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Abstract: In this paper, we develop a framework for the modelling, analysis, and com-
putation of solutions to global supply chains. We consider three tiers of decision-makers:
manufacturers, who may be located in the same or in different countries; intermediaries,
in the form of retailers, who may be either physical or virtual, as in the case of electronic
commerce, and consumers at the demand markets who may purchase the product in different
currencies in the countries. We model the behavior of the decision-makers, derive the equi-
librium conditions, and establish the variational inequality formulation. We then utilize the
variational inequality formulation to obtain qualitative properties of the equilibrium product
shipment and price pattern. In addition, we propose a dynamic adjustment process for the
continuous time adjustment of the product flows and prices and formulate it as a projected
dynamical system whose set of solutions coincides with the set of solutions to the variational
inequality problem. A discrete-time algorithm is then applied to several numerical supply
chain examples. This research extends the recent results surrounding the modelling of supply

chains in a network equilibrium setting to the global arena.
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1. Introduction

The topic of supply chain modelling, analysis, and computation has been the subject
of a great deal of research due to the challenging intellectual questions surrounding the
efficient and effective production, storage, distribution, and, ultimate sale and consumption
of products as well as the practical and financial import of supply chain decision-making.
Indeed, numerous books have been written on the subject (cf. [1] — [8]). Moreover, supply
chain analysis has been surveyed in several recent articles (cf. Erenguc et al. [9] and Cohen

and Huchzermeier [10]).

In addition, the introduction of electronic commerce had opened up new opportunities in
terms of both practice and research regarding supply chain modeling and analysis (see Kuglin
and Rosenbaum [11]). In particular, electronic commerce (e-commerce) through the Internet
has allowed for new connections among suppliers, manufacturers, retailers, and customers
both within a particular country as well as beyond national borders. Indeed, the topic of
global supply chain analysis (see Kogut and Kulatilaka [12], Vidal and Goetschalckx [13],
and Cohen and Huchzermeier [14]) is one where the inclusion of electronic commerce is not

only natural but essential.

In this paper, we focus on the development of a global supply chain supernetwork model
that captures the interactions among three distinct tiers of decision-makers, notably, man-
ufacturers, retailers, as well as consumers. The idea of supernetworks, as utilized in this
paper, was introduced by Nagurney and Dong [15] in order to capture the trade-offs asso-
ciated with transportation versus telecommunication networks in the Information Age. It
has recently been applied to construct a single country supply chain network model with
electronic commerce by Nagurney et al. [16] and to model financial decision-making with
intermediaries, respectively, in a single-country and international context by Nagurney and
Ke [17] and Nagurney and Cruz [18]. For applications of supernetworks to shopping versus
teleshopping decision-making and commuting versus telecommuting decision-making see [19]
and [20].

Here we build upon the work of Nagurney, Dong, and Zhang [21] and Nagurney, et al.
[16, 22] and formulate a global supernetwork supply chain model with the following notable

features:



1. it handles as many countries, manufacturers, retailers, and demand markets for the

product as mandated by the specific application;

2. it predicts, assuming profit-maximizing behavior on the part of the manufacturers and the
retailers, not only the equilibrium product shipments between tiers of the decision-makers,
but also the equilibrium prices of the product in different currencies at the demand markets

in different countries;
3. retailers may be physical or virtual, as in the case of e-commerce;
4. the transaction costs need not be symmetric between tiers of decision-makers, and

5. it allows for the analysis and solution of the equilibrium product flows and prices as well

as for the study of the disequilibrium dynamics.

Clearly, the development of such a general modeling framework for global supply chains
is timely for several reasons: the increasing dispersion of manufacturing and retail opera-
tions around the globe, the introduction and use of new currencies such as the euro, the

globalization of the network economy, and the growing role of electronic commerce.

The paper is organized as follows. In Section 2, we develop the model, describe the var-
ious decision-makers and their behaviors, and construct the equilibrium conditions, along
with the variational inequality formulation. The variables are the equilibrium prices, as well
as the equilibrium product shipments between the tiers of decision-makers. In Section 3, we
provide a dynamic version of the model. In Section 4, we derive qualitative properties of the
equilibrium pattern, under appropriate assumptions, notably, the existence and uniqueness
of a solution to the governing variational inequality. We also establish that the dynamic tra-
jectories are well-defined under suitable conditions. In Section 5, we provide the algorithm,
which is then applied in Section 6 to several global supply chain supernetwork examples. We
conclude the paper with Section 7 in which we summarize our results and suggest directions

for future research.



2. The Global Supply Chain Supernetwork Model

In this Section, we develop the global supply chain supernetwork model. The model
assumes that the manufacturing firms are involved in the production of a homogeneous
product and considers L countries, with I manufacturers in each country, and J retailers,
which are not country-specific but, rather, can be either physical or virtual, as in the case
of electronic commerce. There are K demand markets for the homogeneous product in each
country and H currencies in the global economy. We denote a typical country by [, a typical
manufacturer by ¢, and a typical retailer by j. A typical demand market, on the other hand,
is denoted by k£ and a typical currency by h. We assume, for the sake of generality, that each
manufacturer can transact with the retailers in different currencies. Similarly, we assume

that the demand for the product in a country can be associated with a particular currency.

The global supply chain supernetwork is now described and depicted graphically in Fig-
ure 1. The top tier of nodes consists of the manufacturers in the different countries, with
manufacturer ¢ in country [ being referred to as manufacturer i/ and associated with node 4l.
There are, hence, I L top-tiered nodes in the network. The middle tier of nodes consists of
the retailers (which need not be country specific) and who act as intermediaries between the
manufacturers and the demand markets, with a typical retailer j associated with node j in
this (second) tier of nodes in the network. The bottom tier of nodes consists of the demand
markets, with a typical demand market & in currency h and country [, being associated with
node khl in the bottom tier of nodes. There are, as depicted in Figure 1, J middle (or
second) tiered nodes corresponding to the retailers and K H L bottom (or third) tiered nodes

in the global supply chain network.

We have identified the nodes in the global supply chain supernetwork and now we turn
to the identification of the links joining the nodes in a given tier with those in the next
tier. We also associate the product shipments with the appropriate links. We assume that
each manufacturer ¢ in country [, involved in the production of a homogeneous product, can
transact with a given retailer in any of the H available currencies, as represented by the H
links joining each top tier node with each middle tier node j; j = 1,...,.J. The flow on such
a link h joining node ¢/ with node j is denoted by q;lh and represents the nonnegative amount

of the product produced by manufacturer ¢ in country [ and transacted in currency h through
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Figure 1: The Structure of the Global Supply Chain Supernetwork



retailer 7. We group the product shipments (transactions) associated with manufacturer 7 in
country [ into the column vector ¢ € R/#. We then further group all such transactions for
all manufacturers in all countries into the column vector Q! € RiLJ H_Note that if a retailer
is virtual, then the transaction takes place electronically, although, of course, the product

itself may be delivered physically.

From each retailer node j; 7 =1,...,J, we then construct a single link to each node khl
with the flow on such a link being denoted by ¢i,, and corresponding to the amount of the
product transacted between retailer 5 and demand market k in currency h and country [.

The product shipments for all the retailers are grouped into the column vector Q? € RI5HE,

The notation for the prices is now given. Note that there will be prices associated with
each of the tiers of nodes in the global supply chain network. Let p’fjh denote the price
associated with the product in currency h transacted between manufacturer il and retailer
j and group these top tier prices into the column vector p; € RIFH. Let pgkhl, in turn,
denote the price associated with retailer j and demand market k in currency h and country
[ and group all such prices into the column vector p, € RI¥#L. Also, let paip denote the
price of the product at demand market k in currency h and in country [, and group all such
prices into the column vector p; € RE#L. Finally, let ), denote the rate of appreciation of
currency h against the basic currency, which can be interpreted as the rate of return earned
due to exchange rate fluctuations (see Nagurney and Siokos [23]). These “exchange” rates

are grouped into the column vector e € Rf )

We now turn to describing the behavior of the various global supply chain network
decision-makers represented by the three tiers of nodes in Figure 1. The model is presented,
for ease of explosition, for the case of a single homogeneous product. It can also handle
multiple products through a replication of the links and added notation. We first focus on
the manufacturers. We then turn to the retailers, and, subsequently, to the consumers at

the demand markets.



The Behavior of the Manufacturers and their Optimality Conditions

We denote the transaction cost associated with manufacturer il transacting with retailer

j for the product in currency h by c;'»lh and assume that:

Zlh - C]h(qjh) VZ> la ja ha (1)
that is, the cost associated with manufacturer ¢ in country [ transacting with retailer j for
the product in currency h depends on the volume of product flow in the transaction. The

transaction cost functions are assumed to be convex and continuously differentiable.

The total transaction costs incurred by manufacturer il are equal to the sum of all of
his transaction costs associated with dealing with the distinct retailers in the different cur-
rencies. His revenue, in turn, is equal to the sum of the price (rate of return plus the rate
of appreciation) that the manufacturer can obtain for the product times the total quantity
obtained /purchased of that product. Let now p“* denote the actual price charged by the
manufacturer il for the product in currency h to retailer j (and that the retailer is willing to
pay). Similarly, let e denote the actual rate of appreciation in currency h. We later discuss

how such prices are recovered.

We assume that each manufacturer seeks to maximize his profits, with manufacturer ¢/’s
profit or utility function denoted by U?. In particular, we assume, as given, a production

cost function for manufacturer il and denoted by f%, such that
=M@Y, Vil (2)

Recall that the vector Q' represents all the product flows between the top tier nodes to
the middle tier nodes. The function f% is assumed to be strictly convex and continuously
differentiable.

We now construct the utility maximization problem facing a manufacturer ¢ in country

[. In particular, we can express the optimization problem facing manufacturer ¢l as:

J H J H
Maximize U% = SN plllj*h +ey) q]h DN lh q]h — @b, (3)
j=1h=1

j=1h=1



subject to q;lh > 0, for all j,h. The first term in the utility function (3) denotes the rev-
enue whereas the second term denotes the transaction costs and the last term denotes the

production cost.

Here we assume that the manufacturers compete in a noncooperative fashion following
Nash [24, 25]. Hence, each manufacturer seeks to determine his optimal strategies, that is
production outputs (and shipments), given those of the other manufacturers. The optimality
conditions of all manufacturers i; ¢ = 1,...,[; in all countries: [; [ = 1,..., L simultaneously,
under the above assumptions (see also [17], [26] — [29]), can be compactly expressed as:

determine Q'* € RLHL satisfying

I J H ) il 1% qd*
ZZZZ f (Q ) ]h( Jh) pllly*h _eh] « [qjh_q;l;:] > 07 le e R{i_JHL. (4)

i=11=1j 8qjh

Note that (4) is a variational inequality (see [30]) and has a nice economic interpretation.
Indeed, if there is a positive amount of the product transacted between a manufacturer in
a country and a retailer in a cuurency, then the price plus the appreciation rate is precisely
equal to the marginal production and marginal transaction cost associated with the product.
If the marginal costs exceed the price plus the appreciation rate, then there will be zero
volume of flow of the product between that particular manufacturer and retailer in the

currency.

The Behavior of the Retailers and their Optimality Conditions

The retailers (cf. Figure 1), in turn, are involved in transactions both with the manufac-
turers in the different countries, as well as with the ultimate consumers associated with the
demand markets for the product in different countries and currencies and represented by the

bottom tier of nodes of the network.

A retailer j is faced with what we term a handling/conversion cost, which may include,
for example, the cost of handling and storing the product plus the cost associated with
transacting in the different currencies. We denote such a cost faced by retailer j by c¢;
and, in the simplest case, we would have that c¢; is a function of Zi[:l Zle Zthl q;-lh, that

is, the handling/conversion cost of a retailer is a function of how much he has obtained of



the product from the various manufacturers in the different countries and in what currency
the transactions took place in. For the sake of generality, however, we allow the function
to depend also on the amounts of the product held and transacted by other retailers and,

therefore, we may write:

¢ =¢(QY), Vi ()

The retailers, which recall can be either physical or virtual, also have associated trans-
action costs in regards to transacting with the manufacturers, which we assume can be
dependent on the type of currency as well as the manufacturer. We denote the transaction
cost associated with retailer j transacting with manufacturer il associated with currency h

by ¢, and we assume that it is of the form

Cllh - C]h(Qgh) VZ> la ja ha (6)

that is, such a transaction cost is allowed to depend on the amount of the product transacted
in a currency with the particular manufacturer. In addition, we assume that a retailer j also

incurs a transaction cost ¢, associated with transacting with demand market khl, where
Cint = G (@), VI K, B L (7)

Hence, the transaction costs given in (7) can vary according to the retailer /currency/country
combination and are a function of the volume of the product transacted. We assume that

the cost functions (5) — (7) are convex and continuously differentiable.

The actual price charged for the product by retailers j is denoted by p%zhl, and is asso-
ciated with transacting with consumers at demand market k in currency h and country [.
Subsequently, we discuss how such prices are arrived at. We assume that the retailers are

also profit/utility maximizers.

The utility maximization problem for retailer j, with his utility function expressed by U7,

can, hence, be expressed as:

K OH L I L H
Maximize => >3 Do + €1) q]h @H=>>>¢ lh C.I]h
fm1 h=1 =1 =1 1=1 h=1
K H L I H
=D IDIPNNCNED SIS (05 + en) (8)
1 h=1 I=1 =1 1=1 h=1



subject to: the nonnegativity constraints: q;lh >0, qihl > 0, for all 7,1, h, and
K H ' 1L H
ZZZ%SZZZ%- 9)

Objective function (8) expresses that the difference between the revenues (given by the
first term) minus the handling cost, the two sets of transaction costs, and the payout to the
manufacturers (given by the fifth term) should be maximized. The utility function in (8) is

concave in its variables under the above posed assumptions.

Here we assume that the retailers can also compete in a noncooperative manner with the
governing optimality /equilibrium concept being that of Nash. The optimality conditions for
all retailers simultaneously, under the above stated assumptions, can, hence, be expressed

as the variational inequality problem: determine (Q, Q**,~v*) € RIF/HHIRHLTT "gych that

I I L [9e(Q™ 0 . ¢t (g) . ; i
33355 [FUD e ) Ty —

j=1li=1 |= h=1 ih d;p,
JE X ocl, (qhe) . , ,
khi\dkhl * % * %
+ Z Z Z Z [ aqj - p%khl —ep+ %‘] X [Qihz - Qihl}
j=1k=1h=11=1 khl

I H K H L
PSS - S S| x [ ] 20 W@ @) € R
(10)
where ~; is the Lagrange multiplier associated with constraint (9) (see [28]), and + is the
J-dimensional column vector of Lagrange multiplers of all the retailers with v* denoting the
vector of optimal multipliers. Note that 7} serves as the market clearing price for the product
at retailer j (as can be seen from the last term in (10)). In particular, its value is positive if
the product shipments from the retailer to all the demand markets in the countries and in
the various currencies is precisely equal to the product shipments into the retailer from all

the manufacturers in all the countries transacted in the different currencies.

The Consumers at the Demand Markets and the Equilibrium Conditions

We now describe the behavior of the consumers located at the demand markets. The

consumers take into account in making their consumption decisions not only the price charged

10



for the product by the retailers but also their transaction costs associated with obtaining the
product. We let ¢,, denote the transaction cost associated with obtaining the product at
demand market k in currency h in country I from retailer j and recall that ¢}, is the amount
of the product transacted in currency h and flowing between retailer j and consumers at
demand market k£ in country [. We assume that the transaction cost is continuous and of

the general form:
G = (@), Vi kbl (11)

Hence, we allow for the transaction cost (from the perspective of consumers) to depend not
only upon the flow of the product from a retailer transacted in a currency to the demand
market in the country but also on other product flows in other currencies between retailers

and consumers in other demand markets and countries.

Denote the demand for the product at demand market k in currency h in country [ by

dpn and assume, as given, the continuous demand functions:
di = dim(ps),  VE, b1, (12)

where p3 is the K H L-dimensional column vector containing the demand market prices in all
countries and currencies. Thus, according to (12), the demand of consumers for the product
in a currency and country depends, in general, not only on the price of the product at that
demand market (and currency and country) but also on the prices of the product at the
other demand markets (and in other countries and currencies). Consequently, consumers at

a demand market, in a sense, also compete with consumers at other demand markets.

The consumers take the price charged by the retailer, which was denoted by pls,, for
retailer j, demand market k, currency h, and country [, and the rate of appreciation in the
currency, plus the transaction cost, in making their consumption decisions. The equilibrium
conditions for the consumers at demand market khl, thus, take the form: for all retailers:
g=1,...,J:

% * ~J 2% pgkhl’ if qi;kzl >0
ot + €5+ G (Q { > , i 13
2khl h khl ( ) Z pgkhl ’ 1f q;jghl 0, ( )

11



and

J
Z Qenps A P >0

dkhl(p:f‘)) j (14)
Z @

) .
his if P = 0.

Conditions (13) state that consumers at demand market khl will purchase the product
from retailer j, if the price charged by the retailer for the product and the appreciation
rate for the currency plus the transaction cost (from the perspective of the consumer) does
not exceed the price that the consumers are willing to pay for the product in that currency
and country, i.e., pi.,;- Note that, according to (14), if the transaction costs are identically
equal to zero, then the price faced by the consumers for the product is the price charged by
the retailer for the product and currency in the country plus the rate of appreciation in the

currency.

Condition (14), on the other hand, states that, if the price the consumers are willing
to pay for the product at a demand market is positive, then the quantity of the product
transacted by the retailers with the consumers at the demand market is precisely equal to
the demand.

In equilibrium, conditions (13) and (14) will have to hold for all retailers and for all

demand markets and these, in turn, can be expressed also as an inequality analogous to
those in (4) and (10) and given by: determine (Q*, p3) € RSFJH)KHL, such that

J K H L ' ' ‘
OIS {p%hl + e, + Gp(Q%) — p;khl} X [Qihl - Q{;Lz}

j=1k=1h=11=1

k=1h=11=1

K H L J
+ZZZ[Z 7 — i p3>] X [t — Pa] =0, V(Q%, pg) € RYTVEHE . (15)

The Equilibrium Conditions for the Global Supply Chain Network Economy

In equilibrium, the product shipments transacted between the manufacturers in the dif-
ferent countries with the retailers must coincide with those that the retailers actually accept

from them. In addition, the amounts of the product that are obtained by the consumers in

12



the different countries and currencies must be equal to the amounts that the retailers actually
provide. Hence, although there may be competition between decision-makers at the same
level of tier of nodes of the supply chain supernetwork there must be, in a sense, cooperation
between decision-makers associated with pairs of nodes (through positive flows on the links
joining them). Thus, in equilibrium, the prices and product flows must satisfy the sum of
the optimality conditions (4) and (10) and the equilibrium conditions (15). We make these
relationships rigorous through the subsequent definition and variational inequality derivation

below.

Definition 1: Global Supply Chain Equilibrium

The equilibrium state of the supply chain supernetwork is one where the product flows between

the tiers of the network coincide and the product flows and prices satisfy the sum of conditions

(4), (10), and (15).

The equilibrium state is equivalent to the following:

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the global supply chain network according to Def-

mition 1 are equivalent to the solution of the variational inequality given by: determine
(Q™, Q% ~*, p3)EK, satisfying:

Zzii[ fZl(Ql*) n ]h(q;l};/k) +acj(Ql*) 4 ézlh(qjllif) _ *] [ zl*:|

Z Z- vl % |t —q
g, q?, oq?, oq?, R

K H L
+> 3> [Z Qi — deni (05 ] [psint — Phem) =0, V(Q', Q% 7, p3) € K, (16)
)

where I = {( Q2,%,03)|( ,’Y,,Og c RILJH+JKHL+J+KHL}
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Proof: We first establish that the equilibrium conditions imply variational inequality (16).
Indeed, summation of inequalities (4), (10), and (15), after algebraic simplifications, yields

variational inequality (16).

We now establish the converse, that is, that a solution to variational inequality (16)

satisfies the sum of conditions (4), (10), and (15), and is, hence, an equilibrium.

To inequality (16), add the term: —pis —e;+pis +e€;: to the term in the first set of brackets
(preceding the first multiplication sign). Similarly, add the term: —pl;,, — ef + pher, + €5 to
the term in brackets preceding the second multiplication sign in (16). The addition of such

terms does not change (16) since the value of these terms is zero and yields:

i * il ([ ilx * Ail ( ilx
SYYY [af (QF) | Ocnldii) | 0¢i(Q7) | BGuldi) _ v e ey ey eZ]
- g, O, O, g, o ’

x i, — ]

- —
+ Z > 2> l# + 7 + Q%) — Pl — Poia — €5, + P + €4 | X [Qihz - Qihz]

+3 liZiqﬁ—iiiqizz] x [y =]

1
K H L [J
+ Z Z Z [Z qi;’;l - dkhl(p;)] X [Pi’»khl - p;khl] Z Oa V(Q1> Q2a Y, PS) € IC> (17)
j=1

which, in turn, can be rewritten as:

L L J H TgriQ) 9l (¢ Ny ) ' Ny
>3°5- 5 [P0, S ] < - ]

il il
i=11=1 j=1 h=1 Ay, Aqj,
J ! L aC(Ql*) 1 * aéllh(qllf:() * 3 153
3333 [P | S g - ]
j=1i=1 1= h=1 9jn Zjn

+Z Z Z Z [W — Poen — €5, ’Yj] X {Qihl - Qihl}

+ Z DI [P%Zhl + e, + Q%) — nghz} X [Qihz - Qi}:z]
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+ Z Z Z {Z inz - dkhl(ﬂg)] X [p3knt — O3] = 0. (18)

But inequality (18) is equivalent to the sum of conditions (4), (10), and (15), and hence

that product and price pattern is an equilibrium according to Definition 1. O

We now put variational inequality (16) into standard form which will be utilized in the
subsequent sections. For additional background on variational inequalities and their appli-
cations, see the book by Nagurney [30]. In paricular, we have that variational inequality

(16) can be expressed as:
(FIXHT, X —X*) >0, VX ek, (19)

where X = (Qlana%ps) and F(X) = (Fz'zjh,ijhl, FjaFkhl)i:l,...,[;l:l,...,L;j:l,...,J;h:l,...,H7 and
the specific components of F' are given by the functional terms preceding the multiplica-
tion signs in (16), respectively. The term (-,-) denotes the inner product in N-dimensional

Euclidean space.

We now describe how to recover the prices associated with the first two tiers of nodes in
the supply chain network. Clearly, the components of the vector p; are obtained directly
from the solution of variational inequality (16) as will be demonstrated explicitly through
several numerical examples in Section 6. In order to recover the second tier prices associated
with the retailers and the appreciation rates one can (after solving variational inequality (16)

for the particular numerical problem) either (cf. (13)) set phy,, + € = phen — Ceu(Q%), for

. . . CJ J*
any j, k. h, [ such that ¢/%, > 0, or (cf. (10)) for any i, > 0, set phi,, + e = ZuGn) kgéi(i]:hl) -7}

Similarly, from (10) we can infer that the top tier prices comprising the vector pj can be
recovered (once the variational inequality (16) is solved with particular data) thus: for any
de; (@) _ 98 (a)

9455, oagy,

i,1, 7, h, such that gii¥ > 0, set pi’s + ej=77 —

15



3. The Dynamic Adjustment Process

In this Section, we propose a dynamic adjustment process which describes the disequi-
librium dynamics as the various global supply chain decision-makers adjust their product
shipments between the tiers and the prices associated with the different tiers adjust as well.
Importantly, the set of stationary points of the projected dynamical system which formulates
the dynamic adjustment process will coincide with the set of solutions to the variational in-
equality problem (16). We begin by describing the dynamics underlying the prices of the

product at the various demand markets and currencies in the various countries.

Demand Market Price Dynamics

We assume that the rate of change of the price psgn;, denoted by psgn is equal to the
difference between the demand for the product at the demand market and currency and
country and the amount of the product actually available at that particular market. Hence,
if the demand for the product at the demand market (and currency and country) at an
instant in time exceeds the amount available from the various retailers, then the price will
increase; if the amount available exceeds the demand at the price, then the price will decrease.
Moreover, it is guaranteed that the prices do not become negative. Thus, the dynamics of

the price pspp; for each k, h,l can be expressed as:

P3khl = { dini(p3) — Loy Ghrt , if  pspm >0 (20)
max{0, drni(ps) — 7=y qip} i parw = 0.

The Dynamics of the Product Shipments between the Retailers and the Demand
Markets

The rate of change of the product shipment qihl, in turn, and denoted by qghl, is as-
sumed to equal to the difference between the price the consumers are willing to pay for the
product at the demand market and currency and country minus the price charged and the
various transaction costs. Here we also guarantee that the product shipments do not become
negative. Hence, we may write: that for every j, k, h,l

P3khi — Ociltia) i (Q%) =, it gl >0

gy, ) ) 21
ac?chz(_qfcm) ] ( )

J
Qe = ) ) .
max{0, psns — - dmz(@z) - ’Yj} if Qihz =0.

J
Oy,
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Hence, according, to (21), if the price that the consumers are willing to pay for the
product in the currency and demand market and country exceeds the price that the retailer
charges and the various transaction costs, then the volume of flow of the product to that

demand market will increase; otherwise, it will decrease (or remain unchanged).

The Dynamics of the Prices at the Retailers

The prices at the retailers, whether they are physical or virtual, must reflect supply and
demand conditions as well. In particular, we let 4; denote the rate if change in the market
clearing price associated with retailer j and we propose the following dynamic adjustment

for every retailer j:

A = { Eszl Zth}(ZlL:}JQihl Z Zi[_:l Zf:l}Zthquyha o if ;>0 (22)
’ max{0, Y31 Sy i1 Gy — il 2ol bt q;'lh}v if v;=0.

The Dynamics of the Product Shipments between Manufacturers and Retailers

The dynamics of the product shipments transacted in the different currencies are now
described. Note that in order for a shipment to take place in practice there must be agreement
between the pair of decision-makers. Towards that end, we let qj”h denote the rate of change
of the product shipment from manufacturer il to retailer j transacted via currency h and

have that for every i,(, j, h:

1

afl@Y) () ac (@Y 9¢(ajh) it il >0
) Vi T Tl T T gau T Tadl . T Tadl s g, >
- Tin Gn Ok G (23)
in max{0,7y; — arQY) 9 (an)  9e(QY) 8é§lh(q§lh)} £ gl —
2 Vi 8q§.lh 8q§.lh 8q§.lh 8q§.lh ’ 4in :

The Projected Dynamical System

Consider now a dynamical system in which the demand market prices evolve according
to (20); the product shipments between retailers and demand markets evolve according to
(21); the prices at the retailers evolve according to (22), and the product shipments between
manufacturers and retailers evolve according to (23). Let X and F/(X) be as defined following
(18) and recall that the feasible set K is simply the nonnegative orthant. Then the dynamic
model described by (20)- (23) can be rewritten as a projected dynamical system (see [31],
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[32]) defined by the following initial value problem:
X =Tg(X, -F(X)), X(0)= X, (24)

where I is the projection operator of —F(X) onto K at X and Xy = (Q'°,Q%°,~°, p9) is
the initial point corresponding to the initial product flow and price pattern. Note that since
the feasible set K is simply the nonnegative orthant the projection operation takes on a very

simple form as revealed through (20) — (23).

The trajectory of (24) describes the dynamic evolution of and the dynamic interactions
among the product flows and prices. The dynamical system (24) is non-classical since it has
a discontinuous right-hand side due to the projection operation. Such dynamical systems
were introduced by Dupuis and Nagurney [31] and have been used to study a plethora of
dynamic models in economic, finance, and transportation (see Nagurney and Zhang [32]). In
addition, the projected dynamical systems methodology has been used to-date to formulate
dynamical supply chain network models, with and without electronic commerce, respectively,
by Nagurney et al. [16, 22].

Here we apply the methodology, for the first time, to global supply chain modelling and

amalysis. The following result is immediate from Dupuis and Nagurney [31].

Theorem 2: Set of Stationary Points Coincides with Set of Equilibrium Points

The set of stationary points of the projected dynamical system (24) coincides with the set
of solutions of the variational inequality problem (19) and, thus, with the set of equilibrium

points as defined in Definition 1.

With Theorem 2, we see the the dynamical system proposed in this section, provides the
disequilibrium dynamics prior to the steady or equilibrium state of the global supply chain
network. Hence, once, a stationary point of the projected dynamical system is reached that
point (consisting of product shipments and prices) also satisfies variational inequality (19)

(equivalently, (16)) and is, therefore, a global supply chain equilibrium.
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4. Qualitative Properties

In this Section, we provide some qualitative properties of the solution to variational
inequality (16). In particular, we derive existence and uniqueness results. We also investigate
properties of the function F (cf. (19)) that enters the variational inequality of interest here.
Finally, we establish that the trajectories of the projected dynamical system (24) are well-

defined under reasonable assumptions.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern. Let
Ky ={(Q",Q%7,p)0< Q' < by 0<Q*<by0<y<by; 0<ps<bs},  (25)

where b = (b1, b2, b3,b4) > 0 and Q' < b1;Q* < by;y < bs;ps < by means that ¢l < by;
qihl < by 7y < bg; and pgp < by for all 4,1, 5, k,h. Then K} is a bounded closed convex

subset of RILJHHIKHLYJFEHL Thyg the following variational inequality
(F(XOT, X — X% >0, VX°eKk,, (26)

admits at least one solution X°® € K, from the standard theory of variational inequalities,
since K, is compact and F' is continuous. Following Kinderlehrer and Stampacchia [33] (see

also Theorem 1.5 in Nagurney [30]), we then have:

Theorem 3

Variational inequality (16) admits a solution if and only if there exists a b > 0, such that

variational inequality (19) admits a solution in Ky, with

le < bl, Q2b < bg, ’)/b < bg, pg < b4. (27)

Theorem 4: Existence

Suppose that there exist positive constants M, N, R, with R > 0, such that:

ale(@l) ac;"lh (q;lh> 8Cj(Ql> 8é;lh(th> 1 . il . .
. + . + : + . > M, NVQ with q;, > N, Vi, l,j h, 28
aQ;'Ih aQ;'Ih aQ;'Ih aQ;'Ih o J ( )
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k(@) L& Q) > M, YO with gl > N, Vi kbl (29)
aQihl khl - ) Qi = 9 Js 5 1y L,

di(ps) < N, Vps with pygy > R, Yk, b, L. (30)

Then variational inequality (16); equivalently, variational inequality (19), admits at least

one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in

Nagurney and Zhao [34] (see also the existence proof in [17]). O

Assumptions (28) and (29) are reasonable from an economics perspective, since when
the product flow between a manufacturer and a retailer or a retailer and demand market is
large, we can expect the corresponding sum of the associated marginal costs of production,
transaction, and handling to exceed a positive lower bound. Moreover, in the case where
the demand price of the product in a currency and country as perceived by consumers at a
demand market is high (cf. (30)), we can expect that the demand for the product at the

demand market to not exceed a positive bound.

We now establish additional qualitative properties both of the function F' that enters the
variational inequality problem (cf. (16) and (19)), as well as uniqueness of the equilibrium
pattern. Since the proofs of Theorems 5 and 6 below are similar to the analogous proofs
in Nagurney and Ke [17] they are omitted here. Additional background on the properties
establish below can be found in the books by Nagurney and Siokos [23] and Nagurney [30].

Theorem 5: Monotonicity

Suppose that the production cost functions f'; i =1,...,1 are strictly convex and that the
cé»lh, Cj, é;'-lh, and cl,; functions are conver; the &, functions are monotone increasing, and the
dy functions are monotone decreasing functions, for alli,l,j, h, k. Then the vector function

F' that enters the variational inequality (16) is monotone, that is,

(F(X")=FX"N, X' - X"y >0, VX, X"cK. (31)
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Monotonicity plays a role in the qualitative analysis of variational inequality problems

similar to that played by convexity in the context of optimization problems.

Theorem 6: Strict Monotonicity

Assume all the conditions of Theorem 5. In addition, suppose that one of the families of
convex functions i =1, I;1=1,...,L; j=1,...J; h=1,... H, ¢;; j=1,..,J; &};
i=1,...,1;1=1,...,L;j=1,,....J; h=1,...,H, and c}y;; j=1,....J; k=1,... K;
h=1,....H, and l = 1,...,L, is a family of strictly convex functions. Suppose also
that ¢, 7 = 1,.,J; k=1,.,K; h=1,....H; 1 = 1,...,L, and -dy; k = 1,..., K,
are strictly monotone. Then, the vector function F that enters the variational inequality
(16) is strictly monotone, with respect to (Q', Q% ps), that is, for any two X', X" with

(QV, Q% ph) # (", Q% ps")

(F(X) - F(X")T, X' — X"y > 0. (32)

Theorem 7: Uniqueness

Assuming the conditions of Theorem 6, there must be a unique product flow pattern (Q**, Q**),
and a unique demand price price vector pi satisfying the equilibrium conditions of the global
supply chain network. In other words, if the variational inequality (16) admits a solution,
then that is the only solution in (Q*, Q% p3).

Proof: Under the strict monotonicity result of Theorem 6, uniqueness follows from the

standard variational inequality theory (cf. [33]) O

Theorem 8: Lipschitz Continuity

The function that enters the variational inequality problem (16) is Lipschitz continuous, that
18,
|F(X') - F(X")| <L|X"—X"||, VX', X"€K, where L >0, (33)

under the following conditions:
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(i). [, . ¢ éh. el have bounded second-order derivatives, for all i,1,j, h, k;

(ii). ¢y, and di have bounded first-order derivatives for all j, k, h, 1.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (16). O

Theorem 9: Existence and Uniqueness

Assume the conditions of Theorem 8. Then, for any Xy € K, there exists a unique solution
Xo(t) to the initial value problem (24).

Note that Theorem 9, unlike Theorems 4 and 7, is concerned with the existence of a unique
trajectory. Theorems 4 and 7, on the other hand, are concerned with the existence and
uniqueness of an equilibrium pattern. Hence, according to Theorem 9, the dusequilibrium
dynamics of the global supply chain network are well-defined. Also, for completeness, we

now provide a stability result (see Zhang and Nagurney [35]). First we recall the following:

Definition 2: Stability of the System

The system defined by (24) is stable if, for every Xo and every equilibrium point X*, the

Euclidean distance || X* — Xo(t)|| is a monotone nonincreasing function of time t.

We now provide a stability result.

Theorem 10: Stability of the Global Supply Chain Network

Assume the conditions of Theorem 5. Then the dynamical system (24) underlying the global
supply chain is stable.

Proof: Under the assumptions of Theorem 5, F'(X) is monotone and, hence, the conclusion

follows directly from Theorem 4.1 of Zhang and Nagurney [35]. O

In the next Section, we propose a discrete-time algorithm, the Euler method, which will
track the dynamic trajectory until a stationary state; equivalently, an equilibrium point is

attained satisfying Definition 1.
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5. The Algorithm

In this Section, we consider the computation of solutions to variational inequality (16);
equivalently, the stationary points of (24). The algorithm that we propose is the Euler-type
method, which is induced by the general iterative scheme of Dupuis and Nagurney [31]. The
realization of the Euler method for this model (for further details see also Nagurney and

Dong [15]) is as follows, where 7 denotes an iteration counter:
The Euler Method
Step 0: Initialization

Set (Q'°,Q%°,~° %) € K. Let 7 =1 and set the sequence {ar} so that >3F_, ar, ar > 0,
ar — 0, as T — oo.

Step 1: Computation

Compute (Q'7, Q% ,~47,pl) € K by solving the variational inequality subproblem:

I L H il 17-1 7T —1 17 -1 AL AT —1
AT f (Q ) jh(q]h ) aCj(Q ) ac]h(th )
+ar + + 4
222 [q]h aq, aq, aq, aql,

i=11=1 j=1 h=1

— ) = @i x [l - T ]

LEELE T aclihl(qu—l 1) T-1 271 T-1 JT—1 j T
2> > |G +O‘T(7 +; + (@ ) = P3kni) = Qin X[Qkhl - Qkhl}
j=1k=1h=11=1 8Qkhl
J

+3 [%»T ar(o Y Y a =Y k) - v;f”] x v =7 ]

h=
LT T T T
P + T (Z G — dini(p3 1)) = Pt | X {p%hl - p3khl] >0,

V(Q17Q2777p3) € K. (34)

Step 2: Convergence Verification

If |7 — g Y < e lam—aln ' < e W] =7 < € [pT— Pt | < € foralli=1,-- I

l=1,....L;5=1,---J;h=1,...,H; k=1,---, K, with € > 0, a pre-specified tolerance,
then stop; otherwise, set 7 := 7 + 1, and go to Step 1.
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Variational inequality subproblem (34) can be solved explicitly and in closed form. For

completeness, and also to illustrate the simplicity of the proposed computational procedure

in the context of the global supply chain network model, we provide the explicit formulae

for the computation of the Q7 the Q*7, the 47, and the pI (cf. (34)) below.

Computation of the Products Flows

In particular, compute, at iteration 7, the q;lhT according to:

AT Wd7T—1
¢jr, =max{0,qj, — — ar( - -
Ih &_Ijlh aqj'h aqjlh aqjh
Vi, i, j, h,
and the qﬁls, according to:
- - Ochyu(ain )
T T— _ 4
qihl = maX{O> qihl t— a(% + fij 1 (Q2T 1) pg}i‘h})}? \V/], k? h> l.
khl

Computation of the Prices

At iteration 7, compute the vas according to:

I L K H L
T = w07 —ar (Y Y T - Y )

1=1 (=1 h=1

e

whereas the pl, ;s are computed explicitly and in closed form according to:

Pg;zhz = max{O,pgglll - Z Qkhl — din( P3 _1))}7 Vk, h,l.

O7(QTY) | O ™) | 0, (@TY) | 0 (g

T-1
i)

(35)

(36)

(38)

Hence, at a given iteration, all the product shipments and the prices can be solved explicitly

and in closed form using the above simple formulae. Note that these computations can be

done simultaneously, that is, in parallel. The algorithm also can be interpreted as a discrete-

time adjustment process in which the product shipments between tiers are adjusted as well

as the prices at the tiers until the equilibrium state is reached. Convergence conditions for

the algorithm can be found in [31] and [32].

In the next Section, we apply this algorithm to solve several global supply chain network

examples.
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6. Numerical Examples

In this Section, we apply the Euler method described in the preceding section to several
numerical examples. The algorithm was implemented in FORTRAN and the computer

system used was a DEC Alpha system located at the University of Massachusetts at Amherst.

The convergence criterion used was that the absolute value of the product flows and
prices between two successive iterations differed by no more than 10~ For the examples,
11111

the sequence {ar} was set to {1,3,3,3,3,3,.-.f in the algorithm. We initialized the Euler

method as follows: all the initial product flows and prices were set to one.

We solved two sets of numerical examples for a total of 5 examples. Detailed descriptions

are given below.

Example 1

The first set of numerical examples consisted of one country, two manufacturers, two
currencies, two retailers, and two demand markets for the product. Hence, L =1, [ = 2,
H=2,J =2 and K = 2, for this and the subsequent two numerical examples. The global

supply chain network for the first three examples is depicted in Figure 2.

The data for the first example were constructed for easy interpretation purposes. The
transaction cost functions faced by the manufacturers associated with transacting with the

retailers (cf. (1)) were given by:

(qhh) = B(qh,)? +3.5¢, fori=1,21=1;j=12h=12
The production cost functions were

2 2
QY= (S dhr, fri=121=1
j=lh=1

The handling costs of the retailers (see (5)) were given by:



Country 1

Manufacturers

Retailers

Demand Market /Currency/Country combination

Figure 2: Global Supply Chain Network for the First Set of Numerical Examples
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The transaction costs of the retailers associated with transacting with the source manu-

facturers were (cf. (6)) given by:

& (qh) = 15¢%" + 3¢, fori=1,2%1=1;j=12h=1,2

The demand functions at the demand markets (cf. (12)) were:
d111(p3) = —2psz111 — 1.5p3121 + 1000, d121(p3) = —2p3121 — 1.5p3111 + 1000,

d211(p3) = —2ps211 — 1.5p3901 + 1000,  dao1(p3) = —2p3221 — 1.5p3211 + 1000.

and the transaction costs between the retailers and the consumers at the demand markets

(see (11)) were given by:
Am(Q®) = alu +5, forj=1,2%k=12h=121=1
We assumed for this and the subsequent examples that the transaction costs as perceived

by the retailers and associated with transacting with the demand markets were all zero, that
i8, Chpa (@) = 0, for all 5, k, h, 1.

The Euler method converged in 196 iterations and yielded the following equilibrium prod-

uct shipment pattern:
¢ =15.605, Vi, l,j,h, ql, =15.605, Vj k,h,l.
The vector v* had components: 77 = 75 = 256.190, and the computed demand prices at

the demand markets were: p3,1; = pa191 = Paa11 = Pagar = 276.797.

We also, for completeness, recover the equilibrium prices associated with the source agents

ilx

according to the discussion following (19). In particular, pi%, + e} = 143.95, for all i, 1, j, h.

It is easy to verify that the optimality/equilibrium conditions were satisfied with good

accuracy.
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Example 2

In the second example, we kept the data as in Example 1 except for the following changes:
we increased the demand associated with the product at the first demand market in the first

currency so that the new demand functions were now given by:

di11(ps) = —2p3111 — 1.5p3121 + 1010,
with the demand functions for the second demand market (and second currency) remaining

unchanged.

The Euler method converged in 198 iterations and yielded the following equilibrium prod-
uct shipment pattern:
¢y =15.643, Vi, l,j,h,
qi = 18.100, qf3, = 14.100, gy}, = 15.191, g3, = 15.191,
qir, = 18.100, ¢i3, = 14.100, ¢37, = 15.191, ¢35, = 15.191.

The vector v* had components: 7 = 5 = 256.840, and the computed demand prices at
the demand markets were: p3,;; = 279.942, p§,5, = 275.943, p5y1, = 277.033, p5ye; = 277.033.

Clearly, since the demand for the product in the first demand market in the country
and currency increased, the product shipments between the two retailers and that demand

market increased (as did the equilibrium price at that demand market).

We also computed (as discussed in Example 1) the new equilibrium prices associated with

il

the top tier of nodes in the supply chain network which were now given by pi7, +ej, = 144.316.

Example 3

In the third and final example in this set, we kept the data as in Example 2 except for
the following changes: we increased the production cost functions of each manufacturer by

a factor of two.

The Euler method now required 219 iterations for convergence and yielded the following

new equilibrium product shipment pattern:

¢n =10.751, Vil h,
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a = 13.206, ¢i3, = 9.206, g5}, = 10.297, go3; = 10.297,

qir, = 13.206, ¢is, = 9.206, g3, = 10.297, ¢35, = 10.297.

The vector v* now had components v = 75 = 264.534. The demand market prices, in
turn, were now given by: p3;,; = 282.738, p519; = 278.739, piy1q = 279.830, pieey = 279.830.
The prices at the top tier of nodes were now: p’fjh+e}; = 186.274. Hence, when the production
costs associated with manufacturing the product increased, the quantities produced and
shipped by both the manufacturers in the country decreased. The prices of the product

increased at all the demand markets since the product was scarcer.

Example 4

In the second set of numerical examples, the global supply chain network was as given
in Figure 3. These two examples consisted of two countries with two manufacturers in each
country; two currencies, two retailers, and two demand markets. Hence, L = 2, [ = 2,
H=2 J=2and K = 2.

The data for the first example in this set was constructed for easy interpretation pur-
poses and to create a baseline from which the simulations could be conducted. In fact, we
essentially “replicated” the data for the first country as it appeared in Example 1 in order

to construct the data for the second country.

The transaction cost functions faced by the manufacturers associated with transacting

with the retailers were given by:
(i) = 5(qi)? +3.5¢),, fori=1,21=1,2j=12h=12.
The production cost functions were the same for all the manufacturers and were given as

described in Example 1.

The handling costs of the retailers (since the number of retailers in this set is still equal

to two) remained as in Example 1, that is, they were given by:

(@) =50 )% forj=1,2.

i=1 h=1
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Country 1 Country 2

Manufacturers Manufacturers

Retailers

Demand Market/Currency/Country combination

Figure 3: Global Supply Chain Network for the Second Set of Numerical Examples
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The transaction costs of the retailers associated with transacting with the manufacturers

in the two countries were given by:

& (gh) = 1.5¢%" + 3¢, fori=1,21=1,2;j=1,2;h = 1,2,

The demand functions at the demand markets were:
di11(p3) = —2ps111 — 1.5p3121 + 1000,  di21(p3) = —2p3121 — 1.5p3111 + 1000,

do11(p3) = —2ps211 — 1.5p3221 + 1000,  daoi(p3) = —2p3221 — 1.5p3211 + 1000,
di12(p3) = —2ps112 — 1.5p3122 + 1000,  di22(p3) = —2p3122 — 1.5p3112 + 1000,
d212(p3) = —2ps212 — 1.5p3202 + 1000,  daoa(p3) = —2ps220 — 1.5p3212 + 1000,

and the transaction costs between the retailers and the consumers at the demand markets
were given by:
Alalp) = alpy +5, forj=1,2k=1,21=1,2.

The Euler method converged in 318 iterations and yielded the following equilibrium prod-

uct shipment pattern:
g =12.712, Vi, l,j,h, g, =12.712, Vj kL.

The vector v* had components: 77 = v5 = 260.739, and the computed demand prices

at the demand markets were: p3117 = p3121 = 3211 = 3201 P3112 = P3122 = Paoia = Piaze =
278.450. The top-tiered prices pﬁ-ﬂ’f +e; = 117.908, for all 7,1, j, h.

Example 5

Example 5 was constructed from the preceding example as follows. We kept the data
as in Example 4 except that we changed the demand functions associated with the second

country so that:
d112(p3) = —2p3112 — 1.5p3122 + 1010, di22(p3) = —2p3120 — 1.5p3112 + 1020,

d212(p3) = —2ps212 — 1.5p3202 + 1030,  daza(p3) = —2ps220 — 1.5p3212 + 1040.
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The Euler method again converged in 318 iterations and yielded the following equilibrium
product shipment pattern:
gy =12.877, Vi,l,j,h,
a1, = 10.605, ¢i3, = 10.605, g37; = 10.605, ¢35, = 10.605,
Qe = 11.332ql5, = 15.332, g3ty = 14.968, qy3, = 18.968,
qtr, = 10.605 ¢33, = 10.605, ¢35, = 10.605, ¢35, = 10.605,

qir, = 11.32335, = 15.332, q51, = 14.968, ga3, = 18.968.

The vector v* had components: 7 = 5 = 264.051, and the computed demand prices at
the demand markets were: p3i;; = pPi191 = Pior1 = Pieor = 279.654 phy19 = 280.381, pi190 =
284.381, pia19 = 284.017, piogy = 284.017.

The pilj’»kh + e} were identically equal to 119.198 for all 7,1, 7, h.

These examples (although stylized) have been presented to show both the model and the
computational procedure. Obviously, different input data and dimensions of the problems
solved will affect the equilibrium product shipment and price patterns. One now has a
powerful tool with which to explore the effects of perturbations to the data as well as the
effects of changes in the number of manufacturers, retailers countries, currencies, and/or

demand markets.
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6. Summary and Conclusions

In this paper, we have developed a framework for the modelling, analysis, and com-
putation of solutions to global supply chain supernetworks, consisting of multiple tiers of
decision-makers, who compete within a tier but cooperate between tiers. We modeled the
behavior of the decision-makers, consisting of manufacturers in different countries, retailers,
as well as consumers at different demand markets and countries who can purchase the prod-
uct in different currencies. We then derived the optimality conditions as well as the governing

equilibrium conditions which were then formulated as a variational inequality problem.

The framework allows for the handling of as many countries, as many manufacturers in
each country, as many currencies in which the products can be obtained, and as many retail-
ers, as mandated by the specific application. Furthermore, the generality of the transaction
costs and the supernetwork framework allows for the capture of electronic commerce in that
the retailers need not be country specific and can transact either virtually or physically
with both the manufacturers and the consumers. The variational inequality problem was
then utilized to obtain qualitative properties of the equilibrium product shipment and price

pattern.

In addition, we proposed a dynamic adjustment process by which the product shipments
between tiers of the supernetwork can adjust as well as the prices associated with the tiers
and showed that it can be formulated as a projected dynamical system. We also established,
under reasonable conditions, stability of the global supply chain network system and then

applied a discrete-time algorithm to compute the solutions to several numerical examples.

This framework generalizes the recent work of Nagurney et al. [16, 22] in supply chain

network modelling and analysis to the global dimension.
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