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Abstract: In this paper, we develop a global supply chain network model in which both
physical and electronic transactions are allowed and in which supply-side risk as well as
demand-side risk are included in the formulation. The model consists of three tiers of
decision-makers/agents: the manufacturers, the distributors, and the retailers who may be

located in the same or in different countries and may conduct their transactions in distinct



currencies. We model the optimizing behavior of the various decision-makers, with the man-
ufacturers and the distributors being multicriteria decision-makers, and concerned with both
profit maximization and risk minimization. The retailers, in turn, are faced with random
demands for the product. We derive the governing equilibrium conditions and establish the
finite-dimensional variational inequality formulation. We provide qualitative properties of
the equilibrium product flow and price pattern in terms of existence and uniqueness results
and also establish conditions under which the proposed computational procedure is guar-
anteed to converge. Finally, we illustrate the global supply chain network model and the
computational procedure through several numerical examples. This research illustrates the
modeling, analysis, and computation of solutions to decentralized supply chain networks
with multiple agents in the presence of electronic commerce and risk management in the
global arena. Moreover, it highlights and applies some of the theoretical tools that are now

available for such multi-agent problems.
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1. Introduction

Growing competition and emphasis on efficiency and cost reduction, as well as the sat-
isfaction of consumer demands, have brought new challenges for businesses in the global
marketplace. At the same time that businesses and, in particular, supply chains have be-
come increasingly globalized, the world environment has become filled with uncertainty. For
example, recently, the threat of illness in the form of SARS (see Engardio et al. (2003))
has disrupted supply chains, as have terrorist threats (cf. Sheffi (2001)). On the other
hand, innovations in technology and especially the availability of electronic commerce in
which the physical ordering of goods (and supplies) (and, is some cases, even delivery) is
replaced by electronic orders, offers the potential for reducing risks associated with physical

transportation due to potential threats and disruptions in supply chains.

Indeed, the introduction of electronic commerce (e-commerce) has unveiled new oppor-
tunities for the management of supply chain networks (cf. Nagurney and Dong (2002) and
the references therein) and has had an immense effect on the manner in which businesses
order goods and have them transported. According to Mullaney et al. (2003) gains from
electronic commerce could reach $450 billion a year by 2005, with consumer e-commerce
in the United States alone expected to come close to the $108 billion predicted, despite a

recession, terrorism, and war.

The importance of global issues in supply chain management and analysis has been em-
phasized in several papers (cf. Kogut and Kulatilaka (1994), Cohen and Malik (1997),
Nagurney, Cruz, and Matsypura (2003)). Moreover, earlier surveys on supply chain analysis
indicate that the research interest is growing rapidly (see Erenguc, Simpson, and Vakharia
(1999) and Cohen and Huchzermeier (1997)). Nevertheless, the topic of supply chain risk
management is fairly new and novel methodological approaches that capture both the opera-
tions as well as the financial aspects of such decision-making are sorely needed. In particular,
the need to incorporate both supply-side and demand-side risk in supply chain decision-
making and modeling is well-documented in the literature (see, e.g., Smeltzer and Siferd
(1998), Agrawal and Seshadri (2000), Johnson (2001), Van Mieghem (2003), and Zsidisin
(2003)).

Frameworks for risk management in a global supply chain context with a focus on cen-



tralized decision-making and optimization have been proposed by Huchzermeier and Cohen
(1996) and Cohen and Mallik (1997) (see also the references therein). In this paper, in
contrast, we build upon the recent work of Nagurney, Cruz, and Matsypura (2003) in the
modeling of global supply chain networks with electronic commerce and that of Nagurney
et al. (2002) and Dong, Zhang, and Nagurney (2002, 2004a,b) who introduced random de-
mands in a decentralized supply chain network. In particular, we develop a global supply
chain network model with both supply-side risk (handled as a multicriteria decision-making

problem) and demand-side risk (formulated through the use of random demands).

The paper is organized as follows. In Section 2, we develop the global supply chain
network model and derive the optimality conditions of the various decision-makers/agents.
The model can handle as many manufacturers, countries, currencies, as well as distributors,
and retailers, as required by the specific product application. Moreover, we establish that
the governing equilibrium conditions can be formulated as a finite-dimensional variational
inequality problem. We emphasize here that the concept of equilibrium, first explored in a
general setting for supply chains by Nagurney, Dong, and Zhang (2002)), provides a valuable
benchmark against which prices of the product at the various tiers of the network as well as

product flows between the tiers can be compared.

In Section 3, we provide qualitative properties of the equilibrium pattern, and, under rea-
sonable conditions, establish existence and uniqueness results. We also establish properties
of the function that enters the variational inequality that allows us to establish convergence
of the proposed algorithmic scheme in Section 4. In Section 5, we apply the algorithm to
several global supply chain network examples for the computation of the equilibrium prices
and shipments. The paper concludes with Section 6, in which we summarize our results and

present suggestions for future research.



2. The Global Supply Chain Network Model with Risk Management

In this Section, we develop the global supply chain network model consisting of three tiers
of decision-makers/agents. The multicriteria decision-makers on the supply side in the form
of manufacturers and distributors are concerned not only with profit maximization but also
with risk minimization. The demand-side risk, in turn, is represented by the uncertainty
surrounding the random demands at the retailers. The model allows for not only physical
transactions but also for electronic ones. For the structure of the global supply chain network,

see Figure 1.

In particular, we consider L different countries with a typical country denoted by [, Z, [
(since we need to distinguish a given country in a tier). There are I manufacturers in each
country with a typical manufacturer ¢ in country [ denoted by il and associated with node
1l in the top tier of nodes in the global supply chain network depicted in Figure 1. Also,
we consider J distributors in each country with a typical distributor j in country [ being
denoted by jZ and associated with second tier node jZ in the network. There are a total of
JL distributors in the global supply chain network. A typical retailer k in country [ dealing
in currency h is denoted by khl and is associated with the corresponding node in the bottom

tier of the network. There are a total of K H L retailers in the global supply chain.

We assume a homogeneous product economy meaning that all manufacturers produce the
same product which is then shipped to the distributors, who, in turn, distribute the product
to the retailers. In order to include the influence of the Internet, we allow the manufacturers
to transact either physically with the distributors, or directly, in an electronic manner, with
the retailers. Hence, the links connecting the top and the bottom tiers of nodes in Figure 1
represent electronic links. Moreover, the retailers at the bottom tier of nodes of the global

supply chain network can be either physical or virtual retailers.

The behavior of the various supply chain decision-makers/agents represented by the three
tiers of nodes in Figure 1 is now described. We first focus on the manufacturers. We then

turn to the distributors, and, subsequently, to the retailers.
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Figure 1: The Structure of the Global Supply Chain Network

The Behavior of the Manufacturers and their Optimality Conditions

Let ¢" denote the nonnegative production output of manufacturer il. Group the production
outputs of all manufacturers into the column vector ¢ € RIF. Here it is assumed that each
manufacturer i has a production cost function f%, which can depend, in general, on the

entire vector of production outputs, that is,

=), Vil (1)

Hence, the production cost of a particular manufacturer can depend not only on his produc-
tion output but also on the production outputs of the other manufacturers. This allows one

to model competition.

Note that in Figure 1, there are H distinct links between a manufacturer and distributor
pair. Each of these links represents the possibility of a transaction between manufacturer il
and distributor j[ in a certain currency h. Let C;‘lhi denote the transaction cost (which we
assume includes the cost of transportation and other expenses) that manufacturer il is faced
kni
cost (which also includes the cost of transportation and other expenses) that manufacturer

with transacting with distributor ji in currency h. Let ¢% -, in turn, denote the transaction
il is faced with transacting directly with retailer k in currency h and country [. These
transaction costs may depend upon the volume of transactions between each such pair in

a particular currency, and their form depends on the type of transaction. They are given,



respectively, by:

C;lh[ = C;lhi(q;lhi>7 VZ7 lv .jv h’v Z (QCL)
and
Cﬁh[ = Cﬁh[(qlilh[)’ Vi> l’ k’ hv l_ (2b)

Obviously, not every product can be purchased and shipped over electronic distribution
channels. For example, in some cases, the purchase may occur through the Internet but
the delivery requires a physical (and not virtual) means of transport. The generality of the
above transaction cost functions (2a) and (2b) can represent such combined (or aggregated)

activities, as well.

The following conservation of flow equation must hold:

J H L K H L

=203 Gt 23Dt (3)

1/ k=1h=1]=1

which states that the quantity of the product transacted by manufacturer il is equal to
the amount produced by the manufacturer. For easy reference in the subsequent sections
the product transactions between all pairs of manufacturers and distributors are grouped
into the column vector denoted by Q' € R/HL. In addition, the product transactions
between all pairs of manufacturers and retailers are grouped into the column vector denoted
by Q* € RIFKHL  With this notation, one can express the production cost function of
manufacturer il (cf. (1)) as a function of the vectors Q! and Q% fi(Q*, Q?).

It is assumed that each manufacturer seeks to maximize his profit which is the difference
between his revenue and the total costs incurred. The revenue is equal to the product of the
price of the product and the total quantity sold to all the distributors and all the retailers.
Since we allow the transactions to take place in different currencies, the prices of the product
ill;hi .
transacted between manufacturer il and distributor j/ in currency h, and let ,o’fghl— denote

in different currencies may be distinct. Let p** - denote the price associated with the product

the price of the product associated with a transaction between manufacturer il and retailer

k in currency h and country .

We now introduce the currency appreciation rate e,, which is the appreciation (exchange)

rate of currency h relative to the base currency and which is assumed to be known (see



Nagurney, Cruz, and Matsypura (2003) and Nagurney and Siokos (1997) for further details).
This is necessary since the revenue of a given manufacturer needs to be expressed in a base

currency. Hence, the total revenue of manufacturer il is given by:

J H H L
Y22 pilj*hz X en)q ]hl Z Z > (P X en) it

j=1h=1j_; 17=1

The total costs incurred by the manufacturer il, in turn, are equal to the sum of the
manufacturer’s production costs and the total transaction costs. We assume that all the

cost functions are in the base currency.

Hence, using the conservation of flow equation (3), the production cost functions, and the
transaction cost functions (2a) and (2b), one can express the profit maximization criterion

for manufacturer il as:

M=

J
Maximize Z

L
j=1h 1=

L K H
Z plllg*hl X en)d, ihi Z Z > (Pleni X en)din

=1 1

Il
—
—

o JH L K H L
_fZ(Q>Q)_ZZZC;hi i) ZZZ Chnt{(ina) (4)
j=1h=1j—y k=1h=1]=1
subject to: q ;2 0, for all j, h, [ and qkhl > 0, for all k, h, L.

In addition to the criterion of profit maximization, we also assume that each manufacturer
is concerned with risk minimization. Here, for the sake of generality, we assume, as given,
a risk function 7%, for manufacturer i in country [, which is assumed to be continuous and
convex and a function of not only the product transactions associated with the particular

manufacturer but also of those of other manufacturers. Hence, we assume that
= 1(Q",QY), Vil. (5)

Note that according to (5) the risk as perceived by a manufacturer is dependent not only
upon his product transactions but also on those of other manufacturers. Hence, the second

criterion of manufacturer il can be expressed as:

Minimize 7(Q', Q?), (6)



subject to: q;.l > 0, for all 5, h, [ and qkhl > 0, for all k, h, . The risk function may be distinct

for each manufacturer/country combination and can assume whatever form is necessary.

The Multicriteria Decision-Making Problem for a Manufacturer in a Particular

Country

Each manufacturer il associates a nonnegative weight o with the risk minimization crite-
rion (6), with the weight associated with the profit maximization criterion (4) serving as the
numeraire and being set equal to 1. Hence, we can construct a value function for each man-
ufacturer (cf. Fishburn (1970), Chankong and Haimes (1983), Yu (1985), Keeney and Raiffa
(1993)) using a constant additive weight value function. Consequently, the multicriteria

decision-making problem for manufacturer il is transformed into:

J H L K H L

Maximize Z Z Z plll*hl x er)q" ni T Z Z Plll/:hz X eh)qkhz
J=1h=1j_;

th qkhl - adrll(Qla Q2)a (7)

Mh

le Ql Q2 ii

subject to: q;,l > 0, for all 4, h,

. K H
¢ jhi ;hl Z Z
1 : :

and qkhl > 0, for all k, h, [.

W'Mh

N) o~
Il

The manufacturers are assumed to compete in a noncooperative fashion. Also, it is
assumed that the production cost functions and the transaction cost functions for each man-
ufacturer are continuous and convex. The governing optimization/equilibrium concept un-
derlying noncooperative behavior is that of Nash (1950, 1951), which states, in this context,
that each manufacturer will determine his optimal production quantity and transactions,
given the optimal ones of the competitors. Hence, the optimality conditions for all manu-
facturers simultaneously can be expressed as the following inequality (see also Gabay and
Moulin (1980), Bazaraa, Sherali, and Shetty (1993), Nagurney (1999), Nagurney, Dong, and
Zhang (2002)): determine the solution (Q, Q**) € RIL(JHL+KHL which satisfies:

! T AL afil(Ql*a Q2*) aCllhlA(qll;LklA) 7 a/ril(Ql*7 Q2*) ES ilx
)IDIPIDISD 0L + ]azzj +at 90 _plljhlxeh X[q]hl jlhi}
i=11=1 j=1 h=1j—; Dini Dini Dini

I K H L ale(@l* Q2*) acil (qzl* ) . 8’/‘Zl(Q1* Q2*) i
+YYT Y Z [ kh\Tkht) | i i ]

X e
il il ~ Pignl X €h
aqkhl ey ey

i=11=1k=1h=1]—1



X [QIiclh[_ qlil;?z} >0, V(Q'.Q* ¢ RiL(JHL-i-KHL). ®)

The inequality (8), which is a wariational inequality (cf. Nagurney (1999)) (for fixed
prices and appreciation rates) has a nice economic interpretation. In particular, from the
first term one can infer that, if there is a positive amount of the product transacted between
a manufacturer and a distributor, then the marginal cost of production plus the marginal
cost of transacting plus the weighted marginal risk associated with that transaction must
be equal to the price (converted to the base currency) that the distributor is willing to pay
for the product. If the marginal cost of production plus the marginal cost and the weighted
marginal risk of transacting exceeds that price, then there will be zero volume of flow of the

product between the two.

The second term in (8) has a similar interpretation; in particular, there will be a positive
volume of transaction of the product from a manufacturer to a retailer if the marginal cost
of production of the manufacturer plus the marginal cost of transacting with the retailer via
the Internet and the weighted marginal risk is equal to the price (in the base currency) that

the retailer is willing to pay for the product.

Note that, in the above framework, we explicitly allow each of the manufacturers to not
only have distinct risk functions but also distinct weights associated with their respective
risk functions. We emphasize that the study of risk has had a long and prominent history in
the field of finance, dating to the work of Markowitz (1952, 1959), whereas the incorporation
of risk into supply chain management has only been addressed fairly recently. Furthermore,
we emphasize that by allowing the risk function to be general one can then construct an
appropriate function pertaining to the specific situation and decision-maker. For example, in
the field of finance, measurement of risk has included the use of variance-covariance matrices,
yielding quadratic expressions for the risk (see also, e.g., Nagurney and Siokos (1997)). In
addition, in finance, the bicriterion optimization problem of net revenue maximization and

risk minimization is fairly standard (see also, e.g., Dong and Nagurney (2001)).

The Behavior of the Distributors and their Optimality Conditions

As was mentioned earlier, the distributors transact with both the manufacturers since they

need to obtain the product for distribution, and with the retailers, who sell the product to

10



the consumers. Similar to the manufacturers, and for the sake of modeling generality and

flexibility, we assume that the distributors can transact in any of the H currencies.

Let qkhl denote the amount of the product transacted between retailer khl and distributor

Ji lin currency h. We group these transaction quantities into the column vector Q* € R{EFHE,

A distributor j[ is faced with certain expenses, which may include, for example, load-
ing /unloading costs, storage costs, etc., associated with the product. We refer collectively
to such costs as a handling cost and denote it by c¢,;;. In a simple situation, one might have
that L.

(2

=11

Z g z:: ; k;zl (9a)

1h=1

that is, the handling cost of a distributor is a function of how much of the product he
has obtained and how much of the product he has transacted with the various retailers.
However, for the sake of generality, and to enhance the modeling of competition, we follow
Dong, Zhang, and Nagurney (2003) and allow the function to depend also on the amount of
the product acquired and transacted by other distributors. Hence, we assume that, for all
le

— QL QY. (9b)

Let p] Hnyy denote the price in currency h associated with the transaction between distrib-
utor jl and retailer khl. This price, as will be shown, will be endogenously determined in
the model and will be, in the case of a positive volume of flow between a distributor-retailer
pair, equal to a clearing-type price. The total amount of revenue the distributor obtains
from his transactions is equal to the sum of the price (transformed into the base currency)
and the amount of the product transacted with the various retailers in the distinct countries
and currencies. Indeed, since transactions can be made in distinct currencies and with dif-
ferent retailers, who, in fact, may even be virtual, the total revenue of distributor j [ can be
expressed in the base currency as follows:

K
>

k=1h

X eh)qilhl—. (10)

M=
Mh

2khl
1

o~

1

Assuming that the distributors are profit-maximizers, the profit maximization problem

11



for distributor j [ can be expressed as:

K H L . I H
Maximize 33 S (0 - x en)gl — ¢ QL QY =D 3 (P xen)dy (1)
k=1 h=1[—1 i=11=1 h=1
subject to:
K H Lo I H
ZZZ Gpt < D202 - G (12)
kel he1]—1 i=11=1 h=1

and the nonnegativity assumptions: q;,lh[ > 0, for all 4,1, h and qzlm‘ >0, for all k, h, L.

Constraint (12) states that a distributor in a country cannot sell more of the product

than he has obtained from the various manufacturers.

In addition, each distributor seeks to also minimize his risk associated with obtaining
and shipping the product to the various retailers. Each distributor ji is faced with his own
individual risk denoted by 77! with the function being assumed to be continuous and convex

and dependent on the transactions to and from all the distributors, that is,

it = QY Q%), V4,1, (13)

The Multicriteria Decision-Making Problem for a Distributor in a Particular

Country

We assume that each distributor associates a weight of 1 with the profit criterion (11) and
a weight of ﬂji with his risk level. Therefore, the multicriteria decision-making problem for

distributor jZ; 3=1,...,J; [ = 1,..., L, can be transformed directly into the optimization

problem:
K H L i s I H .
Maximize Z Z Z Pt % €)1y — € Ql Q%) Z Z Z pllly*hl X en)q') ihi - QY Q%)
k=1h=1]=1 i=11=1 h=1
(14)
subject to:

KH Lo 1 LoH
DIDBP I ATES ZZZQﬁ-hza (15)
and the nonnegativity constraints: q;.lhi > 0, and qiil— >0, for all i, h, k, [, and [.

12



Objective function (14) represents a value function for distributor jl with ﬁj[ having the

interpretation as a conversion rate in dollar value.

Here it is assumed that the distributors compete in a noncooperative manner, given the
actions of the other distributors. Note that, at this point, we consider that the distributors
seek to determine not only the optimal amounts purchased by the retailers, but, also, the
amount that they wish to obtain from the manufacturers. In equilibrium, all the transactions

between the tiers of global supply chain network will have to coincide.

Assuming that the handling cost Cji for each distributor is a continuous and convex
function, the optimality conditions of the distributors simultaneously can be stated as the
following variational inequality: determine the solution (Q, Q% ~*) € RiL(ILH+KHL+1),

which satisfies:

L I L H 'acf(@l* Q*) _ﬁrji(Qbk Q) ' . .
4l ’ l ) il% * il ilx
ZZ ZZ - + - +piiaxXen, =l X |Qh:— G
J=lj_yi=li1=1h=1| aqjlhi aqjlhi n 7 [ o Jhl]
K H L [ . 3C'A(Q1* Q?’*) ‘Aa,rle(Ql* Q%) . 3
% l ) 1 ) * l I*
+2.02. > Z —Pyppi X €+ — i + 5 i 7] X [qihl - qihl]
j=1j—1 k=1h=1]=1 | 8qkhl— aqkhl_
J L [ I L H ; K H Lo
I > | % i =] 2 0,
j=1j—;1 |i=11=1h=1 k=1h=1]=1
Y(Q', Q%) € RyFUHITEILTY, (16)

where 7; is the Lagrange multiplier associated with constraint (12) for distributor j [ and ~
is the column vector of all the distributors’ multipliers. In inequality (16), as in inequality

(8), the prices charged are not variables.

The economic interpretation of the distributors’ optimality conditions is now highlighted.

From the second term in inequality (16), one has that, if retailer khl purchases the product

khl
X ey, is equal to the marginal handling cost plus the

from a distributor jZ, that is, if the ¢, is positive, then the price charged by retailer jl:

. [*
converted into the base currency, p), -
weighted marginal risk, plus the shadow price term 7;5, which, from the third term in the
inequality, serves as the price to clear the market from distributor jl. Furthermore, from the

first term in inequality (16), one can infer that, if a manufacturer transacts with a distributor

13



resulting in a positive flow of the product between the two, then the price 7;.} is precisely

equal to distributor j[’s payment to the manufacturer in a certain currency h transformed
il*

P1jni

with transacting with the particular manufacturer plus the weighted marginal risk associated

into the base currency, X ey, plus his marginal cost of handling the product associated

with the transaction.

In the above derivations, we have considered supply-side risk from the perspective of the
manufacturers as well as from the distributors. We now turn to the retailers and consider
demand-side risk, which is modeled in a stochastic manner to represent uncertainty. Clearly,
if the demands were known with certainty there would be no risk associated with them
and the retailers and manufacturers could make their production and distribution decisions

accordingly.

The Retailers and their Optimality Conditions

The retailers, in turn, must decide how much to order from the distributors and from the
manufacturers in order to cope with the random demand while still seeking to maximize
their profits. A retailer khl is also faced with what we term a handling cost, which may
include, for example, the display and storage cost associated with the product. We denote
this cost by c¢;;,7 and, in the simplest case, we would have that cg,7 is a function of s;;,; =
Zle Zle q,ilhl—+ Z}'le Z%:l qil;d—, that is, the holding cost of a retailer is a function of how much
of the product he has obtained from transactions with the various manufacturers directly
through orders via the Internet and from the various distributors. However, for the sake of
generality, and to enhance the modeling of competition, we allow this function to depend, in
general, also on the amounts of the product held by other retailers and, therefore, we may

write:

Crhl = Ckhl_(Q2u Q3)7 vk, h, L. (17)

Let psis; denote the demand price of the product associated with retailer khi. We assume
that cfkhl-(p%hl-) is the demand for the product at the demand price of ps;;; at retail outlet
khl, where dy;(pspsi) is a random variable with a density function of Fyu(z, pspar), with
Pseni Serving as a parameter. Hence, we assume that the density function may vary with

the demand price. Let P, be the probability distribution function of dy,;(psesi), that is,

14



Poni(, psgni) = thi(dkhi <z)= fox Fyni(, pagpr)de.

Retailer khl can sell to the consumers no more than the minimum of his supply or his
demand, that is, the actual sale of the product at retailer khl cannot exceed min{s,,7, czkh;}.
Let

Ay, = max{0, spr — diprt (18)
and

A = max{0, diy; — spni} (19)
where A;hl is a random variable representing the excess supply (inventory), whereas A - is

a random variable representing the excess excess demand (shortage).

Note that the expected values of excess supply and excess demand of retailer khl are

scalar functions of s;;,; and ps7. In particular, let 7r 7 and 7, denote, respectively, the

expected values E(A[ ) and E(A, ), that is,
Skhl
W;_h[(skhﬂ Psknt) = (A;hl) = /0 (8knr — @) Fyoni(, psnr)de, (20)
and
Tt Skt Parnt) = E(App) = /S (2 = sp) Frni(@, psgpr)de. (21)

khl

Assume that retailer khl is faced with certain penalties for having an excess or shortage
in regards to the supply. Let )\khl > 0 denote the unit penalty of having excess supply at
retail outlet khl, and let Ay = 0 denote the unit penalty of having excess demand at outlet
khl. The penalties are assumed to be in the base currency. Then the expected total penalty

of retailer khl can be expressed as:

()‘:M‘A;:hl + AkhlAkhJ = )‘khlwkhl(skhiu p3khl> + Akhlwkhl(skhiu p3khi>'
Assuming profit-maximizing behavior of the retailers, one can state the following opti-
mization problem for retailer khl:

Maximize E((p3,; X €n) - min{ sz, dyi}) — BN + AeniD i)

I L J L )
il% 7l
+om(Q°, Q°) ZZ Pt X €n) s — ZZ Poeni X €h)Dnps (22)

i=11=1 j=1j—1
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subject to: ¢~ >0, qilhl— >0, for all 4,1, 7, 1.

Objective function (22) expresses that the expected profit of retailer khl, which is the
difference between the expected revenues and the sum of the expected penalty, the handling

cost, and the payouts to the manufacturers and to the distributors, should be maximized.

Applying now the definitions of A - and A/ -, we know that min{s,;, At = dii— AV

Therefore, the objective function (22) can be expressed as

Maximize (f’;khl’ X 6h)dkhl_(p§khf) - (nghz’ X ep + )‘];hl’)ﬁk_hi(skhl_a nghz’) - )‘]—l_hl’ﬂljh[(skhl_a nghz’)

I ; )
s gl
(@, Q%) — ZZ pllkhl X ep) qkhl ZZ szhz X €h )y (23)

i=1[]=1 Jj=1j=—1

~

where di(psien) = E (cfkhl-) is a scalar function of ps;7

We now consider the optimality conditions of the retailers assuming that each retailer
is faced with the optimization problem (23), subject to the nonnegativity assumption on
the variables. Here, we also assume that the retailers compete in a noncooperative manner
so that each maximizes his profits, given the actions of the other retailers. Note that, at
this point, we consider that retailers seek to determine the amount that they wish to obtain
from the manufacturers and from the distributors. First, however, we make the following

derivation and introduce the necessary notation:

or,, 7(Sknis P3knD) o, '(Skhl_v P3kni) L& il ]
kil = —khi = Puni(sent psent) = Pt QD i + Z Z Qkhp P3khl)

0}, 8qkhl i=11=1 j=1j_1 o)
Om 1 (Skns Psient) _ 87Tk_hi(3khl’a P3kni) P
aqkhl 0qkhl
I L L .
i i
= thi(z Z qklhl‘ + Z Z Qihp Pskhi) - L (25)
i=11=1 J=1i_

Assuming that the handling cost for each retailer is continuous and convex, then the
optimality conditions for all the retailers satisfy the variational inequality, with p3, , - denoting

the equilibrium price at demand market khl: determine (Q*, Q%) € R} UL+JL)KHL , satisfying:
K H L

Z Z {Z Z [)‘khlpkhl Sents Paent) — (Npnz  Paenr X €n) (L = Prni(Siars P3eni))

k=1h=1]=1
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Den(Q%, Q) il ux
n khla 4 pllkhl X ep| X [qkhl lehl]
qkhl

ackhi(Q2* QS*)
aqkhl

+p;lk*hi X 6h] X {qilm qili:kz]} >0, Y(Q%Q%) e RS{LHL)KHL- (26)

£33

J=1]=1

N Peni(Senis Parnt) — Moz + P X €n) (1 = Ppt(Skpis Ont)) +

In this derivation, as in the derivation of inequalities (8) and (16), we have not had the
prices charged be variables. They become endogenous variables in the integrated global sup-
ply chain network equilibrium model. A similar derivation but in the absence of electronic
commerce (and in the case of only a two-tiered rather than a three-tiered supply chain net-
work) was obtained in Dong, Zhang, and Nagurney (2004). See Dong, Zhang, and Nagurney
(2003) for a three-tiered (single-country and currency) supply chain network model with

random demands.

We now highlight the economic interpretation of the retailers’ optimality conditions. In
inequality (26), we can infer that, if a manufacturer il transacts with a retailer khl resulting in
a positive flow of the product between the two, then the price at retail outlet khl, Pyinp With
the probability of (1 — Py,i(3X1_ Xl gihr+ S 2k qilh*l, Paeni))s that is, iivhen the demand
is not less then the total order quantity, is precisely equal to the retailer khl’s payment to the
il
1khl
having excess demand with probability of Py, (X1, S5 ¢ihs+ Z 1 ZL - qihl, Paeni)> (Which

manufacturer, p’7,; X ey, plus his marginal cost of handling the product and the penalty of

is the probability when actual demand is less than the order quantity), subtracted by the

penalty of having shortage with probability of (1—Py,i(31_; S/, gib+ Z . Zl . qil};, Psent))
(when the actual demand is greater than the order quantity).

Similarly, if a distributor ji transacts with a retailer khl resulting in a positive flow of
the product between the two, then the selling price at retail outlet khl, Pyrnp With the
probability of (1 — Pi(X_; S aih + 2 Xk, qilh*l, Pienp))> that is, when the demand is
not less then the total order quantity, is precisely equal to the retailer k’s payment to the
manufacturer, pgfhl— X ey, plus his marginal cost of handling the product and the penalty of
having excess demand with probability of Pyi(31_; S5 ¢ib;+ Z 1 Zl L qilh*l, Paeni)> (Which
is the probability when actual demand is less than the order quantity), subtracted by the
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penalty of having shortage with probability of (1—Py,(31_; X7 qii+37- o8 qil,;, Paeni))

(when the actual demand is greater than the order quantity).

The Equilibrium Conditions

We now turn to a discussion of the market equilibrium conditions. Subsequently, we construct

the equilibrium conditions for the entire global supply chain network.

The equilibrium conditions associated with the transactions that take place between the
retailers and the consumers are the stochastic economic equilibrium conditions, which, math-
ematically, take on the following form: for k,h,l; k=1,....K;h=1,..,H;l=1,.... L

L L .
alx 153 . %
=D D Gt D dayr  ae ifpy,>0
5 X i=1 =1 i=17_
dini(P3pnr) I L S ; (27)
alx * . %
< Z Z Teni + Z Z qihl‘ a.e. if piy,: =0,
i=11=1 j=1j_;

where a.e. means that the corresponding equality or inequality holds almost everywhere.

Conditions (27) state that, if the demand price at outlet khl is positive, then the quantities
purchased by the retailer from the manufacturers and from the distributors in the aggregate
are equal to the demand, with exceptions of zero probability. These conditions correspond
to the well-known economic equilibrium conditions (cf. Nagurney (1999) and the references
therein). Related equilibrium conditions, but without electronic transactions allowed, and

in a single country context, were first proposed in Dong, Zhang, and Nagurney (2004a).

Equilibrium conditions (27) are equivalent to the following variational inequality problem,
after taking the expected value of the demand and summing over all retailers khl: determine

Rf HL gatisfying:

1

K H L L Sl
YD Gt Z Z Qi = Deni(Painr) | X [P3knr — Pagntl = 0, Vps € REME,

k=1h=1]=1 [i=11=1 j=1j—1
(28)

where p3 is the K H L-dimensional column vector with components: ps111, ..., P30l
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The Equilibrium Conditions of the Global Supply Chain

In equilibrium, we must have that the sum of the optimality conditions for all manufacturers,
as expressed by inequality (8), the optimality conditions of the distributors, as expressed by
condition (16), the optimality conditions for all retailers, as expressed by inequality (26),
and the market equilibrium conditions, as expressed by inequality (28) must be satisfied.
Hence, the product transactions from the manufacturers to the retailers must be equal to
the producttransactions that the retailers accept from the manufacturers. In addition, the
product transactions from the manufacturers to the distributors, must be equal to those
accepted by the distributors, and, finally, the product transactions from the distributors to
the retailers must coincide with those accepted by the retailers. We state this explicitly in

the following definition:

Definition 1: Global Supply Chain Network Equilibrium with Supply-Side and
Demand-Side Risk

The equilibrium state of the global supply chain network with supply- and demand-side risk
1s one where the product transactions between the tiers of the decision-makers coincide and
the product transactions and prices satisfy the sum of the optimality conditions (8), (16),
and (26), and the conditions (28).

The summation of inequalities (8), (16), (26), and (28) (with the prices at the manu-
facturers, the distributors, and at the retailers denoted, respectively, by their values at the

equilibrium, after algebraic simplification, yields the following result:

Theorem 1: Variational Inequality Formulation

A product transaction and price pattern (Q, Q**, Q% ,v*, p3) € K is an equilibrium pattern
of the global supply chain network model according to Definition 1 if and only if it satisfies

the variational inequality problem:

il il il il
aqjhi aqjhi aqjhi 9q

(2

Sy sy [001Q Q) | PGl | 0ei(@,Q) | or(@, Q)

1i=1j=1h=1]_1 hi
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'iarﬂ(Ql*an*) _ | % [ il il*]

+ Gy Vji it — Lni
jhi
I L K H L ale(@l* Q2*) 802'1 (qzl*) ackh[(Q2* QB*) -87"”(Ql* Q2*)
+ZZZZZ[ 4 khllkhl 4 1ot
i=1 1=1 k=1 h=1]—1 aqkhl 8qklhl 8qkhl aqkhl
X Leni (S Pient) — Nnr + P3enr X €n) (L = Prni(Sipr Penn))] X [qghl qzil;z}
J L K H L
+ Z Z Z Z Z [)‘kthkhl Sknis Parnt) — (Neni + Pans X €n) (1 = Prni(Sints P3enr))
j=1j=1 k=1h=1]=1
8cﬂ(Q1*,Q3*) ackhl_(Qz* Q™) ji T]l(Ql* Q™) jix
+ ji + +0 il + i qkhl = g
Ody,7 8qkhl Ody,7
J H L z K L
+2.2.> qu;;z ZZ Gpr| % [%‘i‘ﬁi]
j=1lh=1j—1 |i=11=1 k=1]=1
K H L [1I L ; J L
+ Z Z Z Z Z Gt T Z Z qihl Aini(P3n) | X [P3knr — Panil = 0, (29)
k=1h=1]—=1 |i=11=1 j=1j_

V(Q1> Q27 an e pS) € IC,
where K = {(Q', Q%, Q% 7, p3)|(Q', Q, @3, v, p3) € R HILAKHLFILIKHLA)+KHLY

For easy reference in the subsequent sections, variational inequality problem (29) can be
rewritten in standard variational inequality form (cf. Nagurney (1999)) as follows: determine
X* € K satistying:

(F(X*),X — X*) >0, VXek= RIL(JHL+KHL)+JL(KHL+1)+KHL7 (30)

where X = (Q17 Q27 Q3a Y, PS), and

F(X)=(Ft.

il Jl _ N
hl’ ijhl7 Fj]ghl7 F]l’ Fkhl)izl,...,I;l:lzlzl,...,L;j:1,...,J;h:1,...,H;k:1,...,K’

with the specific components of F' being given by the functional terms preceding the multi-
plication signs in (29). The term (-, -) denotes the inner product in N-dimensional Euclidean

space.
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Note that the variables in the model (and which can be determined from the solution of
either variational inequality (29) or (30)) are: the equilibrium product transactions between
manufacturers and the distributors given by Q*, the equilibrium product transactions trans-
acted electronically between the manufacturers and the retailers denoted by Q*, and the
equilibrium product transactions between the distributors and the retailers given by Q3+, as
well as the equilibrium demand prices p5 and the equilibrium shadow prices v*. We now
discuss how to recover the prices pj associated with the top tier of nodes of the global supply

chain network and the prices p} associated with the middle tier.

First, note that from (8), we have that (as already discussed briefly) that if q”* > 0, then
il

il * * oct (q ) il * *
the price p’ll*hl ep = U (g;l Q) Jé’;;lﬂhl + qitor (g;ﬂ Q%) . Also, from (8) it follows that
jhi jhl ]hl

e . il(Olx 2% dc ilx o il (lx 2%
if ¢i'> > 0, then the price pif,- x e, = of %%LIMQ ) 4 ’“a’z(q"“) + a2 (gf] Iiclh’l_Q ) Hence, the
product is priced at the manufacturer’s level according to Whether it has been transacted

physically or electronically; and also according to the distributor or retailer with whom the
transaction has taken place. On the other hand, from (16) it follows that if qﬂ* > 0, then

khl
. oc (Ql* QJ*) jl 1% 3
gl _ 9% j1 Ot (Q*,Q%)
Pokni * € = = 5T a0 ol
khl khl
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3. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (29) (equivalently, variational inequality (30)). In particular, we derive existence
and uniqueness results. We also investigate properties of the function F' (cf. (30)) that

enters the variational inequality of interest here.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern.
Let
ch = {(Q17Q27Q3777P3)|0 S Qm S bmvm = 17 27370 S v S b470 S P3 S b5}7 (31)

where b = (by,...,b5) > 0 and Q™ < b,,; v < bs; p3 < bs means that q;,lh[ < by, gt < b,

qiil— < b, and 7;; < by, pagy < b5 for all i, 1, l, [, 4, k, h. Then K, is a bounded closed convex

subset of RiL(JHL+KHL)+JL(KHL+1)+KHL. Thus the following variational inequality

(F(X"), X — X" >0, VvX'ecK,, (32)

admits at least one solution X°® € K, since K, is compact and F' is continuous. Following
Kinderlehrer and Stampacchia (1980)(see also Theorem 1.5 in Nagurney (1999)),we then

have:

Theorem 2

Variational inequality (29) admits a solution if and only if there exists a b > 0, such that

variational inequality (32) admits a solution in Ky, with

QY < by Q¥ <by Q% < by ’Yb < by; p?, < bs (33)

Theorem 3: Existence

Suppose that there exist positive constants M, N, R with R > 0, such that:

Of"(Q4, Q%) | 95l @) | 0eu(@1 Q) Lor'(QLQY) | ior(QLQY)
Oatt . + Oat . + Oat . o Oatt . +ﬁ Oatt . = ’
ini ini ini i L

22



VQ'  with q i >N Vil j, h,l; (34a)
ale(@l Q2> + 8czhl(qkh[> Zlard(Ql Q2)

+ + X Poi(spn, 7

8(11?;;[ aqkhl aqkhl khi onl(Skhl> P3knl)

- Oe( @ Q°) £ 0r7'(Q", Q°

—(Ngnt + P3inr X en) (1 = Prpi(Sgnt, Pskni)) + khg )5]l ( ) > M,
qikh aqkhl
VQ* with ¢ >N Vil kbl (34b)
B dei(Q, Q7 ) e Q% Q3
)‘]—:hl’thl_(skhl_a nghi)—()\khz+03khi>< 6h)(1_thl_(3khl_a nghz‘))+ L khl( ) > M,
aqkhl aqkhl
VQP with ¢l >N Vi1 kb (34c)
and

dini(paenr) < N, Vps  with  pyr > R, VE, A, L. (35)

Then, variational inequality (30) admits at least one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in
Nagurney and Zhao (1993) (see also existence proof in Nagurney, Dong, and Zhang (2002)).
O

Assumptions (34a), (34b), (34c) and (35) can be economically justified as follows. In
particular, when the volume of the product transacted, ¢ Chi between manufacturer il and
distributor j in currency h, and that transacted between manufacturer il and retailer k in
country 1, qkhl, are large, one can expect the corresponding sum of the marginal costs as-
sociated with the production, transaction, and holding plus the weighted marginal risk to
exceed a positive lower bound, say, M. At the same time, the large q;.l and qkhl causes
a greater Sp,;, which, in turn, causes the probability distribution Pji(Spar, psrnr) to be
close to 1. Consequently, the sum of the middle two terms on the left-hand side of (36b),
NeniPrnt(Sints Paint) — (A Psient % €n) (1 = Poni(Senis P3eni)) 18 seen to be positive. Therefore,
the left-hand sides of (34b) and (364c), respectively, are greater than or equal to the lower
bound M. On the other hand, a high price ps,; at retailer k and country [, will drive the
demand at that retailer down, in line with the decreasing nature of any demand function,

which ensures (35).
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We now recall the concept of an additive production cost, which was introduced by Zhang
and Nagurney (1996) in the stability analysis of dynamic spatial oligopolies, and has also
been employed in the qualitative analysis of supply chains by Nagurney, Dong, and Zhang
(2002).

Definition 2: Additive Production Cost

Suppose that for each manufacturer il, the production cost f is additive, that is
i itly i il2 /i
i) = " (a") + f(a"), (36)

where fi' (¢") is the internal production cost that depends solely on the manufacturer’s own
output level ¢, which may include the production operation and the facility maintenance,
etc., and f“z((j“) is the interdependent part of the production cost that is a function of all the
other manufacturers’ output levels ¢ = (g™, - -+, ¢" =1, ¢+ - - ") and reflects the impact of
the other manufacturers’ production patterns on manufacturer il’s cost. This interdependent
part of the production cost may describe the competition for the resources, consumption of

the homogeneous raw materials, etc.

We now explore additional qualitative properties of the vector function F that enters
the variational inequality problem. Specifically, we show that F' is monotone as well as
Lipschitz continuous. These properties are fundamental in establishing the convergence of

the algorithmic scheme in the subsequent section.

Lemma 1

Let gkhl’(skhia nghZ)T = (thf(skhia nghi) - nghi(l - thf(skhiv pgkhl’))a Skhl — nghz’)); where Pyp;
is a probability distribution with the density function of Fyni(x, psini)- Then guni(Sgni, P3ini)
s monotone, that is,
-[/ -[H
[_nghl‘(l - th[(s;chf’ Pékhz‘)) + nghz‘(l - thi(s;c/hf> nghl‘))] X [qihz’ - qihf]
+[8;chf - dkhf(pgkhf) - S/k/hi + dkhz’(ﬂgkhi)] X [nghl’ — P >0, v(szhiv nghz’)a (S/k/hi’ pgkh[) S Ri
(37)

. . _ 9P, -
if and only if d;,{(paent) < —(ApaxniFnt) ™ (Peni + Paxnt apgi';li)z-
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Proof: In order to prove that gi,i(Sin; Pseni) IS monotone with respect to si,; and psini,
we only need to show that its Jacobian matrix is positive semidefinite, which will be the
case if all all eigenvalues of the symmetric part of the Jacobian matrix are nonnegative real

numbers.

The Jacobian matrix of g, is

F (s I _ —1 + P, s : + 0Py 1(SknrP3kRD)
\V4 gkhl_(skhl_a Pskhz‘) _ [ P3khl khl( khi /03khl) khl( khl’ nghz) nghz—a%khl 7
1 —dkhz(nghz)

(38)

and its symmetric part is

1
B [N 9ni(Sknis P3ent) + V7 Grni(Sknis P3ini)]

OP L
PskhZF khi(Sknis P3kni); 3 (nghi Do T Byni(Sknis nghi))
(p3khl 8p3kh + thl(skhla p3khl)) —dkhz(P:akhl‘)

The two eigenvalues of (39) are

1
Yomin (Skhl> Pakni) = ) [(P3niFns — d;hz‘)
Fnt — ) 0P 4 p ApgniFinid, 4
—A[(P3kriFeni — diyp)? + (P3ghim—— D + Pont)? + 4psiniFrnid, ,r| (40)
3khl

1
Ymaz (Skhl> P3khl) = B} [(kahfF khl — d;fhz‘)
0

P _
‘|‘\/(P3khl‘Fkhz‘ — dy0)* + (P3knr B 4 Pn)? + 4p3kthkhldkhl‘| (41)

Moreover, since what is inside the square root in both (40) and (41) can be rewritten as

2
, _
(PapniFrni + dyp)” + <Pskhl‘ Do + B khl‘)
3k

and can be seen as being nonnegative, both eigenvalues are real. Furthermore, under the
condition of the lemma, d;,; is non-positive, so the first item in (40) and in (41) is nonneg-

ative. The condition further implies that the second item in (40) and in (41), the square
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root part, is not greater than the first item, which guarantees that both eigenvalues are

nonnegative real numbers. O

The condition of Lemma 1 states that the expected demand function of a retailer is a
nonincreasing function with respect to the demand price and its first order derivative has an

upper bound.

Theorem 4: Monotonicity

The function F' that enters the variational inequality problem (29) is monotone, if the condi-
tion assumed in Lemma 1 is satisfied for each k; k= 1,---, K, and if the following conditions
are also satisfied. Suppose that the production cost functions f;i=1,....1;1=1,...,L, are
additive, as defined in Definition 2, and that the f“l; 1=1,..,1; 1l =1,....L, are convex
functions. If the Cé'lhi’ i Conts Gy 7 and 17" functions are conver, for all i, 1, I,1,7,k, h,

then the vector function F' that enters the variational inequality (30) is monotone, that is,

(F(X") = F(X"),X' = X"y>0, vX X"€eK. (42)

Proof: Let X' = (QV,Q%,Q%,~, py), X" = (Q,Q%*, Q%" 4", p4). Then, inequality (42)

can been seen from the following:

<F(X/) _ F(X//)’ X/ _ X//>

I L J H L _8 il 1” 2f o il 1"’ 2" » i,,
Yy Yy sy | HN@e @t >] gt = ]

] ]
8q;‘hi 8q;‘hi

I L J H
+ Z Z Z Z Z aqil - aqil ini — 4nj

Jhl Jhl

0c;i(Q". Q%) acjf<621”,@3”>] S r—

- ini — Dni

i (ol i (ol

acjhi(qjhi) acjhi(qjhi) i il
B il o il X [ }
qjhi qjhi

+
M~
N
M-
M=
N
Q

il il ini — pj
aqjhi dq ! !

2 lorit(QY, Q%) B 87"”(@1,,,@2”)] y { i’ il”}

jhi
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SR SRy g [ 071QY.Q%) 0@V Q)| e
Y Yy T - T gl —
i=1 =1 j=1 h=1j_; D Dini
I K H L 8le Q1’7Q2’ afl Ql”7Q2” i o
333>y | OHT 00 (g g
i=11=1 k=1h=1]— Dicni Dkni

1
I L K H L <02 N3 02" 3"
+ZZZZZ lﬁckhz(Q , Q%) _ 3Ckhz(Q ,Q )] % [qlili;f_qlili:i}

8qllclhl_ 8qllclhl_

I L K H L acil 7(qil’7) acil 7(qil”7) ” o
+ZZZZZ[ khI\9khl) _ ZTkhI\1khl ] % {qklh[_qklhi}

i=1 1=1 k=1 h=1]—1 Oqir, 8qllclhl_
I L K H L . 8ril(Q1' Q2’) aril(Ql” Q2”)
PYY Y Sy et [HE ) OO0
i=11=1 k=1 h=1 =1 it int
I L K H L z z
/ ! / il 1
XD D> NG Peni(Sknis Psint) — NPt (Sinns Psint)] X [Qenr — Qien]
i=1 =1 k=1 h=1]—1

L K H L
+ Z Z Z Z Z[_)\l:hf(l - thi(s;chl? pgkhl_)) + )‘I;hl’(l - thi(s;c/hf> nghz‘))] X [C.I/Zflhz‘ - qllflhl_]

I K H L
2222 2 YA en(L=Prga(Sia: Pisint))+Pini < en(1=Peni(Sir: )] X [dh—Giend

lacﬂ(Qll, Qsl) aCj[(QIHa Qs”)

le/ _ ji”
X {qkhl_ Tng

j=1]=1 k=1h=1[=1 aq;lhl, aqilhi
J L K H L 80 7(@2/ Qg/) 80 7(Q2// Q3//> N N
khl ) khl 5 ji ji
j=1j=1 k=1h=1]=1 qkh[ qkhi

5l

+
M~
N
M=
M=
M=
=<

aril(QY, Q%) B 8Tﬂ(Qlli, Q?’”)} % [ jtt jf”}

. T — Dot
90 i whl — Dn
dik O,r

L K H L ) )
'l/ ‘l”
+ Z Z Z Z Z[Ali_hipkhi(s;chfv nghl‘) - Ali_hfpkhf(sllc/hf7 nghz‘)] X [qihf - qihf]
J=1j_1 k=1h=1]=1
J L K H L o o
+ Z Z Z Z Z[_)‘I;hf(l — Poi(Senp Penr)) + Apnr(1 = Pini(8ints Paeni))] X [qihf - qihl’]

J L K H L . .
'l/ 'l//
+ Z Z Z Z Z[_pgkhl_xeh(l_thl_(S;ghﬁ Psieni)) F 01X €n (L= Prni(8y 0 Ppni) )] X [Qih[—Qihﬂ
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Mh

£

Skhl‘ - dkhl’(ﬂékhz‘) -

Sni + Deni(Psnn)] X [Psens — Pagn]
k=1h=1]—1
=) +UDH+ I+ +(XV)+-- 4+ (XIX). (43)
Since the fil; i =1,..,I; 1 = 1,..., L, are additive, and the f'; i =1,..,1; 1 =1,..., L are
convex functions, one has
I J H L 8f”1(Q1,, QQI) afill(Ql” Q2”) » ”
+(V]):ZZ{ZZZ[ a! - P X{qjhf_qjhf}
i=11=1 \j=1h=1]_, Ding qjhl
k H L ale(@l’ Qz’) ale(Ql” Qz”) .
+>.2.0. [ al! B ] X [qkhl qklhl} > 0. (44)
k=1h=1]—1 Trni G
The convexity of ¢, i for all j, l; ¢

i for all 4,1, j, h, [; cnps for all k, h, [,
rit, for all i,l; and rﬂ, for all j, l, gives, respectively,

I L J H L [de- 1/’ 3/
W“““”ZZX{ZZ {]m Q)

il
aqjhi

Ckhl’ for all 4,1, k, h,

— o (Q", Q") % [qil’A _ ilq
il — i
aqjhl ] J J

K H L [§e. 1/’ 3/ aC-A 1// 3/

jl j[//-
Qeniy — Denr } > 0,

aqkhl

acz‘l (qzl ) 8cl.l A(qi_l”A)
RN jhiN15hl il il
- — - X 1q%:—q" ;| >0, (46)
Sooms [ 8qjlhi 8qjlhi [ Jhl Jhl]
K H L I L 2/ 3/ 2// 3//
Iopi(Q@%, Q%) Jp(QY, Q") o
i+ i) =3 3y {3y | 2 @) Sl LG )
k=1h=1]=1 li=1i=1 khl khl
J 2/ 3/ 2// 3//
8ckhl(Q ,Q ) 80%1’(@ ,Q ) i’ 1
2.2 [ il X [qihl - q;hl} > 0, (47)
j=1j=1 g, 7 aqkhl
L K H L acil qz B acil qzl” - -
(VI[I):ZZZZZ [ zgzz( khl> _ kahl( khl)] x [qiflh[_qiflh[] >0, (48)
i=1 =1 k=1 h=1]—1 qkhl qkhl
I L . J H L arz'l(Ql’ Q2’) zl(Ql” Q2”) 0 o
(IV)"‘(IX):ZZO‘l ZZZ azl 8zl X {q]lhl q]lhlA}
i=11=1 j=1h=17_, Ding D

K H L il / / il " "
+ZZZ[8T (Q17Q2) or (Ql Q2)

8qkhl

}z& (49)
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J L (1 H ril(OY 03 r(0Y O3 o
(V)+(XV)=ZZW{ZZZ [a @) 8”% . )} X |¢5hi = ]
i j jhi

j=1j—1 i=11=1 h=1 aq]hl
K H L 8,,,]’[(@1’7 Q?’/) le(Ql” Q%)
+3 3N [ i X [qkhl - qkhl} > 0. (50)
k=1h=1]=1 Oqr aqkhz

Since the probability function Py, is an increasing function w.r.t. s, for all k£, and s;,; =

2k qkhl Z 1 Zl ) qkhl, hence, we have the following:

(X)+(XVI) Z i

L
Z Mt Deni(Sents Pint) = M Prni (Siinis Pienn)] X St = st = 0, (51)
1i=1

Mh

Sy

1 h=1

Mx

(XI)+ (XVII) = khl thl_(sgchT’ Pékhz’)) + )\;;hz(l - thl_(sllflhf’ nghz’))]

k

~i
Il

1
X[Sinr — Sinil = 0. (52)

Since for each k, applying Lemma 1, we can see that g,i(Sini, Psxni) 18 monotone, hence,
we have:
(XII)+ (XVIII)+ (XIX)

K H L
= > 3> [Pyt X en(L = Poi(Shnrs Pyons)) + Pt X €n(1 = Prgi(Sips Pgons))]
X [S;chl_ - S/k/hl_]

L
Z St = i (Pent) = St T i (P5nn)] X [P3enr — Paenl (53)
1]=1

M=
M=

which is reasonable to assume is also nonnegative. Therefore, we conclude that (44) is

nonnegative in . The proof is complete. O

Theorem 5: Strict Monotonicity

The function F that enters the variational inequality problem (30) is strictly monotone,
if the conditions mentioned in Lemma 1 for gupi(Sin Psini) are satisfied strictly for all k
and if the following conditions are also satisfied. Suppose that the production cost functions
fii=1,..,1;1=1...L, are additive, as defined in Deﬁmtzon 2, and that the f” 1=1,...,1;

l=1,..., L, are strictly convex functions. If the c'. hi Cklhl’ Clhls ri, and ril functzons are

Cjis
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strictly convex, for all 1,1, Z, [, j, k, h, then the vector function F that enters the variational

inequality (30) is strictly monotone, that is,

(F(X') — F(X"), X' — X"y >0, ¥YX,X"eK. (54)

Theorem 6: Uniqueness

Under the conditions indicated in Theorem 5, the function F that enters the variational

inequality (30) has a unique solution in K.

From Theorem 6 it follows that, under the above conditions, the equilibrium product
shipment pattern between the manufacturers and the retailers, as well as the equilibrium

price pattern at the retailers, is unique.

Theorem 7: Lipschitz Continuity

The function F that enters the variational inequality problem (80) is Lipschitz continuous,
that is,
|F(X") — F(X")| < L| X" = X"||, VX', X"e€K, withL >0, (55)

under the following conditions:

(i). Each function f%; i =1,..,1; 1 =1,....L, is additive and has a bounded second order

derivative;

(ii). The Cj'lhi’ CZM—, Crnls Cjis rit, and v functions have bounded second order derivatives, for

alli, j, k, h, 1,0, 1.

Proof: Since the probability function P, is always less than or equal to 1, for each retailer
khl, the result is direct by applying a mid-value theorem from calculus to the vector function

F that enters the variational inequality problem (30). O
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4. The Algorithm

In this Section, an algorithm is presented which can be applied to solve any variational

inequality problem in standard form (see (30)), that is:
Determine X* € K, satisfying:
(F(X"),X — X*) >0, VX €K, (56)

The algorithm is guaranteed to converge provided that the function F' that enters the vari-
ational inequality is monotone and Lipschitz continuous (and that a solution exists). The

algorithm is the modified projection method of Korpelevich (1977).

The statement of the modified projection method is as follows, where 7 denotes an

iteration counter:

Modified Projection Method

Step 0: Initialization

Set X° € K. Let 7 = 1 and let a be a scalar such that 0 < a < %, where L is the Lipschitz
continuity constant (cf. Korpelevich (1977)) (see (55)).

Step 1: Computation

Compute X7 by solving the variational inequality subproblem:

(XT+aP(XTH - XTUX - XT) >0, VXK. (57)

Step 2: Adaptation

Compute X7 by solving the variational inequality subproblem:

(XT+aF(XT) - X771 X -XT) >0, VXeK. (58)
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Step 3: Convergence Verification

If max | X/ — XlT_1| < e, for all [, with € > 0, a prespecified tolerance, then stop; else, set
T =:7 + 1, and go to Step 1.

We now state the convergence result for the modified projection method for this model.

Theorem 8: Convergence

Assume that the function that enters the variational inequality (29) (or (30)) has at least
one solution and satisfies the conditions in Theorem 4 and in Theorem 7. Then the modified

projection method described above converges to the solution of the variational inequality (29)
or (30).

Proof: According to Korpelevich (1977), the modified projection method converges to the
solution of the variational inequality problem of the form (30), provided that the function
F' that enters the variational inequality is monotone and Lipschitz continuous and that
a solution exists. Existence of a solution follows from Theorem 3. Monotonicity follows

Theorem 5. Lipschitz continuity, in turn, follows from Theorem 7. O

We emphasize that, in view of the fact that the feasible set K underlying the global sup-
ply chain network model with supply and demand side risk is the nonnegative orthant, the
projection operation encountered in (57) and (58) takes on a very simple form for compu-
tational purposes. Indeed, the product transactions as well as the product prices at a given

iteration in both (57) and in (58) can be exactly and computed in closed form,
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5. Numerical Examples

In this Section,we apply the modified projection method to several numerical examples.
The algorithm was coded in FORTRAN and the computer used was a SUN system at
the University of Massachusetts at Amherst. The convergence criterion utilized was that
the absolute value of the product transactions and prices between two successive iterations
differed by no more than 10~*. The parameter a in the modified projection method (cf. (57)
and (58)) was set to .01 for all the examples.

The structure of the global supply chain network for the examples is given in Figure
2. Specifically, we assumed that there were two countries, with two manufacturers in each
country, and two distributors in each country. In addition, we assumed a single currency (for
example, the euro) and two retailers in each country. Note that electronic transactions were
permitted between the manufacturers and the retailers. Hence, we had that [ = 2, L = 2,
J=2, K=2 and H =1 and, hence, ¢, =¢; = 1.

In all the examples, we assumed that the demands associated with the retail outlets fol-
lowed a uniform distribution. In particular, we assumed that the random demand OZW—( P3hi)
of retailer khl, is uniformly distributed in [O, %}, with by,,; > 0; k= 1,2; h = 1, and
[ = 1,2. Therefore, we have that

TP3khL

Poni(, psnr) = — k=1,2h=11=1,2, (59)
kh]
Froni(, psnr) = %3—@; k=1,2h=11=1,2 (60)
khi
R 1 b.,+ _
dkhl‘(ﬂskhl‘) = E(dkhl') = - A ;o k=1L2h=11=1,2 (61)

2 P3kni

It is straightforward to verify that the expected demand function dyi(ps,n;) associated
with retailer khl is a decreasing function of the price at the demand market in the particular

country.

The modified projection method was initialized as follows: all variables were set equal to

zero, except for the initial retail prices ps;;, which were set to 1 for all k, h, I.
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Country 1 Country 2
Manufacturers Manufacturers

Distributors

Retailers

Figure 2: Global supply chain network for the numerical examples
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Example 1

The data for this example were constructed for easy interpretation purposes. The production
cost functions of the manufacturers in the two countries (cf. (1)) were given, respectively,
by:

g = 250" + ¢ + 2¢", F2(q) = 2.5(¢%)% + 1?4+ 247,

fl2(q) — 2.5((]12)2 + q12q22 + 2q12’ f22(q) — 2.5(q12)2 + q12q22 + 2(]22-

The transaction costs faced by the manufacturers and associated with transacting with

the distributors (cf. (2a)) were given by:

i = B(qh)* + 354, fori=1,21=1,2j=12h=1; [=1,2.

The transaction costs faced by the manufacturers but associated with transacting with

the retailers electronically (cf. (2b)) were given by:

=5 ) + 5, fori=1,21=1,2k=1,2h=11=1,2

The handling costs of the distributors in the two countries, in turn, (cf.(9b), were given
by:

;i = .5(22(];2[)27 for j=1,2:1=1,2.

i=110=1

The handling costs of the retailers (cf. (17)) were:

2 2 )
Ckhl = -5(2261%25)2, fork=1,2,h=1;1=1,2.
Jj=li=1

The by,rs (cf. (59) — (61)) were set to 100 for all k, h, [. The weights associated with excess
supply and with excess demand at the retailers were (see following (21)): Al = A, =1
for k =1,2; h =1, and [ = 1,2. Thus, we assigned equal weights for each retailer in each

country for excess supply and excess demand.

In Example 1, we set all the weights associated with risk minimization to zero, that is,
we had that o = 0fori=1,2and [ = 1,2 and % = 0 for j = 1,2 and [ = 1,2. This means
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that in the first example all the manufacturers and all the distributors were concerned with

profit maximization exclusively.

The modified projection method converged and yielded the following equilibrium pattern.
All pAhysmal tl:&l’lS&Cthl’lS were equal to .186, that is, we had that Cpi = qpy; = -186 for all 4,1,
j,h,l, and k,l. All product transactions conducted electronically via the Internet, in turn,
were equal to .177, that is, we had that q}Z;ZI— = 177 for all 4,1, k, h,l. Note that there was a

larger volume of product transacted physically than electronically in this example.

The computed equilibrium prices, in turn, were as follows. The equilibrium prices at
the distributors were: 7;i = 15.091 for j = 1,2 and [ = 1,2, whereas the demand market
equilibrium prices were: p3, - = 32.320 for £ = 1,2, h = 1, and [ = 1,2. Note that,
as expected, the demand market prices exceed the prices for the product at the distributor
level. This is due to the fact that the prices increase as the product propagates down through

the supply chain since costs accumulate.

Example 2

Example 2 was constructed from Example 1 as follows. All the data were as in Example 1
except that now we set the by, =1000. This means (cf. (59) — (61)) that, in effect, the

demand has increased for the product at all retailers in all countries.

The modified projection method converged and yielded the following new equilibrium
pattern: the product transactions between the manufacturers and the distributors were:
q;l;i = .286 for all 4,1, j,h, Z; whereas the volumes of the product transacted electronically
between the manufacturers and the retailers were: q,il;:l— = 1.071 for all 4,1 and k, h, . Hence,
the volumes of electronic transactions exceeded the physical ones. Finally, the computed

equilibrium product transactions between the distributors and the retailers were: qil}:}— = .286
for all 7, [ and k, h,l.

The computed equilibrium prices associated with the distributors, in turn, were: 7;5 =
39.487 for 7 = 1,2 and | = 1,2, whereas the equilibrium demand market prices were:
P = 90.395 for k=1,2; h=1,and [ = 1,2.

Note that since the demand increased, the product transactions also increased. In this
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example, there were more transactions conducted electronically than physically. Also, ob-
serve that since demand increased, the demand prices also increased as did the prices at the

distributors.

Example 3

Example 3 was constructed from Example 2 as follows. We kept the data as in Example
2 but we assumed now that the first manufacturer in the first country was a multicriteria

decision-maker and concerned with risk minimization with his risk function being given by:

= (St -2
khl

that is, the manufacturer sought to achieve, in a sense, a certain goal target associated with

his electronic transactions. The weight associated with his risk measure was a'! = 2.

The modified projection method yielded the following new equilibrium pattern. The com-
puted equilibrium product transactions between the first manufacturer in the first country
and the distributors were now: qjlflj = 569, for j = 1,2, h =1, and [ = 1,2. The analogous
transactions, but from the second manufacturer in the first country were; qfflj = .216. All
other product transactions between the manufacturers and the distributors were equal to

215.

The equilibrium product transactions associated with electronic transactions were as fol-
lows. For the first manufacturer in the first country (who is now concerned with risk asso-
ciated with electronic transactions) the product transactions were: qi1; = .300, ¢a17 = .303,
qits = 307, and ¢i}5 = .307. The analogous transactions but from the second manufac-
turer in the first country, were all 1.145, with the remainder of the electronic transactions
at equilibrium equal to 1.143. Hence, the first manufacturer in the first country reduced the
volume of his transactions conducted electronically since there was increased risk associated

with such transactions.

The product transactions at equilibrium between the distributors and the retailers, in
turn, were: ¢/ = .300, for j = 1,2 and [ = 1,2; ¢d% = 303 for j = 1,2 and | = 1,2;
g = 307 and @ty = 307 for j=1,2 and [ = 1, 2.

37



The equilibrium prices were now: v;i = 39.514 for j =1, 2; [ = 1,2 whereas p3, .- = 90.565
fork=1,2h=1 andl=1,2.

Obviously, the above examples are highly stylized but they, nevertheless, demonstrate
the efficacy of the model and the computational procedure. One can now conduct numerous
simulations by altering the data as well as adding decision-makers with their associated

functions and weights.

6. Summary and Conclusions

This paper has developed a three-tiered global supply chain network equilibrium model
consisting of manufacturers, distributors, and retailers with electronic commerce and with
risk management. In particular, the manufacturers as well as the distributors are assumed to
be multicriteria decision-makers and concerned not only with profit maximization but also

with risk minimization. The demands for the product, in turn, are random.

The developed multi-agent framework permits for the handling of as many countries,
as many manufacturers in each country, as many currencies in which the products can be
obtained, as many retailers, and as many demand markets, as mandated by the specific
application. Moreover, the generality of the multi-agent framework allows for the demand to
have almost any distribution as long as it satisfies certain technical conditions. In addition,
the retailers need not be country-specific and can transact either virtually or physically with

both the manufacturers and the consumers.

Finite-dimensional variational inequality theory was used to formulate the derived equilib-
rium conditions, to study the model qualitatively, and also to obtain convergence results for
the proposed algorithmic scheme. Finally, numerical examples were presented to illustrate

the model and computational procedure.

This multi-agent framework generalizes the recent work of Nagurney, Cruz, and Matsy-
pura (2003) to include supply-side risk modeled as a multicriteria decision-making problem
from the perspective of both the manufacturers and the distributors, and demand-side risk,
handled through random demands. The results herein provide a contribution to the bur-

geoning topic of the development of quantitative tools for multi-agent modeling, analysis,
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and computations that bridge finance and operations in the setting of supply chain modeling

and analysis with a specific focus on the global arena.
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