Theorem 4: Existence

Suppose that there exist positive constants M, N, R, with R > 0, such that:
ale(@l Q3> + ]hm(q]hm) + aCJ(Ql) + aé;lhm(QJhm) +w larll(Ql Q3)

O hm G G m G Gk
i 1% 2% ) ] ]
w0, 220D () o) > M, Q! with g > N, Vg, (49)
jhm
07"(Q". Q") L 9%l Gad) oy 0 0M@LQY) .
1. 2 Oél + 5 ~ %, + il Z M,
P qkhl P qgh[ khl(Q ) aqzzhl ( khl)(n Wkl)
VQ® with ¢' ;> N, Vi, l,k,h,l, (49)
aciihz(Qih[m) N 2 or’(QY,Q?) j
, , A
vQ*© with q,. > N, Vj.k,h,l,m, (50)
dyi(ps) < N, Vpg with pg,; > R, Yk, h,l. (51)

Then variational inequality (35); equivalently, variational inequality (38), admits at least

one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in
Nagurney and Zhao (1993). O

Assumptions (48), (49), and (50) are reasonable from an economics perspective, since
when the product transaction between a manufacturer in a country and a retailer or a
manufacturer and a demand market in a country (and currency) or a retailer and demand
market is large, we can expect the corresponding sum of the associated marginal costs of
production, transaction, handling, and the weighted marginal risks and emissions generated
to exceed a positive lower bound. Moreover, in the case where the demand price of the
product in a currency and country at a demand market is high (cf. (51)), we can expect

that the demand for the product at the demand market to not exceed a positive bound.

We now establish additional qualitative properties both of the function F' that enters the

variational inequality problem (cf. (35) and (38)), as well as uniqueness of the equilibrium
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pattern. Since the proofs of Theorems 5 and 6 below are similar to the analogous proofs in
Nagurney and Ke (2001) they are omitted here. Additional background on the properties
establish below can be found in the books by Nagurney (1999) and Nagurney and Dong
(2002).

We first recall the concept of additive production cost, which was introduced by Zhang
and Nagurney (1996) in the stability analysis of dynamic spatial oligopolies, and has also
been utilized in the qualitative analysis of supply chain networks by Nagurney, Dong, and
Zhang (2002).

Definition 2: Additive Production Cost

We term a production cost an additive production cost if for manufacturer il, the production

cost f is of the following form:
Fa) = "™ + F2(q), (52)

where f' is the internal production cost that depends solely on the manufacturer’s own
output level and f*%(g") is the interdependent part of the production cost that is a function
of all the other manufacturer’s output levels ¢ = (¢,...,¢" 1, ¢, ..., ¢") and reflects

the tmpact of the other manufacturers’ production patterns on manufacturer il’s cost.

Using the assumption of additive production costs, as well as several additional assump-

tions, we now state the following:

Theorem 5: Monotonicity

Suppose that the production cost functions f;i =1,...,1, the risk functionsr®;i=1,...,1;

_ Jooi_ il il il
l=1,....,L, and 17; j =1,...,J, are convex and that the ¢}, ¢\ 5 Cj, Cippy and céh[m
functions are convex; the Coni, ANV éth functions are monotone increasing, and the d,,;

functions are monotone decreasing functions, for all i,1, 7, h, k,z,m. Assume also that the
production cost functions are additive for all manufacturers il according to Definition 2.

Then the vector function F' that enters the variational inequality (38) is monotone, that is,

(F(X)-FX"), X' —X"y>0, VX, X"cK. (53)
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Monotonicity plays a role in the qualitative analysis of variational inequality problems
similar to that played by convexity in the context of optimization problems. Under slightly

stronger conditions, we obtain the following sharper result.

Theorem 6: Strict Monotonicity

Assume all the conditions of Theorem 5. In addition, suppose that one of the families of

conver functions iy, i =1, ;1 =1,....L; j=1,.,J; h=1,...,H;m=1,2; él ;

i=1,.,1;1l=1,...Lik=1.K h=1..Hl=1..L ¢;j=1..,J; &
i1=1,...,01;1l=1,...,L; j=1,...,J; h=1,...,H; m = 1,2, and C/ih[m"j: 1,...,J;
k=1,....,.K;h=1,...,H,l=1,...,L; m = 1,2, is a family of strictly convex functions.
Suppose also that é,ih[m;j: 1,..J;k=1,..,K;h=1,...,H:l=1,...,L: m=1,2; &l
i=1,..,0;l=1,...,L;k=1,.,K;h=1,... H;l=1,....Land -d,;, k=1,...,K,h =

1,...,H; [ = 1,..., f), are strictly monotone. Then, the vector function F that enters the

variational inequality (38) is strictly monotone, with respect to (QY, Q* Q3,, ps), that is,
for any two X', X" with (QY,Q%,Q% 7', pb) # (Q",Q%, Q% 7", ps")

(F(X") - FX"), X' — X"y >0. (54)

Theorem 7: Uniqueness

Assuming the conditions of Theorem 6, there must be a unique equilibrium product pattern
(Q™,Q*,Q%), and a unique demand price price vector p} satisfying the equilibrium condi-
tions of the global supply chain network. In other words, if the variational inequality (35)
admits a solution, then that is the only solution in (Q%, Q% Q3, p3).

Proof: Under the strict monotonicity result of Theorem 6, uniqueness follows from the

standard variational inequality theory (cf. Kinderlehrer and Stampacchia (1980)) O
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Theorem 8: Lipschitz Continuity

The function that enters the variational inequality problem (37) is Lipschitz continuous, that
18,
|F(X") — F(X")| < L|X = X"||, VX', X" €K, where L > 0, (55)

under the following conditions:

(i) f 0t 1 s Gy s €, have bounded second-order derivatives, for all

R jhm> khl
Z.v l> lvja ha ka m;

(ii). é,ih[m, éﬁhi and d,,; have bounded first-order deriwatives for all j, k, h,l, Z,m.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (35). O

Theorem 9: Existence and Uniqueness

Assume the conditions of Theorem 8. Then, for any Xo € IC, there exists a unique solution
Xo(t) to the initial value problem (44).

Note that Theorem 9, unlike Theorems 4 and 7, is concerned with the existence of a unique
trajectory. Theorems 4 and 7, on the other hand, are concerned with the existence and
uniqueness of an equilibrium pattern. Hence, according to Theorem 9, the dusequilibrium
dynamics of the global supply chain network are well-defined. Also, for completeness, we

now provide a stability result (see Zhang and Nagurney (1996)). First we recall the following:

Definition 3: Stability of the System

The system defined by (44) is stable if, for every Xo and every equilibrium point X*, the

FEuclidean distance || X* — Xo(t)|| is a monotone nonincreasing function of time t.

We now provide a stability result.
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Theorem 10: Stability of the Global Supply Chain Network

Assume the conditions of Theorem 5. Then the dynamical system (44) underlying the global

supply chain network is stable.

Proof: Under the assumptions of Theorem 5, F'(X) is monotone and, hence, the conclusion

follows directly from Theorem 4.1 of Zhang and Nagurney (1996). O

In the next Section, we propose a discrete-time algorithm, the Euler method, which will
track the dynamic trajectories until a stationary state is reached; equivalently, until an

equilibrium point is reached satisfying Definition 1.
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5. The Euler Method

In this Section, we consider the computation of a stationary of (44). The algorithm that
we propose is the Euler-type method, which is induced by the general iterative scheme of
Dupuis and Nagurney (1993). It has been applied to-date to solve a plethora of dynamic
network models (see, e.g., Nagurney and Zhang (1996) and Nagurney and Dong (2002)).
The algorithm not only provides a discretization of the continuous time trajectory defined
by (44) but also yields a stationary, that is, an equilibrium point that satisfies variational

inequality (35).
The Euler Method

Step 0: Initialization

Set X0 = (Q'°,Q%°,Q%,~%, p}) € K. Let 7 denote an iteration counter and set 7 = 1. Set
the sequence {az} so that >3, ar, ar >0, ar — 0, as 7 — oo (which is a requirement for

convergence).

Step 1: Computation

Compute X7 = (Q'7,Q*7, Q37,47 ,pI) € K by solving the variational inequality subprob-
lem:
(XT +a;FIXTH) - XT L X-XT)y>0, VXek. (56)

Step 2: Convergence Verification

If | X7 - X7-1 < ¢, with € > 0, a pre-specified tolerance, then stop; otherwise, set 7 := T +1,
and go to Step 1.

Convergence results for the Euler method can be found in Dupuis and Nagurney (1993).
See the book by Nagurney and Dong (2002) for applications of this algorithm to other
supernetwork problems in the context of dynamic supply chains and financial networks with

intermediation.

Variational inequality subproblem (56) can be solved explicitly and in closed form. This
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is due to the simplicity of the feasible set K as formulated above. For completeness, and also
to illustrate the simplicity of the proposed computational procedure in the context of the

global supply chain network model, we provide the explicit formulae for the computation of
the Q'7, the Q27 the Q*7, the 47, and the pZ below.

Computation of the Product Transactions

In particular, compute, at iteration 7, the q”T s according to:

M@ QT | Ol hon ) | 0@ | 05 )

0T AT —1
Cipm = maxi0,q;;, ~ —ar
jh { h ( 8qjhm aq]hm aqahm aqﬂhm
; a,ril QlT—l Q3T—1 arj QIT—I Q2T—1 ; : ; B
L0 ) 19,2 ) (a4 30+ ) — 271
aQJhm aqjhm
vz’ l?.j? h? m; (57)

the q;ﬁ s according to:

. o afil QlT—l Q3T—1 (qle 1) ,
qu _maX{qukIZ[ 1_, ( ( . )+ khé Z;chl klhl(QsT 1)
qkhl Deni
; aril(QlT—l’QiiT—l) ; ; ; B - .
+w'! — (@™ + )" + 1) — pi DY Vil kbl (58)
aqkhl
and the qizims, according to:
_ 8cj (qJT 1) arj(QlT—l Q2T—1)
77— m m )
Denim = max{0, qihiml —ar( k% e od’ khlm(Q2T Y
qkhim Denim
j T—
i Y~ pSkhl)} Vi, k,h,1,m. (59)

Computation of the Prices

At iteration 7, compute the vas according to:

L H 2 K H L 2 )
TSR0 35 3D DD DE' eI 5 9D DD DY 1w} NI MR )

i=1 =1 h=1m=1 k=1h=1j_1 m=1
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whereas the p;his are computed explicitly and in closed form according to:

J 2 I L
P = max{0, piot —ar (30 7 gl "+ 3 — duale3 1))} VA AL (61)

j=1m=1 i=11=1

Hence, at a given iteration, all the product transactions and prices can be solved explicitly
and in closed form using the above simple formulae. Note that these computations can be
done simultaneously, that is, in parallel. The algorithm also can be interpreted as a discrete-
time adjustment process in which the product transactions between tiers adjust as well as
the prices at the tiers until the equilibrium state is reached. Convergence conditions for the

algorithm can be found in Dupuis and Nagurney (1993) and Nagurney and Zhang (1996).

Note that one may recover the total emissions generated by a particular manufacturer in
a country by simply computing the expression (14), with the product transactions at their
equilibrium values, and with the summation over all manufacturers in all countries yielding
the total number of emissions generated by all the manufacturers. The total amount of
emissions generated by the consumers, in turn, in their transactions (cf. (31)) can be obtained

by computing the expression: ijl “K Zle Z niim SH qi’;im.
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6. Conclusions and Directions for Future Research

In this paper, we have proposed a framework for the formulation, analysis, and computa-
tion of solutions to global supply chain network problems with multicriteria decision-makers
and environmental concerns in the presence of electronic commerce. In particular, we have
proposed a global supply chain supernetwork consisting of three tiers of decision-makers: the
manufacturers who are located in different countries and can trade in different currencies,
the retailers, who can be either physical or virtual and need not be country specific, and
the consumers associated with the demand markets in different countries who can transact
in different currencies. We allowed for both physical and electronic transactions in the form
of electronic commerce between manufacturers and retailers and between retailers and the
consumers at the demand markets. Moreover, consumers can also obtain the products di-
rectly from the manufacturers through e-commerce. We presented both static and dynamic
versions of the global supply chain network model with environmental decision-making and

linked the equilibrium points of the former with the stationary points of the latter.

This framework generalizes the recent work of Nagurney and Toyasaki (2003) in supply
chain supernetworks and environmental criteria to the global dimension and to include also
explicit risk minimization, which is of a form sufficiently general to also capture environmen-
tal risks associated with the various transactions. Theoretical results were obtained along
with a proposed discrete-time algorithm for the discretization of the continuous time prod-
uct transaction and price trajectories. Finally, we demonstrated how the total amount of

emissions generated can also be recovered from the equilibrium solution.

Future research may include the incorporation of a variety of policy instruments as well

as applying the algorithm to concrete numerical examples.
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